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Magnetic Resonance and Minimum Entropy Production. 
Macroscopic Equations of Motion 


Roatw K. WANGSNEsS 
United States Naval Ordnance Laboratory, White Oak, Maryland 
(Received August 7, 1956) 


A generalization and modification of a previous discussion is given. By requiring that the steady states 
obtained in magnetic resonance experiments correspond to the minimum rate of entropy production, a con- 
dition is obtained which must be satisfied by the equation describing the rate of change of the spin density 
matrix due to interactions with the surroundings. This enables one to test the adequacy of the form of 
equations proposed to describe relaxation phenomena in resonance by finding whether they satisfy this 
condition, and, conversely, one can derive directly possible forms of macroscopic terms from its solutions 
As examples of this procedure, the modified Bloch equations are derived, and the equation of Codrington, 
Olds, and Torrey is shown to be consistent with this condition. A corrected form of the Wangsness-Bloch 
equation for the rate of change of the density matrix is shown to be more adequate for arbitrary values of 
the fields, and the justification of the modified Bloch equations is also given in this way. Other examples, as 
well as the general relation of this work to irreversible thermodynamics, are discussed, and a generalized 
reciprocal relation is derived. The steady-state solutions of the new equations of motion are given in an 
appendix. 


INTRODUCTION but which differed from the usual expression for entropy 
by the particular way in which the off-diagonal ele- 
ments of the density matrix were included, although in 
the absence of the time-dependent field, it reduced to 
the conventional expression. Thus, as was surmised in 
I, and has since been pointed out by others,’ the mag- 
netic resonance steady state apparently does not 
strictly correspond to minimum entropy production, 
but, as we shall see, does correspond to the minimum 
of another function which is so closely related to the 
time rate of change of total entropy that we shall con- 
tinue to call it that. 

The present paper has a twofold purpose. First, we 


HE question as to whether the steady state 
attained in a magnetic resonance experiment 
corresponded to a minimum rate of entropy production 
was briefly discussed in a previous paper.! It was found 
possible to construct a function which was a minimum 
at the steady state and whose value equalled the con- 
stant rate at which the spin system absorbed energy 
from the varying external field and passed it on to the 
heat bath, divided by the temperature of the bath. 
This value has a natural interpretation as the steady- 
state rate of increase of the entropy of the combined 


system of spins and bath. In order to construct this 
function to correspond as nearly as possible to the 
principle of minimum entropy production,’ it was found 
necessary to obtain part of it as the time rate of change 
of a quantity which was called the entropy of the spins 


1R. K. Wangsness, Phys. Rev. 101, 1 (1956). Hereinafter, this 
paper will be referred to as I. 

27. Prigogine, Etude thermodynamique des Phénoménes irréver- 
sibles (Editions Desoer, Litge, 1947); S. R. deGroot, Thermo- 
dynamics of Irreversible Processes (Interscience Publishers, Inc., 
New York, 1951); R. T. Cox, Statistical Mechanics of Irreversible 
Change (Johns Hopkins Press, Baltimore, 1955); M. J. Klein and 
P. H. E. Meijer, Phys. Rev. 96, 250 (1954); M. J. Klein, Phys. 
Rev. 98, 1736 (1955). 


want to extend the considerations of I to arbitrary 
spin and to interactions of the spin system with its 
surroundings which are more general than strong colli- 
sions. In so doing, we will be able to clarify the method 
by which we obtain our function to be minimized and 
its relation to the steady state; we shall, of course, con- 
tinue to use minimum entropy production as a guide. 
Second, by requiring that the steady state correspond 
to minimum entropy production, we shall obtain a 
condition which must be satisfied by the equation 


3A. G. Redfield and E. T. Jaynes (private communication) ; 
F. Lurcgat, Compt. rend. 242, 1686 (1956). 
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858 ROALD K. 
describing the rate of change of the density matrix due 
to interactions with the heat bath. The solutions of this 
condition then represent possible forms of (dp/dt)patn 
which are compatible with minimum entropy produc- 
tion and thus are the only ones which we shall regard 
as acceptabie. Similarly, only those macroscopic equa- 
tions of motion for the magnetization which lead to or 
result from acceptable forms of (dp/dt)patn will be taken 
as suitable for the description of magnetic resonance 
experiments. In this way, we obtain a method of de- 
riving possible forms of equations of motion, as well as 
a method of testing the adequacy of proposed equations 
which up to now have been obtained either by the use 
of plausibility arguments, or by the often difficult and 
very specific methods of direct integration of the micro- 
scopic equations of motion and subsequent averaging 
over the nonessential degrees of freedom. In a later 
section, we shall illustrate both aspects of the use of 
our derived condition by discussing a number of im- 
portant examples. 

We consider a system of N independent identical 
moments subjected to an external magnetic field with 
the components 


H,=Ho, H,=H.+iH,=Mie™“. (1) 


If we let w be an individual moment, and I the angular 
momentum in units of h, we have 


u=vyhl, (2) 


is the gyromagnetic ratio. We shall calculate 
only average values for a single spin so that the corre- 
sponding quantities for the whole system can be 
obtained simply by multiplying by .V. For example, the 
total macroscopic magnetic moment of the spin system 
is given by 


where + 


M=N(p)=N yh), (3) 


where (I) is the expectation value of I averaged over 
the whole system. 

We shall use the representation in which F and /, 
are diagonal to define the spin density matrix in the 
laboratory system which we shall denote by o. Thus, 
if we let J; =J/,+i/,, the quantities of interest to us 
experimentally are given by 


(,)=Tr(/.c) => ,m(m\a|m), (4) 
(,)=Tr(I40)=>. »[.m ](m—1]\0|m), (5) 
where 

[m ]=(m|I,|m—1)=[(I+m)(I—m+1)]!, (6) 


and m=], I-1, -, —Z. The density matrix also 
satisfies the normalization condition 


while the [m] have the useful property that 


[m ?—[m+1 P=2m. 


WANGSNESS 


The total time rate of change of o will be divided 
into two parts: one due to interactions of the spins with 
the external field, and the other due to the interactions 
with the heat bath. Thus, we shall write 


da/dt= (da/dt);+ (da/dt)., 


(9) 


and, since all the spins are subject to the same external 
field, we have 


(do /dt);= — (i/h)3;,0 |= iy[1-H,o]. (10)™ 


As usual, it is convenient to transform to the co- 
ordinate system which is rotating along with the ex- 
ternal field so that the field components are constant 
and directed along the x and z axes of the rotating 
system. If we let p be the spin density matrix in this 
system, we have the relation 

o=ApA—, (11) 
where 


{ = etelst 


(12) 
If we let the matrix elements of p be written simply as 
(m|m’), we find at once from (11) that 

(13) 


(m|\a|\m’)=e'mmt(m| m’), 


and that (4), (5), and (7) become 


iat 


~ hoes ™ 


(14) 
(15) 
(16) 


m(m)\m), 


(1,)=e-*>,,[m ](m—1|m), 


hoes | 
axip)=4. 
From (9) and (11), we find that we can also write 


dp/dt= (dp/dt);+ (dp/dt),, 
where 
(dp/dt);=i{[ AEA ,p |, 
E=yH-I—ol,. 
If we introduce the abbreviations 
wo=yHo, w= 7H, A=a—w, 
we find from (12) and (19) that 
(m| A“EA | m’) = mMAbmm 
+ hei{ L9 Jb’, mrt Lm +1 Jb m’, m41}; 
so that, from (18) we get the explicit expression 


[d(m|m’)dt ];=i(m—m’)A(m|m’) 
+iws{[m ](m—1|m’)+[m+1](m+1|m’) 
—[m’+1](m|m’+1)—[m’ ](m|m'—1)}. 
We easily find from (22) that 


> mLd(m|m)/dt};=0 


and since, from (16), we must have Tr(dp/dt)=0, we 
see that we must also have 


> nl d(m|m)/dt},=0, 


(22) 


(23) 


(24) 
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as a condition on the equation representing the effect 
of the heat bath. 

For later purposes, it will be convenient to have 
explicit expressions for the static susceptibility per spin, 
xs, defined by the equation (J.)static=xXs/1z where H, 
is constant. x, is obtained from the Curie law and is 


given by 
(kT /yh)x.=41(I+1) = (214+1)7 > pm? 
=4(27+1)7 dam F. 


2 


(25) 


Finally, it will be helpful to introduce a new matrix 
P defined by 
P=p—[1+A—(yhH-V/kT)A)/(21+1). (26) 
Designating the matrix elements of P by [m|m’], we 
easily find from (26) with the help of (21) that 
[om | m! ]= (m| m’)— (27+1)-{ [1+ (mhwo/kT) bm 
+ (hos /2RT) [m+ bm’, mer tlm |bm’,m—1}}. (27) 
We also find from (14)-—(16), (25), and (26) that 
(I,)—xsHo= > mm[m|m ], 
(,)—-x.Hy =e! ¥ nm |i m—1|m], 
Tr(P)=0. 


(28) 
(29) 
(30) 


We see from (28) and (29) that, in the rotating system, 
P is a measure of the deviation from thermal equi- 
librium with respect to the total external magnetic field. 


RATE OF CHANGE OF S 


The total rate of change of the entropy of the system 
will be written as the sum of the rates for the bath and 
the spins. The average energy per spin in the field is 
—yhH-(I), and since all of the energy lost or gained 
by the spin system because of interactions with the 
bath enters or leaves the bath at the temperature 7, 
we can say that the rate of change of entropy of the 
bath per spin is 


dSpath hy d hyH-I sdo 
do . , | . | 7 G) 
dt T dt b ‘* dt/» 


hA-(yH-I)A /dp 
-1| wan (=) | (31) 
r dt], 


since (do/dt),= A (dp/dt),»A~ because A is independent 
of any coordinate describing the heat bath. 

In order to decide what to adopt for the rate of 
change of entropy of the spins, we begin with the usual 
expression for the entropy per spin‘ 


—— Sspin =—kTr (p Inp). (32) 


4J. von Neumann, Mathematical Foundations of Quantum Me- 
chanics, translated by R. T. Beyer (Princeton University Press, 
Princeton, 1955), Chap. V. 


AND 
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Since p is Hermitian, there is a representation in which 
it is diagonal; we designate these diagonal elements by 
Pm’ sO that —Sspin/R= Di mpm’ Inpm’. We calculate the 
rate of change of Spin in this representation and find 
it to be 


d(— Sspin/k)/dt= ae (dpm’/dt) Inpm’ (33) 


after taking account of (16). We now want to generalize 
(33) for use when p is not in diagonal form; this will 
be the case in any convenient representation when the 
rotating magnetic field is present. One of the principal 
results of this paper is that we must generalize (33) in 
the following way: 


d Santa dpmm’ dp 
( bated ) aa Lsiae ( INp) mm’ aes - T( np) ’ (34) 
dt k dl dt 


WhETE Pm'm=Pmm' = (m|m’) and therefore f is the trans- 
pose of p. We can note here that (34) reduces to the 
correct form for the rate of change of the spin entropy 
in the absence of the rotating field when we can safely 
assume the off-diagonal elements of p to be zero. As 
mentioned in the introduction, we shall continue to 
refer to the expression (34), which we are adopting for 
use in our rotating coordinate system, as the rate of 
change of the entropy of the spins. 

In the case of magnetic resonance, (34) can be simpli- 
fied since we can surely write 


p= (1+ ¢)/(27+1), (35) 


where «<1. The reason for this is that € is a measure 
of the deviation of the spin distribution from a random 
one as produced by the external field and this is of the 
order of yh|H|I/kT. Thus, (35) will be applicable as 
long as 


hy|H| «kT, (36) 


which is almost always very well satisfied in experiments 
of the type we are considering. Keeping only first order 
terms in p, we then find from (35) that 


Inp= (27+1)p—[1+In(27+1)], 


so that (34) becomes 


d Sepin dp dp 
“|-—**_l_n(p*)=1(5-), 8) 
dtl. k(2I+1) dt dt 


since Tr(dp/dt)=0 from (16). 
If we now define 


d§ ‘dt = [ (dSspin dt )+- (dSatn/dt) ] /k(2I+ 1 ), 


(37) 


(39) 
we find from (17), (31), and (38) that 


d$/dt=Tr[p(dp/dt);]+TrfP(dp/dt),], (40) 


where P is the transpose of P. To obtain (40), we have 
used the properties of P as found from (26) and (27), 
i.e., P—p=P-—p, and the condition on (dp/dt), given 
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by (24). The quantity given in (40) is what we desire 
to minimize to find the steady state. 

Before we do this, however, it is of interest to find 
what we would have gotten if we had generalized (33) 
in the more conventional way to give Tr[ (dp/dt) Inp | 
rather than (34). It is easily seen that by following the 
above procedure we would have obtained 


dS/dt=Tr{p(dp/dt)/J+TrlP(dp/dt),] (41) 


rather than (40). We shall see in the later sections that 
(41) is incompatible with well-founded magnetic reso- 
nance equations. 


THE STEADY STATE 
Let us see to what value dS/dt reduces in the steady 
state which corresponds to dp/dt=0, or, according to 
(17), when 


(dp/dt),= — (dp/dt),. (42) 


From (23), (26), (39), (40), and (42), we find that 


—k(27+1)(dS/dt), 
— —k(27+1) Trl (s—P) (dp/dt) s] 
= —(1/T) Tr[ A“ (yhH- 1) A (dp/dt) 1. 


(dStor/dt).= 


This can be reduced further with the help of (2), (4), 
(5), (10), (11), (18), and (19) to give 


(dStor/dt),= — (i/T) Tr{yhH-ILE,o }} 
- (yh/T H-Tr{I(do/dt)/} 
+ (iw/T) Tr{yhH-I[J.,0 }} 
= — (yh/T)H- (d(1)/dt); 
— (iwh/T) Tr{[yH-I, o \/.} 
— (yh/T)H-y(1)X H— (wh/T)[d(T,)/ dt]; 
-(w/T)(w) XH), 


(43) 


where we have also used the fact that (10) is equivalent 
to the usual classical equation of motion 


[d(I)/dtj;=y()XH or (dM/di);=yMXH. (44) 


For the steady state, it is usual to write M, 
= (x’+-ix’’)H,, and when we substitute this into (43), 
we find with the use of (3) that in general 

N (dS to/dt),.= wx" H/T. (45) 
But, as found for special cases before, this is just equal 
to the total steady state rate at which energy is ab- 
sorbed from the field and passed on the the bath 
divided by the bath temperature. 

On the other hand, the alternate expression for 
d$/dt given by (41) also yields the correct steady state 
value given in (45), so that this consideration in itself 
gives us no reason to prefer (40) to (41). 

The parameters with respect to which we wish to 
minimize (40) are the matrix elements of p, (m/|m’). 
To do this, we need the explicit expression for dS/dt 


WANGSNESS 


which is easily seen to be 


dS 


dt 


mm’ 


d(m|m’) _fd(m|m’) 
x| (mm ra ee -| . (46) 
n dy e * 


( ¢ 


The condition for the minimum is given by 


rf) &. d(m|m’) 
: — }=0= 
d(m|m’)\ dt dt 
0 d(n|n’) 
+P an’ (n|n’) - | . 
| O(m|m')L dt dy 


+n] n”}— 


0(m|m’) 


0 | d(n | n’) 
dt 
since 


(48) 


OL | 2” \/O(m| m’) =Samdn'm’ 


according to (27). With the use of (22) one can now 
show that 


a d(n|n’) d(m|m’) 
Dan’ (t| 8’)}—— | . | -| sb Al 
O(m|m’) dt , dt 


| uw 
‘f 


so that we can use (17) and rewrite (47) as 


a (“) d(m|m’) I 
a ~{f — }j=0= 2- ~~ — 2 ean 
O(m|m’) \ dt dt dt b 
fi) d(n|n’) 
a |. (50) 
dt b 


Thus we see that in order for dS/dt to be a minimum 
at the steady state when d(m|m’)/di=0, the equation 
describing the effect of the heat bath on (m|m’) must 


+D an'Ln| 2’ ]— 
O(m|m’) 


satisfy the condition 


d(m| "| f) 
— | => an'L | 2’ -— 
a 


aa nn J : 
dt dm | m 


a 
"7 dt b 


OP 
(S1) 


where 
(52 


&=Tr[4P(dp/dt),], 
and is seen to act as a sort of potential for finding 
(dp/dt),. In (51) we have replaced 0/0(m|m’) by 
0/d{.m|m’] because of (48). In addition, (dp/dt), must 
satisfy (24). Equation (51) is one of the fundamental 
results of this paper and we shall consider some of its 
specific consequences in the next section. 

Before doing this, we can find an important conse- 
quence of (51) as it relates to the possible general form 
of (dp/dt)». If we replace [d(n|n’)/dt]}, by d@/d[n|n’ } 
in the middle term of (51), we find that (51) can also 
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be written 


——— =F an[n|n'] 
dLm|m" | "ee 





Om 0 Ob 53) 
' a =a ™ 


a[n|n"] 


This shows that the left-hand side of (53) {which is 
[d(m|m’)/dt},} must be a homogeneous function of the 
first degree in the [ m|m’] in order that the steady state 
correspond to minimum entropy production. Thus we 
see that the matrix elements to be used in constructing 
(dp/dt), are those of P, rather than of p as is usually 
assumed. How this affects specific equations of motion 
will also be considered in the next section. 

Finally, we should point out that the alternate ex- 
pression (41) will lead to a quite different condition on 
(dp/dt),. If we start with (41), and follow the same 
procedure, we find the condition for the minimum to 
be exactly 


d (“) ere 
O(m|m’)\ dt Lod Jy 


+> an'Ln’ | n |— 
dLm|m']i dt 


0 d(n|n’) 


=0. (54) 


The requirement of a steady state has nowhere entered 
into obtaining this result; in fact, (54) says that dS/dt 
would be an extremum under all conditions provided 
only that (54) be satisfied. We shall see in this next 
section that (54) will not lead to sensible expressions 
for (dp/dt),. 


APPLICATION TO MACROSCOPIC EQUATIONS 
OF MOTION 
In this paper, we shall consider primarily solutions of 
(51) which lead to macroscopic equations of motion for 
the total magnetization which are all of the general form 


dM /dt=yM X H+ (dM/dt)». (55) 


The first term on the right has already been taken into 
account as discussed in connection with (44) so that 
we can confine our attention to (dM/dt), (and its 
equivalent [.d(I)/di},) and the corresponding equation 
for (dp/dt),. 


1. Gases with Strong Collisions 


As our first example, which can be regarded as an 
elementary test of the validity of our formulation as 
expressed in (51), we shall consider the specific case of 
a gas in which the relaxation processes are due only to 
strong collisions between the molecules. The relevant 
macroscopic equation of motion is well-founded theo- 
retically and experimentally® and is given by 

[d(I)/dt},= (1/7)[x. H-—(1)], (56) 

5 M. A. Garstens, Phys. Rev. 93, 1228 (1954) ; R. K. Wangsness, 


Phys. Rev. 98, 927 (1955); M. A. Garstens and J. I. Kaplan, 
Phys. Rev. 99, 459 (1955). 


AND 
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and represents relaxation toward equilibrium with the 
instantaneous value of the external field. From (14), 
(15), (28), and (29), we see at once that (56) is equiva- 
lent to 

[d(m|m’)/dt},=—[m|m']/r, (57) 
=—P/r. 


(dp ‘dt)» (58) 


We note first of all that (58) satisfies the condition 
(24) because of (30). We also find that 


o=— (1/27) Tr(PP) = (1, 27) > mm’ | m | m’ }, (59) 


and upon substituting (59) into (51), we get (57) again 
as required. 

We choose to regard this result as a strong argument 
for the validity of the formulation of what we have 
called the rate of entropy production adopted by us in 
(34) because of the known validity of (56). We are also 
finally in a position to dispose of the alternate generali- 
zation of (33), whose consequences are contained in the 
condition (54). Upon substituting (57) into (54), we 
find that 
™ Hee) a d(n|n’) 

Sal pg xstennicin ah eammanionns 
Lawl wl roe dt | 


[m’| m ] i | m) 
dt ‘ 


r 


instead of —[d(m’|m)/dt], as required by (54). Hence 
the condition (54) is in absolute contradiction with the 
macroscopic equation (56) and therefore (41), from 
which (54) follows, must be regarded as completely 
inadmissible. 


2. General Linear Solutions 


Although we have seen that (51) required merely 
that (dp/dt), be a homogeneous function of the first 
degree in the matrix elements of P, only those equa- 
tions which are linear in P are likely to lead to simple 
macroscopic equations of motion. We shall accordingly 
restrict our discussion to such cases; the gas discussed 
above is a particularly simple example. 

A linear solution of (51) can be written in the form 


[d(m|m’)/dt}s= dann (mm'|nn')[n|n'], (60) 


where the (mm’|nn’) are constant coefficients whose 
properties we wish to determine. For example, in (57), 


(mm | nn’) = —Snmn'm'/T- (61) 


Because p is Hermitian, we must also have 
[d(m’ | m)/dt},=(d(m| m’)/dt],* 


where * indicates the complex conjugate. From (60), 


we find that a sufficient property for this to be satisfied 
is that 


(m’m|n'n) = (mm | nn’)*. (62) 
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From (52) and (60) we find that 


B=} > mnm’n'(mm' | nn’) -m|\ m’ n\n’). (63) 


Upon interchanging summation indexes we find that 
we must also have 


(mm’ | nn’)=(nn'| mm’). (64) 
If we now substitute (63) into (51), and take account 
of (64), we find that our condition on (dp/dt), is satisfied 
by our linear form (60). 

We can combine (62) and (64) into the single 
requirement 


(mm’ | nn')=(nn'|mm’)= (m'm\n'n)*, (65) 


which, together with (24), will be sufficient for our 
present purposes of testing the adequacy of various 
equations of motion. 


3. Modified Bloch Equations 


A simple, but important, equation can be obtained 
by a slight generalization of (61). If we assume 


ee : s 
mm’ | nn’)= —Woinm’SnmOn'm's (66) 


we get from (60) the equation 


(d(m|m’)/dt]},= —Wmm[m|m’], (67) 
which says that each element of p relaxes toward its 
instantaneous equilibrium value with its own char- 
acteristic rate. @ then becomes —})¢mm’Wmm:|m|m' , 
and substitution into (51) verifies that (67) is a satis- 
factory expression. 

From (24) and (65), we find that the Wyn: must have 
the properties that 


> mW mmm |m]=0, (68) 
and 
W mm! = 


Wate”. 


(69) 
From (14) and (15), we see that (67) will lead to 
(d(I.)/dt},= —SomMW mm{m|m), 
[d(T ,)/dt}y= —e-* © [mW m1, ml m—1|m). 


(70) 
(71) 
Now if Wim and Wy—1,m have an arbitrary dependence 
on m, we will not generally obtain definite macroscopic 
equations. Let us, however, consider the following 


special case in which the relaxation constants are inde- 
pendent of m and satisfy (68) and (69): 


W mm=1/T1, Wom—1,m= (1/T2)+%6. (72) 


Substituting (72) into (70) and (71), and using (28) 
and (29), we find that 


[aI.)/dt},=(x.Ho—(U)V/T1, 
[d(1,)/dt}o=[(1/T2) +08 xe — (U4) ). 


(73) 
(74) 
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In terms of the total magnetization, (73) and (74) 
become 


(dM ,/dt)y>= (xoHo—M.)/T:, 
(dM ,/dt)»= (xoH2—M z)/T2—5(xoH,—M,), 
(dM ,,/dt)»= (xoH,—M,)/T2+6(xoH:—M:). 


(75a) 
(75b) 
(75c) 


If we neglect the terms with 6 for a while, we see 
that these equations describe a relaxation of the mag- 
netization toward equilibrium with respect to the in- 
stantaneous field with one relaxation time for the 
component parallel to the constant field and another 
relaxation time for the component perpendicular to 
the constant field. In other words, Eqs. (75) are exactly 
of the Bloch type,® but differ significantly from the 
Bloch equations in the addition of the terms xo and 
xoH,. As a result, we can conclude that Bloch’s equa- 
tions are not precisely correct as usually given, but 
must be modified to the form given in (75). This fact 
has been pointed out before, but by means of more 
special arguments’; in practice, of course, there is very 
little difference between the predictions of Bloch’s 
equations and Eqs. (75) in the common experimental 
case in which Hp>H,, although for small values of Ho, 
the differences can be considerable.® 

The steady-state solutions of these equations will be 
discussed in the Appendix. There, too, we will see 
directly the interpretation of the constant 6 which 
actually represents a shift in the resonance field away 
from the value w)=w given by the Larmor formula. The 
resonance field will turn out to be given by wo=w—6. 
This can, however, already be seen from the form of 
(75b, c). For, if we compare them with the classical 
term yMXH, we see that the additional terms in 
(75b, c) are of just the right form to be ascribed to an 
additional z component of the field 6/y, and an addi- 
tional value of M,= xo0(6/y) which would arise from 
this added field. 

In summary, then, we have seen that our requirement 
of minimum entropy production in the steady state 
leads directly to relaxation terms of the modified 
Bloch type, as well as allowing for shifts in the reso- 
nance condition such as the “chemical”’ shifts. 


4. Modified Wangsness-Bloch Equations 


A very general expression for (dp/dt), for a system of 
independent moments has been obtained by Wangsness 
and Bloch’ by a detailed statistical integration of the 
equations of motion when the spins were subjected to 
quite general interactions with their surroundings. 
They showed that the macroscopic Bloch equations 
form a valid description of magnetic resonance for a 
wide variety of experimental conditions. Their treat- 


6 F. Bloch, Phys. Rev. 70, 460 (1946). 
7R. K. Wangsness and F. Bloch, Phys. Rev. 89, 728 (1953), 


“— 
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ment has recently been generalized, but under the 
same basic assumptions. 

As we have just seen, however, the Bloch equations 
are incompatible with minimum entropy production, 
and must be modified in order to hold for the whole 
range of relative magnitudes of constant and rotating 
fields. Since the Wangsness-Bloch treatment assumed 
throughout that the time-varying field was small com- 
pared to the constant field, it is clear that the Wangs- 
ness-Bloch equations also require modification to make 
them comply with minimum entropy production for 
arbitrary field strengths. In principle, one could do this 
by essentially redoing the calculations of Wangsness- 
Bloch in the rotated-rotating coordinate system in 
which the external field is constant; this turns out to 
be very complicated to do in general and we shall not 
discuss it here. Instead, we can obtain the desired result 
much more simply by using (51). 

The fundamental result obtained by Wangsness and 
Bloch is the expression 


(d(m|m’)/dt},= >. [.2e-*T nm? (m+ 7 | m'’+7) 

= GC ad a (m | m’) |, (76) 
where the Imm’ are defined by their Eq. (3.16) and 
have the properties that 
(Tiaw*)*, (77) 


t= 6D m’, (78) 


I m'm" = 
, “ 
] m'+T,m+rT 


where k=hwo/kT. It is easily verified that (76) does 
not satisfy (51). 

We have already seen that minimum entropy pro- 
duction requires that (dp/dt), be a homogeneous func- 
tion of the [m|m’] rather than the (m|m’). Hence, our 
first step is to make this replacement in the right-hand 
side of (76). We have also seen in (28) and (29) that 
the [m|m’] measure the deviations from equilibrium 
and hence will be at most of the order of #y|H|/kT, 
or, in fact, comparable in order of magnitude to x. 
Therefore we will get an equation which only neglects 
terms of order x’ or higher if we replace e~*” by 1. This 
will be consistent with all of the particular cases dis- 
cussed by Wangsness and Bloch. Thus our modified 
equation can finally be written as 


[d(m|m’)/dt}o= > {20 mm: 7Lm+7|m'+r7 | 

— (Tnm’+T'm’m’”)Lm| m’]}, (79) 
except for terms of order (yi|H|/kT)?. Consistent with 
this, the relation satisfied by the Imm’ whenever they 
are used in (79) can be taken from (78) to be 


Data: nr = Piast" (80) 
since they only appear in (79) as multiplying terms 
like [m|m’]. One then easily finds with the use of (80) 

8 F. Bloch, Phys. Rev. 102, 104 (1956); A. G. Redfield (to be 
published). 
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that the normalization condition (24) is satisfied by 
(79). 

We now proceed to show that this modified equation 
(79) is compatible with minimum entropy production 
under the same set of simplifying assumptions as was 
actually used by Wangsness and Bloch and hence is to 
be preferred to (76), especially for cases in which H, is 
not small compared to Ho. We show first of all that 
under the assumed conditions the Imm’ are actually 
all real. In the type of expansion used in reference 7, it 
was found in Eq. (4.8) that 


Diam? = 2 ulim 1 v,m'42°Pw’, (81) 


where the J are real matrix elements. If we also neglect 
the mixed terms in the interactions, the summation in 
(81) is only over the values of / and we need only con- 
sider the 


?),7= T > se’ 


ns(f)P(f) ne (f+7w0) 


x (fs | F,t | f+ TWO, s’) (f+ TWO, s | F; ai | fs)df (82) 


as given by Eq. (4.9). But from Eqs. (4.5) and (4.6) of 
reference 7, we see that F;-*= (F;")* so that (f’|F-"|f) 
=(f'|(Fi)*| =| Fi7|f)* since F has the form 
a+i8, where a and 6 are Hermitian operators. Inserting 
this result into (82), we see at once that the ®,;’ are real, 
as are therefore the Tm” by (81). 

One can now show by direct substitution that (79) 
satisfies (51). However, it is also convenient to express 
(79) in the framework of the general linear solutions 
discussed above. Equation (79) can be rewritten as 


[d(m|m’)/dt}b= > nn 20 mm” 
— Yo -(Pmm? +1 mim") SnmOn'm’ JL | n’ a 


so that on comparing with (60), we see that 


m6 , P 
n’,m'’—m+n 


(83) 


m 
On’, m’—m+n 


—SnmOn'm’ pa aS Late si 


Then, using (77) and (80), and the fact that all of the 
I’s are real, we find that (84) satisfies all of the require- 
ments of (65) which are equivalent to the fundamental 
condition (51). 

Now that we have justified the preference for the 
modified Wangsness-Bloch equation (79), we can s°7 
something about the validity of the modified Bloch 
macroscopic equations in the light of the discussion of 
reference 7 which was based on (76). All of the cases 
that were discussed by Wangsness and Bloch and which 
led to the usual Bloch equations depended on getting 
back the expectation values from (76). Everything said 
there will go along exactly but with [m|m’] replacing 
(m|m’). Hence every time a result of Wangsness and 
Bloch produced an expectation value, the new equation 
(79) will replace this by the difference between the ex- 
pectation value and the equilibrium value in the in- 
stantaneous external field. This holds true for the z 


(mm! | nn’) = 2. mm?” 


(84) 
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components as well, since the e~** terms which have 
been suppressed in (79), and which led to the Mo term 


in Bloch’s equation from (76) have been in effect ” 


already incorporated into the expression for the 
component through the use of [m|m]. The case J= 
was treated slightly differently in reference 7, but it is 
easily shown that (79) leads directly to the modified 
Bloch equation in this case too. 

Thus, all of the cases found by Wangsness and Bloch 
for which the Bloch equations were valid have been 
shown, by using minimum entropy production, to be 
actually cases for which one should use the modified 
Bloch equation 


dM, u= yMX H+ k(x0H.— M,), 'T 
+[ (xoH2—M2)i+ (xo y—M,)i]/T2 


in preference to the original Bloch equation.® 


: 
Zz 
1 
2 


(85) 


5. The Equation of Codrington, Olds, and Torrey 


An equation of motion which is based on quite a 
different concept from the Bloch type equation has been 
suggested by Codrington, Olds, and Torrey.’ They 
assume that longitudinal relaxation takes place along 
the instantaneous field rather than the constant field 
while transverse relaxation is perpendicular to it. If we 
let T; and T, represent, respectively, the longitudinal 
and transverse relaxation times, then this equation 
has the form” 


dM 1 
(3) pf 
dt b T; 


(M-H) 
sit “| 
H? 


1 (M-H) 
IM — a (86) 
IT 


T» 


This can be put in the following more convenient form: 


dM 1 1 1\Hx(MxH) 
( —) = (xcH1—M) +( ~=) ————. 
dl b T, T; T2 | i 


(87) 


This equation is of unusual interest because it repre- 
sents a relaxation process which is nonlinear in the 
external field, and one wonders whether it can also 
satisfy the condition of minimum entropy production 
in the steady state. 

Since a sum of terms, each of which satisfies (51), 
will also satisfy (51), we see that we need only test the 
second term on the right of (87) as the first term which 
is just like (56) has already been shown to be compatible 
with (51). Now H?= (wo?+,;")/7?=const, and since a 
constant multiplicative factor does not affect the 
satisfying of (51), we can confine our testing for con- 
venience to an equation of the form 


(dM/dt),=y,Hx (MXH), (88) 


® Codrington, Olds, and Torrey, Phys. Rev. 95, 607 (1954). 
” See Wangsness, reference 5. 
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in which a dimensionally appropriate factor is under- 
stood to multiply the right-hand side. 

With the use of (3), (8), (14), (15), (25), (28), and 
(29), one can show that the following equations for the 
two most important types of matrix elements of p are 
equivalent to (88): 


[d(m|m)/dt},=o7[m|m] 
+d wo{ [m+1]([m|m+1]+[m+1)m]) 
—[m]}([m—1|m]+[m|m—1])}, 


[d(m—1|m)/di],=w?[_m—1|m] 
+4w?{{m—1|m]—[m|m—1]} 
— dwwol m ]{[m|m]—[m—1|m—1]}. 


The equation for [d(m|m—1)/dt], is the complex 
conjugate of (90). Equation (89) is seen to satisfy (24) 
because of (30). Now (88) gives no information about 
the rates of change of the other off-diagonal matrix 
elements, so that we can assume they are given by 
equations which do satisfy (51) [such as (67) ] when 
m'#~m,m+1. Substituting all these equations into 
(52), we find that 


B= 3 Yomlwr?{ [m| m +3 (Lm—1|m]—[m|m—1])*} 
+o? ([m—1|mP+[m| m—1 }*)—wwolm ] 
X ({m| m]—[Em—1|m—1]) ((m—1|m]+[m| m—1))] 
Sy nm’ W imm[m|m’ ?, (91) 


2 Law mm 


(89) 


(90) 


where the summation in the last term is restricted to 
values of m’+m,m-+1. Differentiating (91) with re- 
spect to [m|m] and [m—1|m] immediately gives us 
(89) and (90), respectively, as required by (51). Thus we 
see that (87) also leads to minimum entropy production. 

This result is somewhat surprising because the physi- 
cal ideas upon which (87) is based are rather different 
from those involved in the Bloch type equation (85), 
and it is a little unexpected that they both fit so well 
into this common framework. One might have thought 
that the use of minimum entropy production would 
enable one to decide whether one or the other equation 
is more suitable for describing magnetic resonance. 


6. A Generalized Equation 


Using the results of the last two sections, we can get 
a generalized equation of motion which also satisfies 
the requirement of minimum entropy production. We 
do this by combining the general features of (85) and 
(87) to obtain 


dM k 
(—) =—[xoH.—M,] 
» Ti 


dt 


1 
ae [ (xo e— M,)it+ (xoHy—M,)j] 
1 HX (MxH) 


Ts; H 


(92) 
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In (92), if we set 1/7;=0, we get the modified Bloch 
equation (85), and if we let T2=7, and then 1/7, 
=(1/T;)—(1/T2) we get the Codrington-Olds-Torrey 
equation (87). The steady state solutions of (92) are 
discussed in the Appendix. 


7. Landau-Lifschitz Equation 


An equation which has had extensive use in the de- 
scription of relaxation effects in ferromagnetic materials 
was suggested by Landau and Lifschitz and has the 
form" 


(dM /dt),= — (a/M*?)MX (MX). (93) 


The principal feature of (93) which makes it so suitable 
for these applications is that it keeps the total mag- 
netization constant in magnitude since one easily sees 
from (93) that M- (dM/dt),=0. 

It is clear at once that (93) will not satisfy minimum 
entropy production as we have formulated it because 
the equation for (dp/dt), obtained from (93) with the 
use of (14) and (15) will not be homogeneous in the 
first degree in the elements of P as required by (51). 
This is probably not too surprising as the Landau- 
Lifschitz equation is really meant to be applicable to 
a system of strongly coupled magnetic moments such as 
those in a ferromagnetic material, rather than to the 
system of independent moments we have assumed. In 
order to find any real theoretical justification for (93) 
from the viewpoint of minimum entropy production, 
therefore, one would have to generalize our treatment 
to include the effects of this strong coupling and the 
contribution of exchange to the total entropy. 

Nevertheless, one can derive (93) from (88), which 
we have shown to be consistent with our requirements, 
if one uses the molecular field approximation of ferro- 
magnetism.” If we rewrite (88) with a slightly different 
constant, we get 


(dM /dt),=(H.X (MXH.) ]/7;,H2, (94) 


where H, is to be now the total effective field acting on 
the magnetization which as usual is written as the sum 
of the external field and the Weiss molecular field 1M 
so that 


H.=H+.M. (95) 


If we now substitute (95) into (94) and assume that 
|AM|>>|H], we find that (93) becomes 


(dM/d!),=[MX(MXH)]/AT;M?2, (96) 


which is exactly (93) with a= —1/AT;. 


11 See, for instance, the review article: E. Abrahams, Advances 
in Electronics and Electron Physics (Academic Press, Inc., 
New York, 1954), Vol. VI. 

127 am indebted to T. L. Gilbert for this suggestion. 
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CONNECTION WITH IRREVERSIBLE 
THERMODYNAMICS 


Some of the relations we have obtained are reminis- 
cent of the more familiar phenomenological formulas 
encountered in the thermodynamics of irreversible 
processes,” and in this section we want to discuss this 
connection in somewhat more detail. Irreversible ther- 
modynamics generally is based on the assumption of 
linear relations connecting suitably chosen fluxes and 
forces. Among the fundamental tools of the theory are 
the Onsager reciprocal relations satisfied by the coeffi- 
cients in the linear relations [Eq. (100) below ]. 

Although we did not need to assume linear equations, 
a generalized reciprocal relation can be derived from 
our fundamental result (51); it is easily seen that (51) 
leads directly to 


d  [d(m|m’) d d(n|n’) 
to 


A[n|n']L dt OLm|m'}L dt 


To compare this with the Onsager relations, we con- 
sider the linear case defined by (60). If we substitute 
(60) into (97), we find that 


(mm’ |nn’)=(nn'| mm’), (98) 


which is just what we found before in (64) to be neces- 
sary to lead to minimum entropy production. We see 
that (98), which follows from the more general relation 
(97), has just the form we would expect to find as a 
generalization of the Onsager relations if we want to 
consider our fluxes to be represented by a matrix with 
nonzero off-diagonal elements so that two indexes are 
needed to specify a flux component. However, in order 
to interpret (98) in this way, we should be sure that we 
can make a reasonable identification of the fluxes and 
forces in our case. 

Our expression (60) for the linear case suggests that 
in general we identify the rate of change of the elements 
of p, [d(m|m’)/dt],, as the fluxes or currents; the ele- 
ments of P, which are larger the farther one is from 
equilibrium, would then be the driving forces. If this is 
done, (60) becomes quite analogous to the formula of 
irreversible thermodynamics which relates the fluxes, 
J; (which are time derivatives of state parameters), to 
the forces, X;., by the equation 


J:=>DL bX ky (99) 
in which 


La = Day. (100) 


It is further shown that the rate of change of entropy 
can be written as 


S=>J:Xi, (101) 


which is seen to be generalized in the second term of 
the right-hand side of (40) where the expression for S 
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explicitly involves the use of the transpose of the matrix 
of the driving forces. 

Finally, the function @ defined in (52) clearly can be 
interpreted as being a dissipation function of appro- 
priate dimensions. For, from (99)—(101), one can con- 
struct the function 


F= 1§= > 3J/:X:= > nd Lin X iX, (102) 


from which, by making use of (100), we get the formula 


J;=0F/X;. (103) 
The generalizations of these equations which we have 
obtained are evidently given by (51) and (52), as well 
as by (63) for the linear case. 


DISCUSSION 


The examples we have worked out illustrate the 
possible usefulness of what we have called minimum 
entropy production in the formulation and analysis of 
equations describing magnetic resonance. Although we 
have restricted ourselves to the treatment of macro- 
scopic equations of motion, there are many cases in 
which the equations of motion for the density matrix 
are too complex to lead to useful macroscopic equations 
and it is more valuable to study the integrated equa- 
tions for the elements of the density matrix themselves.® 
In these cases, too, it is likely that by invoking the re- 
quirement of minimum entropy production one will be 
able to make a more judicious choice of the equations 
one assumes for the rate of change of p. We have already 
seen one example in which the equation involved non- 
linear terms in the exciting fields, and the possibility 
of more general types can now be considered with more 
confidence as to their validity if one uses (51) as a 
guide and check. 

It can also be hoped that an extension of this treat- 
ment to more complicated situations would enable one 
to put equations like the Landau-Lifschitz equation 
and the various suggested modifications of it on a firmer 
theoretical foundation within the framework of irre- 
versible statistical mechanics. 
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APPENDIX 

We are interested in the steady-state solutions of 
(75), (85), and (92) when the external field has the 
components given by (1). It is possible to do this in 
one stroke by considering the single equation 
dM /dt=yMX H+ (k/7;) (xoH.—M.,) 

+L (xoH:—M2)i+ (xoH,—M,)j ]/T2 

+LHxX (MX H) ]/ (73H) 


—8(xoH,—M,)i+é6(xo0H2—M;)j. (A1) 


We want a solution of the form 
M,+iM,= (x’+ix’’) Hie ***. 


If we substitute (A2) into (A1), we find after a 
straightforward but lengthy calculation that 


D(yM ./woxo) = |P— (wwr?/wo)T1T 2 ]/T1T 2 
—[(1/T,T2) —S5(w—8) + ROY Ts, 


D(x’, x0) = [ P+w(A+5) T?)/T; T? 
—[(1/T1T2) —S6(w—6)+ROV/T, 


D(x""/x0) =o[ (1/T1T2) — (0/Ts) ], 


M ,=const, (A2) 


(A3) 


(A4) 
(AS) 


where 
D=(P/T,T2)—[(1/T:T2) +S (w—8)?+ROV/ Ts, 
P=14+[(A+6)T2?+0rTiT», 

Q=[(we?/T1)+ (w2/T2) ]/ (we+wr), 
R=(1/T2)—(1/Ts), 

S=w1'/(we?+w7’). 


Of particular interest are the solutions of the modified 
Bloch equations (75) and (85). These can be obtained 
from (99)-(106) by setting (1/7;)=0; we find in this 
way that 


(A6) 
(A7) 
(A8) 
(A9) 

(A10) 


(A11) 
(A12) 
(A13) 


M,= (xo/¥ )[ wo (ww?T1T2)/P], 
x’=xo{1+[w(A+6)T.2/P]}}, 
x” =xwT2/P. 


We see from the expression for P given by (A7) that 
the resonance condition for these equations is A+6=0, 
which verifies our previous remarks about the meaning 
of 6. We note that x’’~0 when wo=0 so that the modi- 
fied Bloch equations satisfy the objections raised to the 
original ones.® The solutions of (85) are obtained from 
(A11)-(A13) by setting 6=0. 

If one sets T.=T7, then (1/73)=(1/T1)—(1/T:), 
and lets 6=0, one finds from (A3)—(A10) that the solu- 
tions become exactly those previously given for (86).!° 
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Magnetic Quenching of 3-Photon Annihilation in Solids* 
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Department of Physics, The University of Chicago, Chicago, Illinois 
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It is shown experimentally that the rate of the 3-photon annihilation of positrons in amorphous insulators 
exhibiting a long-lifetime component in 2-photon decay (Teflon, fused quartz) is quenched in the presence 
of an external magnetic field, while the rate in aluminum in unaffected. This effect has been studied in fields 
up to 10‘ gauss. The results can tentatively be explained by a simple theory which assumes: (a) that in 
metals, all or most positrons do not form bound systems; (b) in amorphous insulators a certain fraction of 
positrons form 1S positronium, the rest annihilating directly; (c) in amorphous insulators such as Teflon 
and fused quartz, positronium atoms, or at least their ortho-variety, exhibit essentially vacuum intrinsic 
properties and are subject to a rapid destruction due to ortho«> para conversion and/or “pickoff” annihila- 
tion. Besides the (vacuum) ortho and para annihilation rates, the sole parameter of this theory is the 
“conversion”’ rate y. The values of 7 determined from the present experiment agree within 10% with those 
required to explain the lifetimes observed in these materials by Bell and Graham. 

Accurate relative 3-photon annihilation rates have also been obtained: (Teflon/Al) = 3.08+0.15; (fused 


quartz/Al) =2.29+0.09. 


I, INTRODUCTION 


INCE the fundamental experiments of Bell and 
Graham! on the lifetime of positrons for 2-quantum 
annihilation in condensed media, it has been necessary 
to assume that, at least in a certain class of materials, 
direct annihilation of positrons with electrons is by no 
means the sole mechanism for 2-quantum decay. In 
fact, these experiments showed that in amorphous 
insulators, such as Teflon and fused quartz, there occur 
two distinct components with lifetimes (fast, Tstow) 
differing by about one order of magnitude in length. 
Hence, there must exist, in these materials, at least two 
statistically independent sources of 2-quantum annihila- 
tion; an obvious hypothesis is that the positrons form 
some kind of bound system capable of annihilating into 
two photons. The possibility that “positron com- 
pounds” are formed has been suggested by de Benedetti? 
and, more recently, by Wallace*; Bell and Graham! 
have interpreted their own findings by invoking the 
formation of triplet (°15;) positronium‘ and attributing 
the slower component [rsow= (3.50.4) X10~° sec in 
Teflon at 20°C] to the conversion, by molecular colli- 
sions, of triplet (orto) positronium into the short-lived 
singlet (para) state. Dixon and Trainor,’ on the other 
hand, have argued that positronium in its 2S states is 
* Research supported by a joint program of the Office of Naval 
Research, U. S. Atomic Energy Commission, and the Greenewalt 
Nuclear Physics Research Fund. 
t Now at Department of Physics, Hebrew University, Jeru- 
salem, Israel. 4 
1R. E. Bell and R. L. Graham, Phys. Rev. 90, 644 (1953). 
2S. de Benedetti and S. J. Richings, Phys. Rev. 85, 377 (1952). 
3P. R. Wallace, Phys. Rev. 100, 738 (1955). : 
4S. de Benedetti and H. C. Corben, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 207. 
This reference contains a very complete discussion of positronium 
and should be consulted when no explicit references are given in 
the present paper. ye 5 
5 W. R. Dixon and L. E. H. Trainor, Phys. Rev. 97, 733 (1955). 


formed and responsible for the phenomena observed by 
Bell and Graham! and others.® 

Deutsch and Dulit,’ Wheatley and Halliday,’ and 
Pond and Dicke® have, with different methods, studied 
the behavior of positronium formed in gases in the 
presence of external magnetic fields. Their observations 
constitute the best evidence for the formation of *1.S, 
positronium and enable one to determine from the 
magnetic quenching of the 3-photon decay of this state 
the magnitude of the energy difference between the 
latter and the singlet ground state. 

The basic idea underlying the experiment to be de- 
scribed in this paper was to accept as a working hypo- 
thesis that *15$, positronium atoms are formed in solids 
(that is, at least in those exhibiting a slow component 
in 2-photon decay) and to quench their decay, in 
analogy with the experiments in gases just mentioned, 
by applying external magnetic fields. From the mere 
observation of such a quenching only the existence of 
some “positron compound” could be inferred. However, 
the quantitative dependence of the magnitude of the 
effect on the strength of the external magnetic field may 
be used, if some additional hypotheses are made, to 
characterize the “compound” more specifically and, in 
our belief, to identify it with *1$, positronium. 

In Sec. II, we present a brief description of the tech- 
niques used in the present experiments. Section IIIA 
will contain a discussion of the pertinent theory ; some 
of the results presented there have already been given,” 
but are included for the sake of clarity and complete- 
ness, together with a somewhat modified derivation. 
The experimental results will be given in Sec. IIIB, 

6A. T. G. Ferguson and G. M. Lewis, Phil. Mag. 44, 1339 
(1953); T. A. Pond, Phys. Rev. 93, 478 (1954). 

7M. Deutsch and E. Dulit, Phys. Rev. 84, 601 (1951). 

8 J. Wheatley and D. Halliday, Phys. Rev. 88, 424 (1952). 


®T. A. Pond and R. H. Dicke, Phys. Rev. 85, 489 (1952). 
” Q. Halpern, Phys. Rev. 94, 904 (1954). 
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Fic. 1. Schematic arrangement of experimental setup. Magnetic 
field was perpendicular to figure plane. Vertical magnet gap 
was 1 in. 


while Sec. IV contains the conclusions that we draw 
from them. 

The results of the present experiments with amor- 
phous insulators have considerable bearing on the 
general problem of the annihilation of positrons in 
condensed media. A discussion of all presently available 
information in the light of the conclusions drawn in 
Sec. IV, as well as a more detailed justification of the 
hypotheses underlying those conclusions, is reserved 
for a later article." 


II. EXPERIMENTAL TECHNIQUE 


Only a very small fraction, of the order of one percent 
or less, of the positrons annihilating in solids, lead to 
3-quaintum decays. Because of this preponderance of 
2-quantum decays, methods based on detecting changes 
in the rate of these’’* in the presence of magnetic fields 
are hardly practical in our case. There remains the 
method used by Wheatley and Halliday’ in which the 
three photons are detected by triple coincidence and 
this coincidence rate is measured as a function of the 
externally applied magnetic field. With this method, the 
2-photon decays are not counted except as an accidental 
background. 

The physical setup used in the present experiment 
followed conventional lines!*:'* except for minor 
modifications. 

The source of positrons consisted of about 10 micro- 
curies of Na®* deposited from a carrier-free solution" 
onto a 0.0002-inch thick nylon foil which was cemented 


VY. L. Telegdi, Phys. Rev. (to be published). 

12S, de Benedetti and R. Siegel, Phys. Rev. 94, 955 (1954). 

13 R. L. Graham and A. T. Stewart, Can. J. Phys. 32, 678 (1954). 

14 We are indebted to Dr. R. Newton of Northwestern Univer- 
sity for preparing this material. 
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to a Lucite ring. The active deposit was confined to a 
central circular area about 2 mm in diameter and was 
essentially weightless. The deposit was then covered 
with a similar foil and ring and the whole assembly 
sealed. Each Lucite ring was shaped so that an 
“absorber” disk, i.e., a disk of the material (Teflon, 
aluminum, fused quartz) in which the positrons were to 
annihilate, could be inserted reproducibly in contact 
with the foil. The thickness of these absorber disks was 
greater than the range of the Eysx=0.542 Mev posi- 
trons, emitted by the source (about 250-300 mg/cm”). 
The disks of insulating materials were always matched 
in transmittivity with aluminum disks of suitable 
thickness. This was verified by measurements of the 
singles spectra which showed that the spectral shapes 
as well as the absolute counting rates were unaffected 
by substitution of absorbers. 

This source assembly was then placed in the center of 
the gap of a magnet’ and three Nal scintillation 
counters were symmetrically disposed in a plane 
through the source, perpendicular to the direction of 
the field. This arrangement is schematically indicated 
in Fig. 1. Considerable care was taken to avoid any 
influence of fringing fields of the magnet on the per- 
formance of the photomultipliers. An 8-inch long Lucite 
light-pipe was interposed between each crystal and 
multiplier, the latter surrounded by a mu-metal shield 
and the whole counter unit enclosed in an }-inch wall 
iron pipe. As a result, even with the largest fields (104 
gauss) between the pole pieces, neither the absolute 
counting rates nor the pulse-height spectra were ap- 
preciably affected. The temperature changes of the 
source assembly inside the magnet gap were found to 
be at most +0.5°C over periods of order of a week. 
This was established by means of a small thermocouple 
attached to the source. The source temperature was 
found to be essentially independent of the current 
setting and about equal to 35°C. The outputs (see 
Fig. 1) of the three counters were connected in the 
“fast-slow” coincidence scheme.'!*:!* That is, the anode 
signals were fed through wide-band amplifiers to a 
fast triple coincidence circuit'®; this was preceded by 
limiter-clipper stages. With the pulses clipped to 25 
musec, the coincidence efficiency was found to be close 
to unity for pulses corresponding to 80 kev or more; 
shorter clipping decreased this efficiency and was 
abandoned after some initial attempts. The signals 
from each multiplier anode were also analyzed in energy. 
For this, the branched pulses were fed to a linear 
amplifier and the output of the latter to a differential 
pulse-height analyzer. The output pulse of the fast 
triples circuit was then put in slow quadruple coin- 
cidence with the three pulse-height analyzer outputs; 


15 We would like to thank Dr. R. J. Moon for the use of the 

magnet. The magnet was constructed with a 1-inch gap, 3-inchX 

3-inch pole pieces, and the return yoke was far enough away from 

the poles so that adequate space was available for placing counters. 
16 R, L. Garwin, Rev. Sci. Instr. 21, 569 (1950). 
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suitable delays were, of course, inserted in the fast 
channels and in the fast-slow channel. With proper 
setting of the analyzers, the quadruple counting rate 
represented the desired data plus accidentals as “back- 
ground.” Thus, a selection of pulses was made on three 
bases: (1) Simultaneity within the resolving time of the 
fast circuit; since the circuit was faster than the dura- 
tion of the pulse, this time was about 25 musec. (2) 
Coplanarity within the aperture of the counters and 
emission at 120°; the apertures were governed by the 
openings in brass shields placed around each crystal. 
These openings were ?-inch in diameter at one inch 
from the source. The crystals were placed so far back 
that they could not “see” each other. (3) Energy 
limitation between 80 kev and 360 kev as set by the 
pulse-height analyzers with the settings calibrated by 
the 0.51-Mev annihilation radiation. The energy selec- 
tion could have been made sharper, thereby enhancing 
the counts from the 340-kev spectrum relative to the 
Compton background from the 0.51-Mev and 1.3-Mev 
lines ; however, after some trials it was decided that the 
counting rates with sharper energy discrimination were 
too sensitive to instrumental drifts and that in the 
interests of stability nearly the entire 340-kev spectrum 
should be accepted. It should be noted in passing that 
the counting rate in each single channel was of the 
order of 10* per sec while the true triples counting rate 
was of the order of 1 per minute only. Therefore the 
signal-to-background ratio was small—of the order of 
unity—and small fluctuations in the over-all gain by 
necessity produced disproportionately large nonrandom 
errors. 

The actual process of data taking was designed with 
a view toward getting some idea of the effects of in- 
strumental drifts. The output of the scaler was fed to a 
relay circuit ; as the hundredth count with the magnetic 
field on was registered, the time taken for that count 
was automatically printed by a modified Simplex time 
recorder, the field turned off and the scaler count 
started again. The recorder tape then showed a sequence 
of field-on, field-off time intervals, each member corre- 
sponding to 100 counts. A standard Fisher variance 
analysis'” was then used to test whether the “field-on” 
and “field-off” groups indeed belonged to separate 
statistical populations. For the data to be presented in 
Sec. III, this was always true to between the one percent 
and five percent confidence levels. If in any set of 
counts-of-100, any one count deviated from the mean 
by more than 4 standard deviations (with runs of 50 or 
more printings) then that one count was rejected. In the 
final results, the associated errors (as the standard 
error of estimate) were very little greater than one would 
have expected from errors of counting statistics alone. 

Prior to the quenching experiment, runs were made 
with the same electronic setup, but with the counters 


17 G. W. Snedecor, Statistical Methods A pplied to Experiments in 
Agriculture and Biology (Collegiate Press, Inc., Ames, 1938). 
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TABLE I. Relative 3-quantum annihilation rates in 
Teflon, aluminum, and fused quartz.* 





Grand 
average 
a (T/A) 





2.769+0.042 1.672+0.020 1.113+40.016 2.99+0.16 
.707 +0.046 3+0.045 1.340+0.020 3.32+0.24 3.08 40.15 
-526 +0.017 +0.012 235 +0.010> 2.95 +0.10 





Grand 
average 


qu B (Qu/A) 





0.270 +0.011 
0.270 +0.011 
0.270 +0.011 
0.270+0.011 


-290 +0.029 
-267 +0.037 
.401 +0.032 
-210+0.021 


8%, qu, a are observed rates with Teflon, fused quartz, and aluminum 
absorbers. B is the ‘‘background” rate. All rates are per minute. Indicated 
errors are statistical standard deviations. 

b The difference between the rates in these runs and the previous ones 
is due to the use of lead (rather than brass) as shield for the counters. 


not mounted in the magnet. (In the magnet, the 
presence of large amounts of scattering material just 
above and below the source—the pole pieces—resulted 
in a considerably worsened counts-to-background ratio.) 
Table I shows the results of such preliminary measure- 
ments with Teflon, quartz, and aluminum absorbers; 
the backgrounds were determined by rotating one of 
the counters by 45° out of the plane of the two others. 
The result of these measurements, that the ratios of 
3-quantum annihilations in Teflon and quartz to 
those in aluminum are, respectively, 3.08+0.15 and 
2.29+0.09, is in good agreement with Graham and 
Stewart” who obtained 3.4+0.9 and 2.0+0.7. 

With the counters transferred to the magnet, it was 
not possible to measure the background by rotating one 
of the counters; therefore, an indirect method based on 
the difference between the triples rates with a Teflon 
(quartz) absorber and with an aluminum absorber was 
used. Let T be the true “Teflon” (“quartz”) counting 
rate, A the true “aluminum” counting rate, and #, a, 
the corresponding rates including the background: 
T=t—B, A=a—B. Let g=(To—Tp)/To, the sub- 
scripts 0 and B indicating absence and presence of the 
field, respectively. It was found by measurement that 
the aluminum counting rate is independent of the field 
to the one percent confidence level, and that the back- 
ground counting rate was independent of the use of 
aluminum absorber in place of Teflon. (This result also 
implied that the nylon sheets which supported the 
source made a negligible number of ‘“quenchable” 
triple decays.) Therefore, if 1—Q= (tg—a)/(to—a), then 
g=Q(1—A/T>») and the aluminum rate a may be used 
to monitor the background. In some cases a was found 
by direct measurement (immediately before and after 
a given ¢o, tg run); in other cases, where no close-by 
Al runs were available, the quenching was computed 
by “normalization.” The latter method is based on the 
following assumption: Long-term instrumental drifts 
may cause a large spread in the values for éo, tg corre- 
sponding to a fixed B. However, as ¢o and / are derived 
from measurements in closely successive intervals (see 
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TABLE IT. Magnetic quenching in a field of 7400 gauss. 








Field off 
Total Tefion abs 
counts counts/ 
in rnu min 


Field on Aluminum Quenching 

Teflon abs To—Tsa 
couuts/ s = 

i i To—A 


2500 3.6040.07 3.534007. --- (5.5 7.7) % 
3300 5.1: (10.8 +6 
2300 5.35 (14:3 49.0% 
4. 
4. 


Q (av) 





3. i (12.743.8)% 
2200 4.8 , 09 3.90+0.09 (13.946.7)% 
6600 4.70 ; ; oe (15.5+4.6)% 








* For runs where no close-by Al values were available, Q was calculated 
by “normalization” as described in the text. Had this procedure been ap- 
plied to the third and fourth runs, a final average Q of (11.3+5.4)% would 
have been obtained. 


above), the relative change in the triples rate should be 
unaffected by this. Once a standard set of rates 
(to, tg, and a) has been determined, one can “‘normalize” 
a later set (to, ty’) to this standard set by assum- 
ing that (to—¢z), a (to’ — tz’) /to’ =constant. Then, as 
O= (to—tp)/ (tlo— a) = (to’ — tp’ )to/ (to—a)to’, only one de- 
termination of a is et ng Table II shows an example 
of how Q was calculated by either method, at a given 
field setting. 

It is to be noted that actually it is the value of Q, 
rather than of g, that is significant, since it represents 
approximately the changes in the quenchable fraction 
of the 3-photon decays occurring in Teflon, if it is as- 
sumed that for a given source strength the triples rate 
from aluminum is equal to the nonquenchable rate 
from Teflon (fused quartz) (see the discussion in 


Sec. IV). 
III. DISCUSSION AND RESULTS 


A. Theory 


As stated in the introduction, the major calculational 
results of this section are more or less well known, but 
the pertinent theory will be given for the sake of 
coherency. 

Consider the two states of positronium, singlet with 
amplitude a, and triplet with amplitude a3; their m=0 
substates, and these only, become coupled in the 
presence of a magnetic field B by the time-dependent 
Schrédinger equation. Let p= 2uB, where yu is the mag- 
netic moment of the electron; let EZ, be the energy of the 
singlet state, E; the energy of the triplet state, and Ax, 
\3 their decay rates. Then 


1@,= Eya\—1(A1, 2)ait pas, 


: ' 1) 
143= E3a3—i(A3, 2)a3t+ pai, \ 


where h=1. Let w;,3= Ei, 3—7A1, 3/2; the energy levels of 
the perturbed system are given by the eigenvalues, Q, 
of the matrix of the coefficients of Eq. (1), i.e., by 


(wi—Q) (ws—) = p’*. (2) 


For any but the very largest fields attainable in practice, 
p is small; then the new levels will differ only slightly 
from the old ones, which were wy, 3. Letting Q;=w:(1+6;) 
and 2;=w3(1+63) and retaining only first-order terms 
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in 5;,3, the result is 
Q)= E,— (p?/A)—7A,/2, 
23= E;+ (p?/A)—iAs/2, 
where {3 are the perturbed (complex) levels and 
Ay=\,(1—2?) +A32, 


4 
As=dix?-+s(1—2%), ey 


and in which x= p/A and A= E;—E£,. In Eq. (3) the 
term [ (Ai—A3)/2A }* has been neglected when compared 
with unity. The real parts of 2); represent the new 
m=( energy levels and exhibit a quadratic Zeeman 
effect; that there is no linear Zeeman effect follows‘ 
from the invariance of the Hamiltonian under the 
operation of charge conjugation. The imaginary parts 
of 21,3 give the decay rates (i.e., Ai, As) of the m=0 
states in the presence of the field. The mixing ratio for 
the states being just x”, Eqs. (4) have an intuitive 
significance as rate equations. Neither the energy nor 
the decay rate of the m=+1 triplet substates are in- 
fluenced by B. 

It is instructive to consider the magnitudes of the 
quantities in (3) and (4). From reference 4, A=0.84 
X10-* ev or A/h=1.3X10" sec; A;=0.8X 10" sec, 
and A3=A,/1115. Therefore the term neglected in (3) 
is of the order of 10-* and, in a 10-kilogauss field, 
x?=0.019. Hence the singlet decay rate A, is only about 
two percent slower in a 10-kilogauss field than the 
vacuum field-free singlet rate \;, while the triplet rate 
A; in such a field is about 20 times faster than the field- 
free triplet decay rate X3. 

We shall now discuss the formation and decay of 
positronium atoms im vacuo, but with a field B present. 
Let (3) be the number of positronium atoms at time 
t in the singlet (triplet) state; then, if 4 positronium 
atoms are formed by the source per second, the rate 
equations are: 

dn,/dt= —A\n,+1, 


dn;3°, ‘di =— A3n3°+ iL (5) 
dn;'/di= —d3n3'+2, 


where 13"+-n3'=n3. We have put in n3! and n;3° ex- 
plicitly as the populations of the m=+1, 0 magnetic 
substates, respectively. The 3-quantum decay rate ob- 
served will then be proportional to V3,(B)=(1—x?)n;° 
+x*n;+n;' and the quenching observed is obtained by 
dividing by the value of N3,(0), ie., by (m3'+-7;°), 
because as B—0, x0. In equilibrium, put all dn/di=0; 
substituting the resulting values, m)=1/A,, m3;°=1/As3, 
n3'=2/\3 into the expression for N3y(B)/N3(0) we 
get, in the approximation where x*<1, 


'sy(B)/Nay(0)=§+3L14 ("i/Aa) 1, (6) 


which is a well-known result; (6) defines the “quench- 
ing,” Q. The true functional dependence of Q on the 
magnetic field, in the case that x? is not small compared 


1-Q= 
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with unity, is more complicated than (5). Impractically 
high fields would, however, be required to make the 
difference significant. Equation (6) refers to observa- 
tions made over the entire sphere surrounding the 
source; in any other geometry the fraction 3, 3 should 
be replaced'* by the fractions 1— f, f. In particular, in the 
case that the observations are made with the detectors 
arranged symmetrically in a plane perpendicular to the 
magnetic field, f=}. 

Let us next discuss the formation and decay of 
positronium atoms inside a material medium subject to 
an external magnetic field B. We shall first assume that 
molecular collisions can cause triplet«>singlet transi- 
tions, say at a conversion rate between any two mag- 
netic substates. 

Then the conditions of stationary equilibrium become 


1(Ai+3y’) — v3°y’— v3'y=1, 
v3°(A3t+y’) = vy = i, 
v3! (Ast) — 2rry=2, 


(7) 


with y’=(1—x?)y. In these equations the »; have a 
significance analogous to the n; previously defined, 
with the difference, however, that they indicate the 
numbers of field-modified atoms of a given species with 
a field B present. There do not exist true triplet or 
singlet atoms with m=0. The terms corresponding to 
reorientation collisions (AJ=0, Am #0) have been 
omitted in (7). 

The three coupled equations may be solved for the 
v,’s as above where y=0. In the case that y), and in 
the approximation that y>>As, the result is particularly 
simple: the term («*A;/A3) in Eq. (6) is replaced, as 
might be expected, by (xA1)/(As+-y) + 2°A1/7, that is, 
the slowly decaying component of the system appears 
to have a lifetime 1/y rather than 1/\3. The final 
equation that will be used to fit our data is then 


1—Q=3+ (3)[1+ (#7Ai/y) F. (8) 


Reconsidering the derivation of Eq. (8), we notice 
that the result is essentially equivalent to neglecting 
the terms in the last two of Eq. (7), thus effectively 


” 


decoupling the two “triplet” rate equations from the 
“singlet” rate equation. In our case this approximation 
is physically plausible in view of the slight contribution 
of conversion to the decay of the “singlet” atoms 
(yA). This circumstance prevents us from inter- 
preting y necessarily as a conversion rate; it could 
equally well represent the rate of destruction of triplet 
atoms by any process different from direct decay, say 
the rate of annihilation by “pickoff” processes.* With 
this limitation clearly in mind, we shall in what follows 
continue to refer to y as a “conversion”’ rate. 


18 R. M. Drisko, Phys. Rev. 95, 611 (1954). 


3-PHOTON ANNIHILATION 


B. Results 


Table IT is a collection of data obtained with Teflon 
and Al in typical runs (B= 7400 gauss). The quenching, 
Q, was computed for such data according to the method 
indicated in Sec. I, i.e., from the relation 1—Q= (t,—a)/ 
(to—a). The quenching observed with fused quartz was 
calculated analogously. As a by-product, a ratio 
2.14+0.20 for quartz/aluminum in zero field (quo/a) 
could be extracted from the quartz and Teflon runs by 
using the identity (qguo—a)/(to-a)=[(Qmo/A)—1]/ 
[(To/A)—1] and T)/A=3.0. The agreement of this 
quartz/aluminum ratio with the result stated in Sec. II 
is a further support for the internal consistency of our 
data. 

The values of Q so computed are plotted in Fig. 2 for 
both Teflon and fused quartz as a function of the field 
B. On those points where sufficient runs were made to 
perform statistical analysis, the indicated errors are 
the standard errors of estimate; the remaining points 
have, as errors, the estimate due to the statistics of 
counting alone. Those few runs for which the standard 
error was very much greater than the error expected 
from the statistics of counting were rejected as vitiated 
by instrumental drifts. The smooth curves of this 
figure are least square fits to the data using Eq. (8) with 
(x?A1/y) « (A1/yA?) =a as an adjustable parameter. It is 
obvious of course that from this type of experiment, 
where only one quantity, the field B, is varied, only one 
parameter, namely this composite one, can be extracted. 
We find 


refion = (A1/7A®) Teflon = (47.8+0.9) X 10° ev-?, 
@f, quartz = (A1/yA?)s. quartz > (16.5+0.3) X 108 ev~?. 


IV. CONCLUSIONS 


We have experimentally shown (a) that the 3-photon 
decays of positrons in substances exhibiting a slow 
component in 2-photon annihilation! can be quenched 
by an external magnetic field, while those in aluminum 
are unaffected; (b) that this quenching is different in 
different substances in this class, being the stronger in 
Teflon than in fused quartz. 

Before comparing these results with our working 
hypothesis, i.e., that the slow component is due to 
315, positronium, we have to justify the use of 
the formula 1—Q=(tg—a)/(to—a) to compute the 
“quenching,” Q. From the mere experimental observa- 
tion that N3,(B)#N3,(0), it follows that some bound 
system capable of 3-quantum annihilation is present. It 
is, on the other hand, virtually certain that 3-quantum 
annihilation will be observed with positrons absorbed 
in any solid, whether bound systems are formed or not, 
since there exists a small but finite cross section‘ for the 
direct annihilation of positrons with “free” electrons 
into three photons. These direct free annihilation 
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Fic. 2. Quenching of 3-photon annihilations in Teflon and fused 
quartz in an externally applied magnetic field. Curves calculated 
from Eq. (8), assigning to the conversion rate, y, the values 
indicated in units of the triplet vacuum annihilation rate, \s=7.1 
X 10° sec“, and the vacuum values to the singlet annihilation rate, 
\1, and to the triplet-singlet splitting, A, of positronium, (A, =8.0 
X 10° sec!, A=8.4X 10 ev). Indicated errors are standard errors 
of estimate from sets of several runs. 


processes will evidently be unaffected'® by the presence 
of an external field B. At any field setting, therefore, in 
our experiments, a constant fraction of the 3-quantum 
rate—corresponding to these direct processes—ought to 
be subtracted. In metals, though there are many 
positron phenomena not yet fully understood,‘ the 
angular correlation of 2-photon annihilation is indicative 
of direct annihilation” and the 3-quantum rates are 
apparently in agreement”! with those predicted from the 
direct cross section. It can hence be tentatively assumed 
that direct annihilation is practically the sole mecha- 
nism in metals. The fraction of positrons undergoing 
direct 3-quantum annihilation, neglecting velocity de- 
pendence of competing cross sections, ought to be the 
same in metals as in insulators of similar density. 
Therefore, the rate of “unquenchable” 3-photon anni- 
hilations in Teflon and fused quartz ought to be approxi- 
mately equal to the total 3-photon rate from aluminum 
observed under equal conditions. This is the basis for 
the method used by us to compute Q (for further dis- 
cussion, see the forthcoming paper"). 

Interpreting the observed quenching naively as the 
effect of the magnetic field on *S; positronium atoms 
unperturbed by collisions, i.e., interpreting the fitting 
parameter a, according to Eq. (6), as \;/A3;A?, one would 
find (assuming for \; and ); their vacuum values) that 
A? must be assigned values about 40 (Teflon) or 80 
(quartz) times larger than its vacuum value. But in a 
material medium, in particular in an insulator, one 
would expect the *S—'§ splitting A to be smaller, 
rather than larger, than in vacvo, owing to the dielectric 
constant. Also no annihilation processes have been 
observed to occur in solids with the vacuum life- 

# Actions on the “orbits” of free electrons and positrons will 
instantly be destroyed by collisions (relaxation times short 
compared to Larmor frequency) in normal materials, and spin 
alignment effects are negligible at any but the lowest temperatures. 

2%” A. T. Stewart, Phys. Rev. 99, 594 (1955) ; Lang, de Benedetti, 


and Smoluchowski, Phys. Rev. 99, 596 (1955). 
21 J. K. Basson, Phys. Rev. 96, 691 (1954). 
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time of triplet positronium. This explanation has to be 
abandoned. 

Next, keeping A® and A, fixed, one could assign A; 
correspondingly larger values than the vacuum decay 
rate of triplet positronium. Again, the change in the 
wave function (that is, in the probability of finding 
positron and electron on top of each other) of posi- 
tronium from vacuum to a solid is hardly likely to 
enhance the annihilation rates greatly. The decay rate, 
however, is possibly greatly enhanced by collisions. We 
are therefore led naturally to adopt the spirit of Eq. (8), 
where the “conversion” rate y (assuming y>>A;) plays 
the role of ds. 

Attributing to \; and A? in the experimentally de- 
termined parameters (9) their vacuum values as a 
conjecture, we find yrtefon=33.341, and Yfused quartz 
=96.1+3.5 (putting \3=1). Now, calculations for the 
observed lifetimes of the fast and slow components of 
2-photon decay (and of the intensity ratios of these 
components) have been given by Dixon and Trainor® 
for a wide range of y for the case where no magnetic field 
is present, assuming the vacuum values for \; and )3. 
As stated in Sec. I, the observed! slow component is 
characterized in Teflon by raow= (3.50.4) X10 sec, 
while in fused quartz Tstow= (1.8+0.2)X10~® sec. For 
such values of rstow, Tfast is a Slowly varying function of 
y, in Dixon and Trainor’s table, and raoy~1/y: Inter- 
polating in that table, we find yTefton = 36 and Yfused quartz 
= 88 to correspond to the observed Tejow’s.”” 

These values of the “conversion” rate, y, derived 
from quite independent measurements, are in striking 
agreement with the ones derived above from the 
present quenching experiments. The excellency of this 
accordance is particularly surprising (and probably 
fortuitous) in view of the uncertainty of +10% assigned 
by Bell and Graham! to their lifetime data and the 
admittedly approximate validity of our conjectures. 

One could argue that, instead of assigning A; a much 
larger value (i.e., effectively replacing it by y), one 
could, in Eq. (6), make (A;/A3) correspondingly smaller. 
This alternative is unattractive, inasmuch as in the 
conversion model®:® za oy and fast are functions of dA, 
and A3, separately. 

In conclusion, we believe that our experimental 
results are most naturally understood by assuming that 
(a) in metals, all or most positrons do not form bound 
systems; (b) in amorphous insulators a certain fraction 
of positrons form 1S positronium, the rest annihilating 
directly; (c) in amorphous insulators, such as Teflon 
and fused quartz, positronium atoms, or at least their 
ortho-variety, exhibit essentially vacuum intrinsic prop- 
erties and are subject to rapid destruction due to 
ortho<>para conversion and/or “pickoff” annihilation. 

Assumption (c) is by far the most radical one. It shall 


Tt is perhaps worth emphasizing that our use of this table 
should by no means imply that we subscribe to the main ideas 
expressed in reference 5. As a matter of fact, our conclusions are 
greatly at variance with these. 
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be discussed further in the forthcoming article" already 
referred to, where the conclusions drawn here are 
examined in the light of evidence from other related 
experiments. 

Because of the smallness of the parameter (A;/yA?) =a 
our present data give only circumstantial evidence that 
Q has indeed the functional dependence expressed by 
Eq. (8). The experimental points (Fig. 2) could be 
connected by a straight line for either material. Meas- 
urements in considerably higher fields are needed to 
overcome this shortcoming, and we plan to carry these 
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out in the near future. We also hope to perform quench- 
ing experiments in the presence of an rf field to measure 
y more directly. 
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Distribution in the Upper Atmosphere of Sodium Atoms Excited by Sunlight* 
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Calculation is made of the distribution of atoms excited to the ?Py state by solar radiation, direct and 
reflected from the earth for a model sodium layer between 70 and 100 km. Account is taken of the attenuation 
by resonance absorption of sunlight in the layer before the solar photons reach a given point in the layer. 
This absorption grossly modifies the scattered intensity at twilight, causing minima to appear at about 5° 
solar depression and reducing greatly the difference in scattering for thicknesses between 2109 cm~ and 
2X10" atoms/cm? in late twilight. The effect of imprisonment, not included, is expected to modify only 


the late twilight results. 


1. INTRODUCTION 


T is possible to explain the apparently great height 

of the sodium D line emission in the night air glow 
by taking account of the absorption of resonance 
radiation within the layer itself. Because of this ab- 
sorption a layer below 100 km yields a zenith angle 
variation of intensity indistinguishable from that for a 
much higher layer without absorption. For this, how- 
ever, it is required that the vertical thickness of sodium 
be not less than 1.510! atoms/cm?. Such a value for 
the thickness is so much in the extreme upper range of 
the numbers obtained from twilight scattering that 
careful attention to this method of obtaining the 
thickness is indicated. The method is simple.’~* The 
scattered intensity is taken to be 


r2 
1,=Joo f Ndh, (1) 
rl 


where J» is the incident solar flux at the bottom of the 
Fraunhofer line at the wavelength or on the wavelength 
range used. o is the effective scattering cross section 


* The work reported in this paper was supported in part by a 
grant from the National Science Foundation. 

1D. R. Bates and H. S. W. Massey, Proc. Roy. Soc. (London) 
A187, 261 (1946). 

2D. Barbier, Ann. Geophys. 4, 193 (1948). 

3D. M. Hunten, J. Atmos. and Terrest. Phys. 5, 44 (1954). 

4D. M. Hunten and G. G. Shepherd, J. Atmos. and Terrest. 
Phys. 5, 57 (1954). 


there. NV is the density of sodium atoms as a function 
of the altitude /, and r; and r2 are the limiting heights 
for the layer. Experimentally, 7, is obtained only after 
elaborate measures are taken to subtract the scattered 
intensity from the rest of the atmosphere. 
Examination of the cases in which this method has 
been applied reveal that Jo is taken to be the flux 
outside the atmosphere rather than at the scattering 
region. But to reach the scattering region at twilight 
the solar radiation must pass through a thickness of 
sodium which may be very large even when the vertical 
thickness is only 210° atoms/cm’. The effect of the 
consequent attenuation on the scattering at the center 
of the Dz component has been set forth in an earlier 
paper.® In brief, it was to reduce the scattered intensity 
for 2X10" atoms/cm? over most of the post-sunset 
period to less than that for 210° atoms/cm? and to 
produce a decided minimum in the scattered intensity 
at about 3.5° solar depression. It became apparent that 
no simple interpretation of the scattering such as that 
offered on the basis of (1) was possible and that a 
careful study of the absorption and scattering taking 
into account the line shape and imprisonment of reso- 
nance radiation ought to be attempted. This papea 
presents the results of a calculation of the density of 
sodium atoms in the *P; state excited directly by 
sunlight or by sunlight once reflected from the surface 


5 T. M. Donahue and R, Resnick, Phys. Rev. 98. 1622 (1955). 
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of the earth for sodium layers of several thicknesses 
between 210° atoms/cm? and 2X10! atoms/cm? 
located between 70 and 100 km above the earth. 


2. PATH OF INCIDENT SUNLIGHT 


The sodium atoms are taken to be distributed 


according to 
N(r)=No expl—a(r—ro) | (2) 


between r; and r2. The thickness, L, of sodium traversed 
as in Fig. 1 by a solar photon which reaches a point 
(r,8o) in the layer has already been calculated for values 
of the impact parameter, p, larger than the earth radius.® 
These calculations were extended to smaller p and the 
thicknesses extrapolated to p=0 for three layers. These 
layers are described by 


N(r)=0, r<6.47 


= Ny exp[—127(r—6.40)],  6.47<r<6.50 
=(), r>6.50, 


(3) 


where distances are measured in thousands of km. 
Three values of No, 2.17107 cm-*, 2.17108 cm-%, 
2.17X10° cm“ lead to layers of vertical thickness 
2.31 10° cm~, 2.3110" cm-, and 2.3110" cm-, 
respectively. The actual path through the layer may 
traverse as many as 73 times the vertical number of 
atoms per cm? when # is 6.47 X 10° km and even as many 
as 12.2 times the vertical thickness when p is 6.40X 10* 
km. 
3. EXCITATION BY DIRECT SUNLIGHT 


If the intensity per unit frequency incident on the 
earth’s upper atmosphere at the bottom of the D2 
Fraunhofer line is taken to be Jo, independent of 
frequency, then the number of atoms excited to the 
*P; state per second in a volume element dV =drdA at 
(7,4) will be 


w/dV = Joi f exp —o(v)L ]k(v)dvdr. (4) 


If the assumption is made now that the line is such 
that the absorption coefficient, k(v), is everywhere 
proportional to the emission probability, P(v), and the 
layer sufficiently homogeneous in line shape that the 


er 








Fic. 1. Geometry of the direct transmission and absorption 
problem. The sun is to the left, 
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theory of imprisonment of resonance radiation may 
be applied, then the integral over the frequency spec- 
trum in (4) is very closely related to 


T(ooL)= f Pi) cul -«( OL, (5) 


where ao is the absorption cross section at the center 
of the line. This function of oof has been discussed by 
Holstein in connection with imprisonment of resonance 
radiation.®.” It is just the probability that a resonance 
photon will be emitted at a point in a gas and travel 
through a thickness L of absorbers without being 
absorbed. If it is assumed that 


P(v)=ak(v), (6) 


then 


T(ook)=a f hits) eel ~stvE We, (7) 


and a is determined by the condition 


rosrefuvn-(2V()(2) 


where Xo is the wavelength at the center of the line 
go/g: the relative degeneracy of excited and ground 
state, 7 the mean life of the excited state and NW the 
density of absorbers at the point where the absorption 
io Thus 


fro exp —o(v)L |dv 

















| 
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Q, in radians 








Fic. 2. Transmission function for resonance radiation arriving 
at angles of solar depression 90 for four altitudes in the layer. 
r is measured in thousands of km. Layer thickness: 2.31 10° 
atoms/cm?. 


6 T. M. Donahue and A. Foderaro, J. Geophys. Research 60, 


75 (1955). 
7T. Holstein, Phys. Rev. 72, 1212 (1947) ; 83, 1159 (1951). 
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Fic. 3. Transmission function for layer 2.31 X 10” atoms/cm? thick. 


For a Doppler line shape, the cross section at the center 


of the line is 
oS ae 
09> ee, — ’ 
8r/ \ gi7 \atvor 


where v9=(2R7/M)'. Therefore, the relationship be- 
tween (5) and the integral over the frequency spectrum 
in (4) is 


(10) 


fro exp[—o(v)L ]dv= (atvqa0/Ao)T(ooL)N. (11) 


The rate of excitation wo’ at (r,09) thus becomes 


wo dV = [ (xr) bye 0/Ao |JoT (ool) N (r0,0o)dV. (12) 


T(ooL) has been computed and tabulated as a func- 
tion explicitly of oof previously for the Doppler line 
shape assumed in this problem.® Since for every point 
(r,Ao) in the layer, the thickness L of sodium traversed 
by the light is known from Sec. 2, and since the cross 
section oo for the sodium Dz line with a Doppler shape 
at 240° is 10" cm’, it is possible to plot 7 as a function 
of @ at various levels in the layer. This is done for three 
vertical thicknesses in Figs. 2, 3, and 4. Only values 
after sunset, 69>=0, are shown although the computation 
was carried out for all angles of solar depression back 
to noon (#)=—7/2). The pronounced minima in the 
transmission function occur for points on the line with 
impact parameter p=6.47X10* km. These curves are 
to a certain extent comparable with those for exp(—ooL) 
which have been published previously.5 However, the 
function T(ooL) not only takes into account the atten- 
uation for all frequencies in the line, it contains the 
effect of the variation of absorption cross section as 
well. The result is a much weaker variation with 4 in 
this case. However, as will presently be apparent, the 
reduction is not sufficient to modify seriously the 
previously published conclusions based on attenuation 
at the center of the line.® 
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Fic. 4. Transmission function for layer 2.31 X 10" atoms/cm? thick. 


It might be mentioned also, concerning the spectrum 
of the radiation absorbed at a point in the twilight zone, 


Joexpl—ool Jk(v)dv cm™ sec", (13) 
that it is apt to be severely “self-reversed” when 
ooL>>1. This is not of any experimental consequence, 
however, since the radiation which is re-emitted and 
subsequently observed has simply the Doppler shape 
impressed by conditions at the point of emission. 

If the transmission functions represented in Figs. 2, 
3, and 4 are multiplied by the density of sodium atoms 
N(r), they become proportional then to the rate at 
which sodium atoms are excited at (7,00) by photons 
directly from the sun. To this rate must be added the 
effect of photons which traverse the layer, reflect from 
the earth’s surface, and arrive at the point (7,09) without 
previous absorption. 


4. REFLECTION FROM THE EARTH 


The geometry for the reflection problem is repre- 
sented in Fig. 5. A typical photon path from the sun 
to the point (r,@o) in the layer is represented. In the 
system of coordinates used the point of reflection on 
the surface of the earth is identified by polar coordi- 
nates, ro, n, 8. The point in the layer receiving the 
radiation is on the polar axis of this coordinate system 
a distance r from the center of the earth. The plane 
perpendicular to the solar rays then makes an angle 
4) with the B=0 plane. 

Let an element of surface area on the earth be 
represented by dA=r¢° sinndndB. Then the number of 
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Fic. 5. Geometry of the reflection problem. The sun is to the right. 


photons in the frequency range from » to v+dy striking 
dA after a passage through a thickness L, of sodium 
atoms will be 


Joexp[—o(v)Li]dA cosdidy, (14) 


where ¢; is the angle between the normal to the surface 
and the incoming solar rays at the reflection point. 
Of these a fraction g/2x will be reflected per unit solid 
angle, where g is the reflection probability. We take a 
Lambert’s Law reflector for the surface of the earth. 
The fraction reflected into solid angle dQ defined by 
the volume element dV at the point r on the polar axis 
is then 

(g/2m) cosp2dQ, (15) 


where ¢2=(n+a) is the angle between the surface 
normal and the reflected ray. If the distance between 
the reflection point and the absorption point is called 
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Fic. 6. Transmission and reflection functions at the top and 
the base of the layer. Layer thickness: 2.31 10° atoms/cm?. 6)>=0 
corresponds to sunset. Heights, 7, are in thousands of km. 
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x, then the number of photons absorbed per second in 
dV and in the frequency range dy is 


g dV 
Toe" “1d A cosgi— cospre~*”) 4k(v)—dv. (16) 
2x a 


The rate of excitation by once reflected photons in dV 
is then obtained by an integration over the spectrum 
and over the area of surface visible at dA and illumi- 
nated by the sun. This is 


2g 3/2 e 
wn" = Jor f as f frnererna 
Qn 81 60 


COS) COSH2 
x iceiaiaspennseiinastition 


sinndn. (17) 
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Fic. 7. Transmission and reflection functions for 
2.31 10" cm layer. 


Here 8; and © are limiting values set by the sunset arc 
and by the extreme ray which can reach dV from the 
earth’s surface. 

From our previous discussion it is clear that this 
integral involves 7(Li+J2), the transmission function 
for the sum of two thicknesses each of which depends 
on the location of the point of reflection. 


x/2 
g 
wodV= [rtosn/AoVo f ds { ~1(L1+12) 
Bi Tv 


COS; COSd2 
x——_——_—_ 


sinndnNdV. (18) 


In the Appendix it will be shown that it was possible 
to evaluate a very similar integral which contained an 
extra factor, cosa, in the integrand but not, of course, 
T(1i1+L2). This integral was multiplied by the mean 
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value of T(L:+J2) seca and the result called R(4,r). 
In terms of this function, 


we'd V as J o(vortao/do)RNd V. (19) 


R has the same physical significance for the reflection 
problem as does the transmission function T of the 
direct excitation case. It is merely weighted with the 
requisite Lambert’s law projection and _ reflection 
factors. With g, the reflection probability, taken as 0.5, 
R was obtained for all angles @) from —72/2 to the end 
of twilight for the three thicknesses treated in this 
paper. In Figs. 6, 7, and 8 it is plotted at the top and 
bottom of the layer along with 7, the counterpart of 
it in the direct excitation problem. In every case the 
decrease in effective surface area renders the reflected 
contribution negligible after sunset. During most of 
the day it is important, however, for all thicknesses, 
but particularly for the thinner layers where the chance 
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Fic. 8. Transmission and reflection functions for 
2.31 10" cm layer. 


that a photon should survive the initial traversal of the 
layer is better. Reflection is more important for the 
base of the layer because of the attenuation caused by 
longer passages of the layer except after sunset when 
the controlling factor is the area of the earth’s surface 
visible. 


5. PRIMARY DISTRIBUTION OF EXCITED ATOMS 


The product of (7+ R) with the density of sodium 
atoms at every point as given by (3) yields finally a 
function proportional to the rate of creation of sodium 
atoms in the ?P; state by direct and once reflected solar 
radiation. Since this rate is just mo/Jor, where mo is the 
corresponding density of excited atoms and 7 the mean 
life of the state, the final expression for the excitation 
distribution is 


(no/r)dV = J o(m*vo00/do) (T+R)NaV. (20) 
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Fic. 9, Rate of exci- 
tation of sodium atoms 
to the *Py state as a 
function of altitude at 
various angles of solar 
depression (radians). 
Layer thickness: 2.31 
X10" atoms/cm?. The 
unit on the vertical scale 
is 1 cm™ sec in terms of 
atoms excited per unit 
volume per unit photon 
intensity per unit fre- 
quency. 
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Because there is no certain knowledge of Jo, a tabu- 
lation has been made of mo/Jor and this is plotted as a 
function of r for selected 6 in the 2.3110" cm™ and 
in the 2.3110" cm™ layers in Figs. 9 and 10. The 
factor m!voao/Ao is 1.7210 cm?/sec, independent of 
T, and the unit of the vertical scale in these figures 
consequently is 1 sec cm“, representing a rate of 
excitation per unit volume per unit photon intensity 
per unit frequency interval. One very striking feature 
of these curves in the neighborhood of sunset is the 
fact that the attenuation of the light arriving in the 
lower reaches of the layer is so severe that it overpowers 
the exponential variation of sodium atoms. The conse- 
quence is that the primary excited atom population 
may actually rise with increasing altitude. In fact for 
the 2.3110" cm~ layer the peak in the excited atom 
curve is near the top of the layer. 


Fic. 10. Rate of exci- 
tation of sodium atoms 
to the *Py state as a 
function of altitude for 
2.3110" cm layer. 
The vertical unit is 1 
cm™ sec. 
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Fic. 11. Rate of excitation to the *Py state per cm* column for 
three vertical thicknesses as functions of the angle of solar de- 
pression. The vertical unit is 10° sec in terms of transitions per 
cm? column per unit incoming intensity per unit frequency. The 
dashed lines give the scattered intensity predicted without 
attenuation. 


6. SCATTERED INTENSITY 


Integration of these curves along r gives the first 
approximation to the scattered intensity which should 
be observed for zenith observation. Curves for the three 
layers are plotted in Fig. 11 giving rate of radiation 
per cm? per unit photon intensity per unit frequency 
interval as functions of the angle of solar depression. 
These may be compared with the intensity variation 
which would be predicted if attenuation were neglected. 
It is notable that over this wide range of variation in 
layer thickness there results so little difference in the 
curves during the time when the lower border of sunlight 
is sweeping up through the layer. It is also interesting 
that the curves cluster about the unattenuated 2.31 
X 10*-cm™ curve. The fundamental process which con- 
trols the phenomena contemplated here is of course the 
competition between the increasing scattering and the 
increasing attenuation as the layer grows thicker. The 
consequence is that during late twilight, just before 
intensity begins its decline, there is an optimum layer 
thickness in the neighborhood of 2.31 10! atoms/cm’. 
There is much less light to be observed from a 2.31 
X10" cm~ layer. The pronounced minimum near 0.05 
radian solar depression is also notable. It is a conse- 
quence of the fact that at these angles the lower portion 
of the sodium layer is illuminated by radiation which 
has passed through a great thickness of sodium. 


7. COMMENTS 


These results will need to be modified by the contri- 
bution of imprisoned photons, those which are emitted 
by these excited atoms and produce in turn further 
excitation. However, this correction is expected to be 
important only for the very end of twilight, where only 
the top of the layer is accessible to primary photons 
and only for the thinner layers where great expanses of 
the sodium layer can make important contributions of 
secondary photons. It is possible, however, that the 
effect will be great enough near the end and just after 
twilight that the sodium layer may not have the 
geometry which the time of the end of the flash would 
seem to imply. An attempt is being made to determine 
whether the observations are actually compatible with 
a layer considerably below 100 km. 

It should also be pointed out that when comparison 
is made between the light observed in the D lines and 
that detected in a nearby part of the spectrum for the 
purpose of subtracting the effect of lower-atmosphere 
scattering the scattering at the reference wavelength 
is not a fair index of the scattering at D-line wave- 
lengths by the lower atmosphere. The sunlight scat- 
tered by the lower atmosphere must also traverse the 
sodium layer. A discussion of the effect of this phe- 
nomenon is being published elsewhere. 

Finally, it seems that great care must be exercised in 
concluding anything about the density and distribution 
of atmospheric sodium from measurements on the 
twilight flash. Only detailed comparison of intensity 
variation which can be attributed unambiguously to 
the sodium layer with a theoretical calculation which 
accounts for resonance absorption and imprisonment 
together with all other such complicating factors as 
refraction and ozone attenuation can hope to yield 
reliable values for these quantities. It is by no means 
clear yet that from twilight data alone a layer as thick 
as 2X10" sodium atoms per cm’ column can be ex- 
cluded. 

8. APPENDIX 

The coordinate system for this problem is shown in 
Fig. 5. In this system the circle on which the plane 
perpendicular to the sun’s rays cuts the earth’s surface 
is given by 
(21) 
where 6 is the angle between this plane and the B=0 
plane as measured for 8=2/2. The problem, from (18), 
is to evaluate 


sd @ [cosa] cos(n+e) . 
f cos¢dB f sinndn, 
BI 60 “ 


where 


tany sin8= tan, 





(22) 


cosd1=sinn sin8 cos#o— cosy sin8o (23) 


determines the projection of the element of area in the 
direction of the sun. The term [cosa] is not properly a 
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part of the integrand of (18), but only when it was 
included could the integration be carried through under 
certain conditions for 6. In such cases (22) must be 
multiplied by (7(Li1+L2) seca). 

The lower limit, 8;, of the azimuthal angle is set by 
the point at which the parallel of latitude defined by 
intersects the great circle (21). There are three cases 
defined by the nature o1 6). 


A. 0<6)<0. This is the twilight case. 
B. —Q<6)<0. This is just before sunset. 
In cases A and B, from (21), 


sin8,= tan)/tann. (24) 


C. —394<0)<—O<0. In the daytime—back to 
noon— 


Bi= —1/2. 


Here the integral (22) can be evaluated without the 


extra term [cosa ]. 
In evaluating the integral (22), the integration over 
8 is easily performed to give 


a/2 
f (sinn sin8 cos)—cosn sinOo)d8 
8} 
= (a@—p*)!+-cu(8:—2/2), (25) 
where 
and p=cosn. (26) 


a=cosho, c=sin§, 


The following relations can be seen from Fig. 5: 
re=etr— 
r=2+7°+2xr) cos(a+n), 

v=rtre— 


When (27) and (25) are appropriately substituted into 
(22), the result contains six terms, as follows: 


2xr Cosa, 
(27) 


2rro COSN. 


— e- int Sf uBidu— =f pdu 


Pes egy 5 f (a?—p?)*du 
4b? J, [(1+82)—2by 

ae cL uBidu 

4b? J, af (140°) —2bu P 











udu 


(1—8*)re 
+ f 
Shr? J 4 [(1+0*)—2by P 
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where 

b=cos0 (29) 
and, of course, 
(30) 


r=ro/b. 


All of these integrals are easily evaluated by the 
standard methods except for the second last which can 
be neglected on the grounds that its maximum value 
for typical values of r and 4 is about 0.05% of the 
value of the other five terms for case A and is about 
5% of this for case B. 
to case C the integral (22) without [cosa ] becomes 


r/2 @ cos(a+n) 
f cos¢;d8 f ———— sinndn, 
0 2 


—n/2 


(31) 


which can be evaluated exactly. For, use of the result 
that 


/2 
f (siny sin8 cos@o— cosn sin®o)d8 = —x sin) cosn, (32) 


—1]2 


), allows (31) to be written 


“\{— -f ats (33) 
(1+5— — (1+0%—2by)§)? 


which is easily seen to be 


and (27 





2r 
(+8) (1-8)! (240)=4. (34) 
3b5r? 


The value of R(6o,r) is found as follows. For cases A 
and B, 


gro 
R(Oo,) =a he) seca)yA’, (35) 
T 


where A’ is given by the appropriate value of (28). 
For case C, 


(36) 


gro 
R (60,7) = rm er ae , 
7 


where A is given in (34). Fortunately, the averaging 
processes for T seca could be carried out without much 
difficulty in most cases since these functions and the 
integrand of (22) varied slowly over the region of 
integration. Confidence in our averaging procedure was 
afforded by the fact that the curves drawn from (37) 
joined smoothly with those for the more exact expres- 
sion (38). The results are shown graphically in Figs. 6, 
7, and 8. 





PHYSICAL REVIEW 


VOLUME 104, 


NUMBER 4 NOVEMBER 15, 1956 


Tensile Strength of Liquid Helium II* 
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The tensile strength of liquid helium II was measured by the spinning capillary method and by a piston 
and cylinder method. The first method gave a tensile strength of 0.14+0.02 atmos and the second about 
half as much. These values are smaller than that expected from the present theories of the tensile strength 


of liquids. 





T is well known that most pure liquids show tensile 
strengths of considerable magnitude.’ However, 
assuming that the fracture of the liquid takes place 
simultaneously into two portions along a plane surface,?* 
in all cases so far reported the measured values are 
much less than those estimated from theory. This lack 
of agreement between theory and experiment is perhaps 
not surprising when it is considered that a liquid under 
high enough negative pressure is probably metastable 
and in time will change spontaneously into a two-phase 
system of liquid plus vapor. Consequently, vapor 
bubbles will form and grow until the pressure of the 
system reaches the equilibrium value during which 
process the liquid may fracture. Fisher* has applied 
nucleation theory to this problem and has derived the 
following expression for the fracture pressure );: 





163 a ] (t) 
ae oi RT In(NET1/h)— fol’ 


where o is the surface tension, fo is the free energy 
of activation for the motion of a molecule of the 
liquid into or away from the bubble surface, and ¢ is 
the waiting time. Values calculated by Eq. (1), while 
very much smaller than those estimated by use of the 
Van der Waals equation,’ are still larger than the 
observed values for liquids near room temperature. It is 
generally believed that the low values observed experi- 
mentally are due to the presence of impurities or 
nuclei in the liquid or on the interface between the 
liquid and its container around which vapor bubbles 
may form. Vapor or gas bubbles also may exist in 
cracks or roughnesses on the surfaces of the container. 
In practice it is extremely difficult to free a liquid and 
its container surfaces of these nuclei except perhaps 
in the case of liquid helium II where, because of its 
superfluid properties and low surface tension, it should 
flow into the cracks and wet most of the surfaces in 
contact with it. Consequently, a determination of the 
tensile strength of liquid helium II might give a test of 


* This work was supported by the Office of Ordnance Research 
of U. S. Army and by the Navy Bureau of Ordnance. 

1L. J. Briggs, J. Appl. Phys. 21, 721 (1950). 

2J. H. Hilderbrand and R. L. Scott, Solubility of Nonelec- 
trolytes (Reinhold Publishing Corporation, New York, 1950), 
third edition, pp. 94-401. 
+H. N. V. Temperley, Proc. Phys. Soc. (London) 59, 199 (1947). 
4J. C. Fisher, J. Appl. Phys. 19, 1062 (1948). 


nucleation theory as well as provide further informa- 
tion concerning the properties of the liquid itself. It was 
with this in mind that the present work was undertaken. 

Recently, Misener and Hebert® have attempted to 
measure the tensile strength of liquid helium II, and 
have concluded that if there is a tensile strength it 
cannot exceed 0.3 atmos, which was the least they were 
able to observe with the bellows method used. With 
the same type of apparatus, Misener and Hedgcock® 
previously had found a value of 3.5 atmos for the 
tensile strength of liquid nitrogen at 71°K. 

The fact that liquid helium IT has a finite tensile 
strength was demonstrated by a siphon experiment. A 
cylindrical glass beaker about 3 cm i.d. and 15 cm high 
containing, say, a 3 or 4 mm i.d. glass inverted U-tube 
hanging from its top with one leg (14 cm long) of the 
U inside the beaker, and the other in the bath, was com- 
pletely immersed upright in liquid helium II so that the 
U-tube was completely filled. The beaker was then 
carefully raised vertically. When it was raised above 
the liquid surface of the bath, the liquid rapidly siphoned 
out of the beaker through the U-tube into the bath. 
Without a finite tensile strength the liquid would not 
siphon. By giving the beaker various accelerations 
upward until the liquid column in the U-tube breaks, 
a very rough lower limit in the tensile strength could 
be estimated. 

Another attempt was made to determine the tensile 
strength of liquid helium II by measuring directly the 
force necessary to break the liquid column. A 2-cm* 
glass hypodermic syringe with a glass plunger 0.9 cm in 
diameter was immersed several cm below the surface 
of the liquid. A special valve which could be opened 
or closed from the outside of the cryostat was fitted 
into the opening where the hypodermic needle normally 
is fastened to the syringe. The glass plunger could be 
pulled upward by a small stainless steel rod attached 
to a calibrated solenoid arrangement situated well above 
the liquid helium surface but in the same container. 
With the syringe completely full of the liquid helium 
II and the valve closed, forces lasting for the order of 
one second were applied to the glass piston by the 
solenoid. It was found that after allowances were made 
for friction, etc., observable vapor bubbles formed 


5 A. D. Misener and G. R. Hebert, Nature 177, 946 (1956). 
6 A. D. Misener and F. T. Hedgcock, Nature 171, 835 (1953). 
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TENSILE STRENGTH OF LIQUID He II 


Fic. 1. Cross section 
of rotor. 


Ca 


A 
} " 
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inside the syringe when the negative pressure on the 
column reached between 0.07 and 0.08 atmos, when the 
temperature was approximately 1.9°K. As far as could 
be determined, the vapor always formed on or near the 
surfaces of the plunger. It is also possible that the vapor 
bubble started between the wall and the plunger. 
Although this method demonstrates the presence of a 
tensile strength, it did not give reliable quantative 
measurements because of the difficulty of estimating 
the corrections for static friction, etc., and the fact that 
the vapor bubble always formed near the plunger. 

The apparatus finally used for determining the tensile 
strength of liquid helium II was an adaptation to low 
temperatures of the spinning capilliary method used 
by Reynolds,’ and more recently by Briggs’ in his 
classical measurements of the tensile strength of 
various liquids near room temperature. The method 
consists of spinning a capillary filled with the liquid 
around an axis through its center and perpendicular 
to its length until the liquid ruptures near the axis of 
rotation. This method is particularly suited for studying 
the tensile strength of liquid helium because the im- 
purities are solid at this temperature and have a density 
greater than that of liquid helium. As a result, they are 
centrifuged out of the liquid. Also, liquid helium has a 
relatively low surface tension and thus wets most 
substances. 

Figure 1 shows a schematic cross-sectional diagram 
of the stainless steel rotor. ABCDE isa 1.7-mm capillary 
bored in the solid metal. This capillary is intersected 
at the points J by 4mm i.d. channels which connect 
the hollow space S with the periphery of the rotor. 
A 3-mm i.d. and 5-mm long insulated 51-ohm carbon 
resistor fits loosely in one of these channels as shown 
and is prevented from flying out of the rotor by the 
tubular metal plug P. One terminal of the resistor is 
soldered to P and the other to an insulated manganim 
wire W. The wire W passes along the wall of the chamber 
S, in such a way as to avoid as much radial stress as 
possible, and then out through the stainless steel rotor 
shaft. The insulated wire and the tubular shaft itself 









































7J. H. Poynting and J. J. Thomson, Properties of Matter 
(Charles Griffin and Company, London, 1902), p. 122. 
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Fic. 2. Apparatus for spinning rotor in liquid helium. 


are the two leads to the resistor R. Figure 2 shows the 
method of driving the rotor while it is immersed in the 
helium bath. The rotor is supported and spun on the 
end of an 0.122-cm i.d., 56-cm long stainless steel 
tubular shaft. The rotating parts are both supported 
and driven by an air turbine situated above and outside 
the liquid helium bath. The shaft passes through a 
vacuum-tight oil gland in the top of the vacuum-tight 
helium bath. In order to prevent the long flexible shaft 
from vibrating with appreciable amplitude it is sur- 
rounded by loose Teflon bushings mounted in a Pyrex 
glass tube. In order to absorb any vibrations trans- 
mitted to the glass tube, dampers or stabilizers are 
mounted along the length of the tube. A damper consists 
of a metal platform rigidly mounted on the tube which 
supports a ring of brass. The bottom stabilizer platform 
supports a metal cup which fills with liquid. The cup 
and metal rings have at least 5 mm clearance around 
the glass tube and, by rubbing on the platform, they 
damp vibrations. The rotor thus spins smoothly on the 
end of a shaft of very low thermal conductivity. The 
electrical connections to the leads of the resistor are 
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made to the rotating shaft by small brushes above the 
turbine. The rotor speed is measured by an electro- 
magnetic pickup situated above the brushes. 

The inner glass Dewar is first evacuated and filled 
with helium gas at atmospheric pressure. The outer 
silvered glass Dewar is next filled with liquid nitrogen. 
After the rotor has had time to cool sufficiently, it is 
started spinning very slowly while the inner Dewar 
is filled with liquid helium. Great care must be taken 
to avoid air leaks or air condensation inside the helium 
bath. The rotor is then stopped spinning and the pumps 
applied to the helium bath until the temperature falls 
below the lambda point as determined by the vapor 
pressure, the resistance of the carbon resistor, and 
by visual observation. Since the rotor is immersed in 
liquid helium II at least to a depth of a few cm, the 
capillary and all other rotor chambers should be com- 
pletely filled. The rotor is next accelerated at the rate 
of about 9 rps per sec. This forms a slight cavity in the 
liquid around the rotor and causes the liquid helium 
to fly out of the channels H in the rotor. The liquid 
around the resistor is thrown out through an axial 
channel in the plug P. The resistance-measuring 
circuit passes a current through R of sufficient magni- 
tude to heat it slightly and its resistance starts to fall. 
This continues until the liquid helium in the capillary 
ruptures near C and is thrown out on the resistor R. 
The liquid momentarily cools the resistor which in turn 
increases its resistance. The resistance-measuring circuit 
records this abrupt temperature change because of the 
well known resistance sensitivity to temperature of 
carbon in this temperature range. From the rotor speed, 
when the resistance abruptly increases the effective 
length of the capillary (distance J to J in Fig. 1), and 
the density of the liquid, the tensile strength of the 
liquid helium is calculated. It was observed that the 
liquid in the capillary ruptured when the rotor speed 
reached between 150 and 160 rps. The temperature 
of the bath as measured by the vapor pressure was 
between 1.8°K and 1.9°K. However, the temperature 
of the rotor was above this and may have exceeded that 
of the lambda point in some of the experiments. The 
effective length of the capillary was 2.8 cm and the 
rotor diameter 4.4 cm. This gives a tensile strength of 
0.14+0.02 atmos. The experiments were repeated with 
a brass rotor similar to Fig. 1 except that it contained a 
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compartment below the rotor which carried about 30 cc 
of the liquid helium to reduce temperature change in the 
rotor while it was spinning. The compartment con- 
tained radial baffles to prevent relative motion of the 
liquid and the rotor during the period of acceleration 
as well as to give good thermal contact. The results 
were roughly the same as with the rotor of Fig. 1. 
A special rotor with a glass capillary with the same 
shape as ABCDE (Fig. i), mounted so that it could be 
observed optically, also was tried. Unfortunately, the 
refractive index of liquid helium is so small that the 
observations were inconclusive. 

The value of the tensile strength of liquid helium II 
at 2°K calculated from Eq. (1) is the order of 4 atmos, 
assuming fo vanishingly small, and taking the value of 
the surface tension’ o as 0.3 (dynes/cm?*). The tensile 
strength calculated from Van der Waals’ equation is 
several times this. Therefore, the experimental values 
found are smaller than expected from Eq. (1) which was 
derived from nucleation theory. This may be due to 
the fact that Eq. (1) cannot be extrapolated to this 
temperature or that there still may be nuclei in the 
liquid or on the walls around which vapor bubbles can 
form. Also, there always are ions present due to radio- 
activity and cosmic rays. This might affect the hypo- 
dermic syringe experiment because of the larger volume 
of liquid, but there should be too few ions formed in the 
capillary near the axis of rotation to change the results 
appreciably. On the other hand, the values calculated 
from Eq. (1) decrease very rapidly with increase in 
temperature, and there is some uncertainty in the 
temperature of the spinning rotor as measured by the 
carbon resistor and the vapor pressure of the helium 
bath. This arises from the fact that the carbon resistor 
is covered with a thin coating of electrical insulation 
and the spinning rotor forms a cavity of vapor around 
it in the liquid helium bath. It is planned to repeat 
the experiment under conditions where there is no 
relative motion of the rotor and helium bath in order 
to check this possibility. 
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A semiempirical argument is presented which shows that for tin the lattice specific heat of the normal 
state is also present in the superconducting state. This result follows from the law of similarity for the 
threshold field curves. It is also shown that the so-called “electronic specific heat” of the superconducting 
state contains a large contribution from the motions of the ions in the lattice. 





I. INTRODUCTION 


N two recent publications,!? new measurements on 
the specific heat of superconducting vanadium and 
tin have been reported. These measurements are par- 
ticularly significant because they are more accurate and 
extend to lower temperatures than any previous meas- 
urements. In the analysis of these data it was assumed 
that the so-called “lattice specific heat” of the normal 
state was also present in the superconducting state. 
The notion of an independent lattice specific heat in 
the normal state arises because it is nearly always 
possible to write the total specific heat of this state, C,,, 
in the following form, 


Cn,=yT+A (T/6). (1.1) 


In this equation, y and A are independent of the tem- 
perature. The linear term is naturally interpreted as 
the contribution of the electronic motions in a static 
lattice and the 7* term is interpreted as the contribu- 
tion of the low-frequency lattice vibrations. This simple 
interpretation receives considerable support from the 
following facts: (i) that y is known,’ in a few cases, to 
be independent of the ionic mass; and (ii) that, at 
sufficiently low temperature, @ is a constant,‘ inde- 
pendent of the temperature. 

The assumption that is made in the analysis of the 
specific heat data is simply that the term A(7/6)’, 
of the normal state, is also present in the specific heat 
of the superconducting state. This term is subtracted 
from the total specific heat and the remainder is rather 
loosely referred to as the “electronic contribution.” 
The new measurements we have referred to show that, 
at low temperatures, this electronic contribution has 
the form aT, y exp(—6T./T), where a and 6 appear to 
be universal constants and 7, is the transition tempera- 
ture. It has been suggested® that this exponential form 
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can be interpreted in terms of a gap in a one-electron 
energy spectrum. 

The purpose of this note is to show firstly, that for 
tin, the equality of the lattice specific heat in the normal 
and superconducting state follows from the fact that 
the threshold fields, for the different isotopic specimens 
of this substance, obey a similarity law; and secondly, 
that in general, the “electronic contribution” to the 
specific heat contains a large contribution from the 
motion of the ions in the lattice. This fact would appear 
to make it rather difficult to interpret this contribution 
directly in terms of a simple one-electron spectrum. 

We shall discuss these two points in Secs. II and ITI, 
respectively. 


II. THE INVARIANCE OF THE 
LATTICE SPECIFIC HEAT 


The law of similarity for the threshold fields for the 
isotopes of tin was discovered by Lock, Shoenberg, and 
Pippard.® For our purpose it can be conveniently sum- 
marized by means of the following equation: 


H.= (M)-*9((M)°T). (2.1) 


Here H, is the threshold field for a specimen whose 
average isotopic mass is M, T is the absolute tempera- 
ture, and the function ¢ is a universal function of its 
argument (M)T. The exponent is equal to 0.50 to 
within a few percent. The threshold fields of the differ- 
ent specimens of tin are known to obey this law to 
within 1 part in 800. This law therefore expresses, in a 
very precise way, the functional dependence of H, on 
M and T. 

From this law we can deduce the functional depend- 
ence of C,—C, on M and T, where C, and C, are the 
specific heats in the normal and superconducting states, 
respectively. To do this we merely have to use the well- 
known thermodynamic relation, 


G,—G,=H2V/8n. 


where G, and G, are the Gibbs free energies at zero 
magnetic field in the normal and superconducting states, 
respectively, and V is the volume of the specimen. 
Henceforth we shall use the symbol ~ to indicate the 
functional dependence of any quantity on M and T. 


6 Lock, Shoenberg, and Pippard, Proc. Cambridge Phil. Soc. 47, 
811 (1951). 


(2.2) 
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If we substitute Eq. (2.1) in Eq. (2.2), we can write 
Gr—G~(M)**x((M)*T). (2.3) 

Now C= —T(@G/dT") p, and therefore, 
Ca—C~(M)-Y((M)°T). 


It follows that any term in C, which has a different 
functional dependence on the isotopic masses and the 
absolute temperature, from that indicated on the right- 
hand side of this equation, must be exactly cancelled 
by an identical term in C,. Now C, is the sum of two 
terms, yT and A(T/6)*. Since y is known to be inde- 
pendent of the isotopic masses, yT~(M)-*((M)*T), 
and this term therefore has the correct functional 
dependence on M and T. However, if we identify 
A(T/@)* with the contribution from the low-frequency 
lattice vibrations, then we can easily show that this 
term does not have the required functional dependence. 

The most general expression for the lattice specific 
heat, which we denote by C,”, is given by the following 


equation : 
Cat=h XI f(w;/kT), 
i 


(2.4) 


(2.5) 


where 
f(x) =2%e7/(e7—1) (2.6) 


and k is Boltzmann’s constant. In Eq. (2.5) the summa- 
tion is over all the lattice frequencies w;; these are the 
solutions of the secular equation,’ 


ant+M a2 13 
D(w)= 21 A2t+Mae* a23 (2.7) 
where the a;; are related to the force constants and the 
M; are the masses of the atoms in the lattice. It is now 
a simple matter to express the lattice specific heat in 
terms of the determinant D(w). We have in fact that® 


(2.8) 


1 D’(z) 
Windy names i Er ee 
Oem f f(e/kT)— 7a D'(2) 


The contour C is such that it includes all the zeros of D 
but none of the poles. From Eq. (2.8), we have that 


ath sabes dD 
~~ fr u; D’=—. (2.9) 

Dru ) du 
Consequently C,,” depends on the masses M; and the 
temperature T only through the variables u;=M,T?. 
For example, if all the masses are equal to M, then 
C,,” depends on the mass and temperature only through 
the variable MT*. Clearly C,” does not have the re- 
quired functional dependence on M and T. We there- 
fore see that if Eq. (2.4) is valid, C,” must be exactly 


™M. Born and K. Huang, Dynamical ae of Crystals (Oxford 
University Press, New York, 1954),.p. 
* E. W. Montroll and R. B. Potts, S Rev. 102, 72 (1956). 
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cancelled by an identical term in C,. We have thus 
shown that if the similarity law is true, then the lattice 
specific heat of the normal state must also be present in 
the superconducting state. If the similarity law is 
general, then our conclusions are equally general. Un- 
fortunately, however, tin is the only substance for 
which an accurate similarity law has been established 
and we therefore cannot at the moment generalize the 
argument. 


III. THE ELECTRONIC CONTRIBUTION 
TO THE SPECIFIC HEAT 


If the lattice specific heat of the normal state C,” is 
subtracted from C,, then it is found that the remainder, 
C.s, has the form 


C.u=ayT, exp(—bT,/T). 


This equation appears to be valid for tin,? vanadium! 
and aluminum,’ with the same values for the constants 
a and b. 

We have shown elsewhere” that if G is the Gibbs free 
energy of any system and K y is the mean kinetic energy 
of the particles of mass M in the system, then 


Kyu=—M(0aG/dM)r p. (3.2) 


Since the difference between C, and C, is very small for 
a solid superconductor we will assume the following 
form for C: 


(3.1) 


= (dU/dT)y. (3.3) 


The contribution of Ky to C is therefore (09K y/dT)v. 
If we denote this contribution by C“”, we have, from 


Eq. (3.2), that 
CM) =+4+M(aS/aM)rv. (3.4) 


Let us now apply this equation to the “electronic specific 
heat.” We find that 


C= M(0S.,/0 M)r, V; 


where C,,‘” is the contribution of the kinetic energy 
of the ions to C,,. From Eq. (3.1) we can easily cal- 
culate S,., 

b/x) 


T/Te exp(— 
S.2=ayT. f ee ee a eon 
0 x 


(3.5) 


(3.6) 


Now since a and 6 appear to be universal constants, we 
can reasonably assume that they are independent of the 
mass M. Combining Eqs. (3.5) and (3.6), we find that 


Coe =43(C..— Sar), (3.7) 


where we have used the empirical relation T,« M-}. 
The right-hand side of Eq. (3.7) is always positive and 
is clearly of the same order of magnitude as C,,. For 


9B. B. Goodman, Conference de Physique des Basses Tempera- 
tures, 1955, (Centrenational de ~ Recherche Scientifique and 
UNESCO, Paris, 1956), pp. 506-51 
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example at T=T7,/2, $(Ces—Ses)~C../3. We therefore 
see that the so-called electronic term contains a large 
positive contribution from the kinetic energy of the 
ions in the lattice. This fact implies that considerable 
caution should be exercised in any attempt to interpret 
C,, in terms of a one-electron energy spectrum. On the 
other hand, it does not imply that such an interpreta- 
tion is completely impossible. However, an alternative 
interpretation of this term would be that it arises from 
the excj+ation of elementary (charged) excitations across 
an energy gap. The magnitude of the gap may, and 
indeed must, depend on M. These excitations could be 
supposed to arise from the cooperative nature of the 
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interaction between the electrons and the lattice vi- 
brations. This kind of interpretation does not suppose 
that any separation of the nuclear and electronic mo- 
tions is possible and there is no reason to identify the 
elementary excitations with electrons. 
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Observed Dependence of the Low-Temperature Thermal and Electrical Conductivity of 
Graphite on Temperature, Type, Neutron Irradiation, and Bromination* 
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The thermal conductivity of various graphites in the temperature interval 10° to 300°K has been deter- 
mined and the effect of neutron irradiation and bromination investigated. The thermal conductivity of 
large crystallite natural graphite and of nonpitch-bonded graphite is found to vary as T? at low tempera- 
tures, as does the specific heat, in accordance with the simple theory of lattice heat conduction. This is in 
contrast to the anomalous 7*-? dependence exhibited by various pitch-bonded graphites. The anomaly is 
explained in a subsequent paper in terms of the effect of ungraphitized pitch on the total thermal resistivity 
of pitch-bonded graphites. 

Neutron irradiation is observed to cause the thermal conductivity of graphite to decrease markedly at a 
rate which decreases with exposure time. Also, the exponent of the temperature dependence decreases with 
exposure. The effect of bromination on the thermal conductivity of graphite is determined and compared 
with the effect of neutron irradiation. The results indicate that the change in the concentration of conduction 
electrons is not the principal mechanism by which neutron irradiation decreases the thermal conductivity. 

The electrical resistivity shows a negative temperature coefficient for all graphites, except the large 
crystallite natural graphite. Neutron irradiation increases the electrical resistivity to a saturation value 


and decreases the magnitude of the temperature coefficient. 


I. INTRODUCTION 


S a part of a general program! to study the effect 

of radiation damage on the properties of graphite, 
the thermal and electrical conductivity of various types 
of graphite have been determined as a function of 
neutron exposure and temperature in the interval 10° 
to 300°K. The thermal conductivity of unirradiated 
artificial polycrystalline graphite at low temperatures 
has been reported by Tyler and Wilson? and by Ber- 
man.’ These authors reported an anomalous tempera- 
ture dependence which has been confirmed by an in- 
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dependent experimental method‘ in the present study. 
Accordingly, graphite is the only nonmetallic substance 
known at present in which, at low temperatures, the 
thermal conductivity varies more rapidly with tem- 
perature (up to 7?) than the specific heat? (77). 
Klemens! has treated this anomaly as due to different 
vibrational modes being responsible for thermal con- 
duction and specific heat in thin graphite plates. 
Smith*:? and Hove*® have explained it as due to the 
presence of small regions of nongraphitic carbon, 
presumably in the pitch binder, in the artificial graph- 
ites. Since the latter explanation depends critically on 
the effect of the nongraphitic pitch binder, the behavior 
of graphites in which it is essentially absent has also 


4'N. S. Rasor, Rev. Sci. Instr. (te be pabiiee 

5 P. G. Klemens, Australian J. Phys. 6, 405 (1953). 

6 A. W. Smith, Phys. Rev. 93, 952 11984); 98, 1563(A) (1955). 
7A. W. Smith, Phys. Rev. 95, 1095 (1954). 

8 J. E. Hove, Phys. Rev. 98, 1563(A) (1955). 





886 A. W. 
been determined and is reported in the present paper. 
These explanations will be discussed in detail in the 
subsequent paper (II). 

The production of lattice defects in graphite by high- 
energy neutron irradiation causes pronounced changes 
in its thermal conductivity.’ This is presumably due to 
scattering, by the defects, of the lattice waves which 
conduct heat in graphite. The changes in the thermal 
conductivity and its temperature dependence reported 
herein are used in the subsequent paper (II) to obtain 
information on the rate of formation of the lattice 
defects introduced by neutron irradiation. 

The change in the concentration of free electrons 
induced by neutron bombardment could conceivably 
cause the observed changes in the thermal conductivity, 
since electrons can also scatter lattice waves. This 
possibility has been explored by independently varying 
the free electron concentration through bromination of 
graphite and observing the effect on the thermal con- 
ductivity. 

The electrical resistivity of various graphites was 
also determined as a function of temperature, neutron 
exposure, and bromination. This property is sensitive 
to changes in the Fermi level and to changes in the 
mean-free-path of the electrons. The interpretation of 
the observed effects of radiation damage on the elec- 
trical resistivity of graphite has been reported by 
Eatherly.” 

The method of measurement used on all samples 
reported here, with the exception of the natural graphite 
crystals, has been reported elsewhere.‘ It will suffice 


Fie. 1. pe po of surface of a Canadian 


natural graphite sample. 


* N.S. Rasor, and J. E. Hove, Phys. Rev. 100, 1806 (1955). 
 W. P. Eatherly, Phys. Rev. 98, 1531(A) (1955). 
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here to say that the method used was the Kohlrausch 
method which utilizes the temperature rise resulting 
from the passage of an electrical current through the 
specimen. A “heat meter” method was used to deter- 
mine the thermal conductivity of the natural graphite 
crystals and will be described in the present paper. 


Il. THERMAL CONDUCTIVITY 
A. Pitch-Bonded Polycrystalline Graphite 


The temperature dependence of the thermal con- 
ductivity of various unirradiated artificial pitch- 
bonded graphites has been reported elsewhere? and 
the salient features which establish graphite as a lattice 
thermal conductor discussed. The results for type 
AGOT-KC, shown in Fig. 3, are typical of the pitch- 
bonded graphites. Failure to conform to the require- 
ments of the simple theory (i.e., direct proportionality 
to the specific heat leading to a 7? dependence at low 
temperatures) is apparent. This anomaly is discussed 
in (II) and is treated as due to the presence of non- 
graphitic carbon which is known to exist in pitch- 
bonded graphites. 


B. Large Crystallite Canadian Natural Graphite 


Magnetic susceptibility measurements indicate that 
little if any nongraphitic carbon is present in certain 
natural graphites. Since the explanation of the anom- 
alous behavior of pitch-bonded graphites presented in 
(II) is based on the effect of nongraphitic material, the 
temperature dependence of the thermal conductivity of 
these natural graphites is of great importance to this 
hypothesis. 

A number of fairly large flakes (about } inch long) 
of Canadian natural graphite were obtained from J. C. 
Bowman of the National Carbon Company. This 
graphite has a very low ash content; a microphoto- 
graph of a typical flake is shown in Fig. 1. It can be seen 
that there are a large number of deformation lines. 
Assuming that these lines could be taken as the bound- 
aries of the crystallites, it was estimated that the 
crystallites are about 10-? cm in length. From the 
symmetry it appears that these lines lie in the basal 
plane; the thickness of the crystallites is unknown. 
Because of the irregular shape of these flakes, it is 
difficult to make an absolute measurement of the 
thermal conductivity and the results obtained here will 
only be a rough measure of the magnitude of these 
properties although relative measurements at different 
temperatures are good to better than 10%. 

The apparatus used to determine the thermal con- 
ductivity of these flakes is shown in Fig. 2. A small 
carbon resistor, resting on Bakelite legs, was soldered 
to a heat meter which consisted of a piece of type AWG 
graphite whose thermal conductivity was well known. 
Between the AWG graphite and a copper block a flake 
of the graphite to be measured was placed. The flake 
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Fic. 2. Thermal conductivity apparatus used for Canadian 
graphite sample measurements. 1. Carbon resister heater. 2. 
Bakelite legs. 3. Insulated copper wire buried in Cerrolow solder. 
4. Carbon resistor heater. 5. Radiation shield. 6. AWG-type 
graphite. 7. Natural graphite. 8. Chromel-constantan differential 
thermocouples. 9. Bottom of inside Dewar. 


ends were electroplated with copper and soldered to the 
block and to the AWG with Cerrolow (117°F) solder. 
Differential thermocouples of 0.001-inch diameter 
chromel and constantan wire were cemented to both the 
AWG and the natural graphite with Epon (CD-200) 
cement so that the temperature gradient across each 
could be measured. These thermocouples could also 
be used to measure the temperature difference between 
the flake and the reference junctions. The reference 
junctions were Teflon-covered 0.003-inch diameter 
copper wires, which were brought through Cerrolow 
solder to obtain good thermal contact to the copper 
block. An additional thermocouple with an ice reference 
junction was then buried in this solder. Thus the ab- 
solute temperatures of the natural graphite and the 
AWG heat meter were measured as well as the two dif- 
ferential temperatures. From these data the thermal 
conductivity of the natural graphite is readily obtained. 
Heat leakage through the 0.001-inch diameter wires, 
through the rarified gas (<10-* mm Hg), and by radia- 
tion can be shown to be negligible. The size of the 
samples measured was approximately } in.X1/20 in. 
1/100 in. Temperature control was obtained by 
connecting the entire unit to a copper block containing 
a 100-ohm carbon resistor heater. This block was con- 
nected through a stainless steel rod to the bottom of a 
vacuum chamber immersed in a refrigerant bath, as 
shown in Fig. 2. 

The results of the thermal conductivity measure- 
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ments on three natural graphite flakes are shown in Fig. 
3. The temperature exponent in all three cases is 2.0 
(+0.1) in excellent agreement with the simple theory of 
lattice conduction. This result strongly implies that the 
presence of nongraphitic carbon is the cause of the 
anomalous behavior of pitch-bonded graphites. 

The peak in the thermal conductivity occurs at about 
80°K as contrasted to about 300°K for the artificial 
graphites such as AGOT-KC. This peak position may 
be used to estimate the order of magnitude of the aver- 
age crystallite size. If it is assumed that phonons 
(lattice waves) are scattered only by boundaries and by 
other phonons (a qualitative discussion of these scatter- 
ing mechanisms can be found in reference 3), and that 
the contribution of each of these to the thermal re- 
sistivity is equal at the temperature of the peak, then 
it is easily shown that 


Ty 6/1 1 
Le Weaky 6D 


Here L; and J» are the crystallite sizes of samples 
having peaks at temperatures 7, and 72, respectively, 
and @ is the Debye temperature. In the present case 
AGOT-KC has T,;=300°K and Canadian natural has 
T2=80°K. Using 6=1000°K, it is found that 


L./I1= 100. 


For AGOT-KC, J; is estimated, as will be discussed 
in the subsequent paper, as about 6X 10~-® cm in which 
case L is of the order of 0.6 10~? cm. This agrees well 
with the estimate of 10-? cm made previously from the 
lines on the microphotograph of a flake. In (II), 
reasons are presented which suggest that a Debye tem- 
perature of about 1600°K should be used instead of 
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Fic. 3. Thermal con- 
ductivity of Canadian 
natural and pyrolytic 
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1000°K. This would give a value for L2 of 6X10-* cm. 
The agreement with the previous estimate is still 
reasonable, especially considering the crudeness of the 
latter. 

One sample of Ceylon natural graphite has been 
measured‘ which has the anomalous (7?-’) behavior. It 
is felt, however, that since this sample has a skew orien- 
tation and unknown purity, it does not represent the 
intrinsic conductivity of graphite. The fact that its 
conductivity at low temperature is of the order of one- 
hundredth that of the Canadian natural tends to in- 
dicate very small crystallites or very poor orientation. 


C. Pyrolytic Graphite Filament 


The thermal conductivity of a graphite formed by 
pyrolytic decomposition of a hydrocarbon has been 
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Fic. 5. Thermal conductivity of AWG graphite (in a parallel 
direction to the molding pressure) with various neutron irradia- 
tions at about 30°C. 
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obtained and is included in Fig. 3. The sample was pre- 
pared by J. Meers of the National Carbon Research 
Laboratory. This material has no pitch-bonding. It is 
a well-graphitized material differing from the natural 
graphite principally in having a small crystallite size. 
It can be seen that the thermal conductivity has a 7? 
dependence at low temperatures, again giving evidence 
that nongraphitic carbon is responsible for the anom- 
alous behavior of graphites which contain it. 


D. Effect of Neutron Bombardment 


Since the thermal conductivity of lattice conductors 
such as graphite is strongly dependent on the degree of 
lattice perfection, this property should be a sensitive 
means of studying the production of lattice defects by 
neutron bombardment. Three types of artificial pitch- 
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Fic. 6. Thermal conductivity of SA-25 graphite with 
various neutron irradiations at about 30°C. 


bonded graphite have been subjected to neutron bom- 
bardment. Type AGOT-KC is a coke graphite with a 
density of 1.65. It is extruded and has an estimated size 
of 50 microns and a crystallite size of 0.3 micron or 
greater. Type AWG is a molded coke graphite with a 
density of 1.75, a particle size of 25 microns, and a 
crystallite size of 0.2 micron or greater. Type SA-25 is 
a pitch-bonded graphitized lampblack. It is molded and 
has a density of 1.55, a particle size of the order of 0.3 
micron, and a crystallite size of about 0.05 micron. 
Several samples of each type were irradiated in a 
Hanford reactor in a cooled test hole (approximately 
30°C) for varying lengths of time. Due to the necessity 
of using different samples for each exposure, the com- 
parison between them is probably good only to the order 
of 10%. However, the relative accuracy of measure- 
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ments on each sample is better than this. This is 
discussed more extensively elsewhere.‘ 

The effect of neutron bombardment can be seen in 
Figs. 4, 5, and 6. The unit of exposure used in these 
figures (Mwd) is roughly equivalent to an integrated 
flux of 10!’ mvt of neutrons with energies greater than 
0.5 Mev. The relative decrease in the thermal con- 
ductivity is greater for samples with a high conductiv- 
ity. In the case of the AGOT-KC, a decrease by a 
factor of 100 is observed at 20°K for the longest ex- 
posure although the temperature dependence does not 
change to a large degree, going from a maximum of 
T?? down to T'*, 

” Since introduction of imperfections at a constant rate 
should itcrease the thermal resistivity at a constant 
rate, it is instructive to plot thermal resistivity vs 
exposure. This is done in Fig. 7 for the room tempera- 
ture values. It can be seen that the rate of increase is 
not linear but becomes linear at long exposures. This is 
felt to be due to the thermal annealing which occurs 
during exposure at room temperatures. While no at- 
tempt will be made here to introduce a model of 
radiation damage for graphite, it can be said that the 
migration, during irradiation at constant temperatures 
of single imperfections to double or larger groups of 
imperfections, will give curves which fit the data in 
Fig. 7. In this connection it should be mentioned that 
similar (unpublished) measurements on samples of 
AWG graphite irradiated at liquid nitrogen tempera- 
tures have been made by G. Deegan and V. Martin at 
this laboratory. The samples were irradiated in the 
Brookhaven reactor, transferred to this laboratory, and 
measured without being warmed’ above liquid nitrogen 
temperatures. The thermal resistivity in this case was 
linear with exposure over the entire exposure interval 
(approximately 75 Mwd). These samples also showed 
appreciable annealing on warming to room temperature. 


E. Brom-Graphite Residue Compounds 


Brom-graphite compounds and their electronic prop- 
erties have been extensively studied by Hennig" and 
will not be discussed here in any detail. Briefly, bromine 
is allowed to react with graphite forming relatively 
unstable lamellar compounds in which the bromine 
forms layers between the graphite basal planes. When 
these compounds are allowed to decompose some of the 
bromine always remains in the graphite unless the 
temperature is raised almost to the graphitizing point 
(approximately 2200°C). The graphite plus this rema- 
nent bromine is called a residue compound. For type 
AGOT-KC graphite, a residue compound with up to 
about 1 atomic percent of bromine has almost all of the 
bromine residing at boundaries and other discontinuities 
(x-ray measurements indicate" that, at most, 6% of the 
bromine is between the graphite planes inside the 


1G. Hennig, J. Chem. Phys. 19, 922 (1951); 20, 1438, 1443 
(1952). 
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Fic. 7. Variation of the fractional increase of thermal resistivity 
of graphite with neutron exposure. Both irradiation and meas- 
uring temperatures are about 30°C. 




















crystallite). Residue compounds of greater than about 
1.2% cannot be prepared without producing permanent 
distortion and damage of the graphite crystallites. In 
the residue compounds, about 18% of the bromine 
atoms are ionized,” thus removing electrons from the 
graphite conduction band. With the bromine only at 
boundaries, it is assumed that little change is made in 
the band structure of graphite. Since electrons are also 
removed from the conduction band by neutron bom- 
bardment,” studies of the thermal conductivities of the 
brom-graphite residue compounds were undertaken to 
see if the effect of neutron damage on the thermal 
conductivity was principally due to scattering of 
phonons by the electrons. It was assumed a priori that 
the bromine atoms themselves would not greatly affect 
the thermal conductivity greatly as long as they are 
located on boundaries. 

A number of samples of type AGOT-KC graphite 
was brominated by N. Dzurus of the Argonne National 
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Fic. 8. Thermal conductivity of brom-graphite samples of 
AGOT-KC. Two neutron-irradiation curves are shown also, for 
comparison. The Fermi level equivalence was obtained from mag- 
netic susceptibility measurements. 
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Fic. 9. Electrical resistivity of Canadian natural and pyrolytic 
graphites. A pitch-bonded (AGOT-KC) graphite and two brom- 
inated samples are also shown for comparison. Note change in 
scale in the latter two curves. 


Laboratory. The thermal conductivities as a function 
of temperature of four of these samples are shown in 
Fig. 8 which also includes curves for an untreated 
sample and for two neutron-irradiated samples. For the 
purpose of this plot the curves were normalized at 10°K. 
This changed the values by less than 10%. It can be 
seen that the low-temperature slope of these curves 
decreases as the bromine concentration increases. The 
maximum slope changes from about 2.6 for the un- 
treated sample to about 2.0 for 1.16 atom percent 
bromine sample. The 12.5-Mwd (megawatt-day) neu- 
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Fie. 10. Electrical resistivity of AGOT-KC graphite 
for various neutron-irradiations (at about 30°C). 
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tron-irradiated sample has a slope of just over 2.0. These 
slopes, of course, represent the temperature exponent of 
the thermal conductivity. On the basis of magnetic 
susceptibility and Hall coefficient measurements, an 
equivalence factor between electron concentration 
changes caused by neutron irradiation and bromination 
has been determined. Approximately 20 Mwd corre- 
spond to 1.0 atom percent of bromine. From Fig. 8 it 
can be shown that the change in thermal conductivity 
due to bromination is less than one-third of that caused 
by an equivalent neutron exposure. Thus the thermal 
resistance due to scattering of phonons by electrons 
cannot cause more than one-third of the change ob- 
served on neutron irradiation. Probably, the bromine 
atoms located at the boundaries do scatter phonons to 
a slight extent and cause the observed effect. 


III. ELECTRICAL RESISTIVITY 


Although the primary object of this research was the 
measurement of thermal conductivity, the use of the 
Kohlrausch method gives the electrical resistivity also. 
The electrical resistivity of the Canadian natural 
graphite was measured separately both for completeness 
and because the electrical resistivity is very sensitive 
to sample perfection. The electrical resistivity of single- 
crystal graphite has been investigated by Primak and 
Fuchs.” They find a positive temperature coefficient of 
resistance as did Kinchin." Artificial graphite as well as 
small crystallite natural graphite shows a negative 
temperature coefficient of electrical resistance. 

The resistivity of the Canadian natural and the 
pyrolytic filament is shown in Fig. 9. The Canadian 
natural has a temperature dependence similar to that 
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Fic. 11. Electrical resistivity of AWG graphite for 
various neutron irradiations (at about 30°C). 


12 W. Primak and L. H. Fuchs, Phys. Rev. 95, 22 (1954). 
13 G. H. Kinchin, Proc. Roy. Soc. (London) A217, 9 (1953). 
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found by Primak and Fuchs, although the curve is 
flatter in the higher temperature region than that of 
Primak and Fuchs. The pyrolytic filament has a 
negative coefficient presumably because of the small 
crystallite sizes. 

The effect of neutron bombardment on the electrical 
resistivity is shown in Figs. 10, 11, and 12. It can be 
seen that the primary effect is to increase the resistivity 
up to a maximum value with a very slight decrease for 
long irradiations. This saturation is presumably due 
to the counteracting effects of the simultaneous increase 
in scattering and increase in number of charge carriers." 
The resistivity decreases when only the number of 
charge carriers is increased, as in the brom-graphites. 
The decrease in the magnitude of the temperature 
dependence is probably due to the shift in the Fermi 
level away from the zone boundary. The effect of 
changes in the Fermi level alone can be seen by the 
change in resistivity on bromination. Hennig has 
shown" that there is little increased electronic scattering 
on bromination. Thus, the resistivity is decreased for 
low brominations. For brominations greater than 1 
atom percent, this conclusion does not hold since 
extensive damage to the crystallites begins to appear. 
The results in Fig. 13 agree with those obtained by 
Hennig and extend the measurements below liquid 
nitrogen temperature. 


IV. SUMMARY 


The anomalous temperature dependence (7?:”) of the 
thermal conductivity of pitch-bonded graphites re- 
ported elsewhere has been verified by an independent 
experimental method and in different types. However, 
the thermal conductivity of graphites in which signifi- 
cant amounts of nongraphitic carbon are not present 
(natural crystals and pyrolytically formed) has the 
temperature dependence (7*) required by simple lattice- 
conduction theory. It is thus strongly implied that the 
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Fic. 12. Electrical resistivity of SA-25 graphite for 
various neutron irradiations (at about 30°C), 
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Fie. 13. Electrical resistivity of brominated AGOT-KC graphite. 


nongraphitic carbon present in pitch-bonded graphites 
is responsible for its anomalous behavior. 

At a given temperature, the thermal resistivity of 
graphite initially rises rapidly with exposure to neutron 
irradiation, but soon increases linearly at a slower rate. 
There is no evidence of saturation up to the highest 
exposures obtained, corresponding to a hundredfold 
reduction of the thermal conductivity. The exponent of 
the temperature dependence also decreases with ex- 
posure. By comparison with the effect of bromination, 
it is concluded that the change in electron concentration 
due to neutron irradiation cannot alone account for the 
major part of the reduction in thermal conductivity 
induced by neutron irradiation. 

A semiempirical quantitative analysis of the observed 
temperature dependence and effect of neutron irradia- 
tion on the thermal conductivity of pitch-bonded 
graphites will be presented in the subsequent paper (II). 
The principal hypotheses used, i.e., that nongraphitic 
carbon plays a critical role and that electron-phonon 
interaction may be neglected, are very well supported 
by the present data. 

The temperature dependence of the electrical re- 
sistivities of the unirradiated graphite samples used 
here are in agreement with those reported by other 
workers on similar materials. The primary effect of 
neutron irradiation is to increase the resistivity to a 
maximum value with a very slight decrease for long 
irradiations. These results and those for brom-graphite 
illustrate the competing effects of the trapping and 
scattering of conduction electrons by defects, in accord 
with existing theories correlating the electronic proper- 
ties of graphite, 
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The experimental data observed by Smith and Rasor in measuring the low-temperature thermal con- 
ductivity of several types of graphites are interpreted on the basis of a two-medium theory. The theory 
assumes that, in the artificial polycrystalline graphites, the nongraphitic regions are isotropic thermal con- 
ductors and that these regions can be taken in series with the graphite particles to obtain a total conductivity. 
In this way, the anomalous temperature dependence of the artificial graphites can be immediately explained. 
Using this theory as a guide, the crystallite size of a given sample can be found in an unambiguous manner, 
and for the various graphite types discussed by Smith and Rasor are found to correlate with independent 
previous estimates. Furthermore, the observed effects of neutron damage and bromination can be readily 
explained in a phenomenological manner. Although this theory still needs refining in several aspects, it 
appears to be substantiated by all the available evidence and helps to establish the usefulness of low-tem- 
perature thermal conductivity measurements as a probe to detect internal defects and microstructure In 


graphite. 





I. INTRODUCTION 


N the previous paper! (hereafter referred to as I), 

experimental data on the low-temperature thermal 
conductivity of various graphites have been presented. 
In the present paper, a brief theoretical background of 
lattice thermal conductivity will be presented and a 
theory developed to interpret the observed results for 
graphite, which appear to show an anomalous tempera- 
ture dependence at low temperatures (see the preceding 
paper). This interpretation is based on the fact that 
artificial, polycrystalline graphite is made up of two 
media, the graphite particles and ungraphitized pitch 
residue. As a model, to make the present discussion 
somewhat easier, the ungraphitized region will be con- 
sidered as the bonding material between the graphite 
particles. However, it should be pointed out? that in 
many graphites an appreciable amount of the pitch 
itself becomes graphitized, which may make the above 
model somewhat inaccurate. This is not a crucial matter, 
as far as the present work is concerned, since those 
graphitized parts of the pitch residue can just as well be 
considered as new graphite particles, although with 
more indistinct boundaries. Furthermore, the most 
interesting results obtained below require only that such 
ungraphitized material exist in sufficient quantity to 
form three-dimensionally isotropic heat conductors in 
series with the graphitic region. Thus, the precise model 
used is not of great importance. For this same reason, 
we shall neglect the explicit effects of void spacing, 
which will exist predominantly in the nongraphitic 
regions. It is clear, of course, that a more refined theory 
than that developed herein must take the above items 


* Based on studies conducted for the U. S. Atomic Energy Com- 
mission. 
t Now at the National Carbon Research Laboratories, Cleve- 


, Ohio. 
1A. W. Smith and N. S. Rasor, Phys. Rev. 103, 885 (1956), 
preceding paper. 
2 The authors are indebted to H. S. Pattin and others of the 
National Carbon Research Laboratories for discussions of this 


point. 


into consideration; thus, it then becomes a task of 
great magnitude. 

On the basis of quantitative analyses, considering the 
effects of neutron damage and bromination as well as 
graphite type and temperature, the two-medium hy- 
pothesis appears to explain the behavior of the thermal 
conductivity of artificial graphites in a satisfactory 
manner. An alternate interpretation, which the authors 
consider less satisfactory, will be discussed also. It 
should perhaps be emphasized that the present work is 
largely phenomenological and little effort has been 
made in this paper to derive the fundamental phonon 
scattering processes. 


II. THEORY OF THERMAL CONDUCTIVITY 
IN GRAPHITE 


It has been shown’ that the conduction of heat in 
graphite takes place mainly by lattice waves rather than 
by electronic transport. The principal evidence for this 
is the experimental value of the Wiedemann-Franz 
ratio which, at least for room temperature and below, is 
10 to 100 times larger than the theoretical value. This is 
observed in both single crystal* and polycrystalline 
form. . 

Several authors®:* have considered the theory of heat 
conduction in crystalline lattice conductors. If the 
dissipation of energy out of a given normal mode can be 
described by a relaxation time, 7;, it is a simple matter 
to show that the thermal conductivity tensor is 


(1) 


where c; is the specific heat associated with the mode 
j and v; is the group velocity of that mode. 
If we define q as the wave vector, Eq. (1) can be 


Kmn= Di €7 (Vj) m(V;) ny 


3W. W. Tyler and A. C. Wilson, Jr., Phys. Rev. 89, 870 (1953). 

4A. W. Smith, Phys. Rev. 95, 1095 (1954); also, see preceding 
paper, reference 1. 

5 P. G. Klemens, Proc. Roy. Soc. (London) A208, 108 (1951), 
and references therein. 

6 C. Herring, Phys. Rev. 95, 954 (1954). 
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written 


eB f clw))deos(2m)-* f f ds 


X | V ei |*74(Aevs/Aqn) (Bwi/IGm), (2) 


where w is the frequency and i refers té the polarization 
branch of the acoustical modes, thus taking on three 
values. The optical modes are generally of no conse- 
quence here because of their low group velocity. The 
surface integral extends over a surface of constant 
frequency in q space and the frequency integration is 
over all allowed values. If 7; is a function of w; only, the 
nondiagonal terms will vanish; this will be assumed 
throughout the present paper. 

If the constant frequency surfaces are spherical, the 
group velocity has no angular dependence and (dw/dqm)* 
may be replaced by its average value of 3|Vw|?. 
Equation (2) then reduces to 


panes, f clw)H(w)o(w)n(widex, (3) 


where v(w) is the magnitude of the group velocity, /(w) 
is the mean-free path defined as v(w)r(w), and m(w) is 
the density of modes. This is the form obtained by 
Klemens’ for an isotropic solid, although his derivation 
is some what longer. 

Graphite is so anisotropic that it is very nearly valid 
to consider its constant w surfaces as cylindrical with 
a zero group velocity along the z axis.’ Under these 
conditions, (dw/@ gm)? can be replaced by its two-dimen- 
sional average value of $|Vqw|*, where m takes on two 
values only. This leads to 


cam IEifclelHadola)m(oddas; (4) 


that is, the same analytical expression as Eq. (3) except 
for the numerical coefficient. It might be noted that 
despite this, the factor of 3 has been used rather con- 
sistently in the literature on thermal conductivity of 
graphite. If the group velocity and mean-free path are 
assumed independent of frequency, Eq. (4) becomes 


=$D:CJa, (5) 


where C; is the total specific heat per unit volume of the 
branch i. This expression should be valid at low tem- 
peratures where the scattering is due to crystallite 
boundaries and the group velocity is a constant, if one 
assumes Debye-like dispersion. In this case, one could 
reasonably assume that all the acoustic modes have the 
same scattering path. If all three modes are Debye-like, 
one is led to conclude that the temperature dependence 
of the thermal conductivity, at low temperatures, 
should be the same as that of the specific heat. If the 


7 J. Krumhans! and H. Brooks, J. Chem. Phys. 21, 1663 (1953). 
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temperature is not low enough to cause the scattering 
to be frequency-independent, the temperature depend- 
ence of the thermal conductivity should be weaker than 
that of the specific heat, under the above assumptions. 

The observed fact, in graphite, is that the tempera- 
ture dependence of the thermal conductivity at low 
temperatures (10° to 50°K) varies from T? to T* 
(depending on the type of graphite) whereas the 
specific heat,’ in this same temperature region, varies as 
T*. This constitutes the anomaly mentioned in the 
previous paper (I). It is conceivable that this might 
occur because polarization modes which are negligible 
for the specific heat become relatively enhanced by the 
scattering path or group velocity when thermal con- 
duction is considered ; this viewpoint must then assume 
that the enhanced modes introduce a new temperature 
dependence. An explanation of the anomaly has been 
advanced? based on this possibility, although for 
reasons to be discussed later, the authors believe that 
this interpretation is incorrect. 

The explanation for this anomaly, offered in the 
present report, is taken to lie in the artificial nature of 
the graphites exhibiting the effect. The artificial 
graphites are made by bonding particles of coke or 
lampblack with pitch and heating to 2500°C or higher. 
Most of the carbon forms polycrystals of graphite, but 
some of the pitch does not graphitize. The model which 
we will assume considers the graphitic particles (each of 
which will be made up of many single crystallites) to be 
surrounded and bonded together by a nongraphic 
carbon region. In the absence of more definite informa- 
tion, it is reasonable to assume that this nongraphitic 
carbon has mostly tetravalent bonding and resembles a 
poorly crystallized, or highly disorganized, diamond-like 
structure. Therefore, at low temperatures, this region 
will be assumed to conduct heat in a three-dimensionally 
isotropic manner with a Debye-like dispersion. The 
Debye temperature will be taken as 3000°K, i.e., about 
the same as diamond, although the actual value 
assumed does not critically affect the analysis. 

It can now readily be seen how this explanation 
qualitatively predicts the temperature dependence of 
the thermal conductivity at low temperatures. The 
thermal resistivity of the graphitic regions is inversely 
proportional to the specific heat of graphite and is 
therefore proportional to T-*, where T is the absolute 
temperature, at low temperatures. In an analogous 
manner, it is seen that the thermal resistivity of the 
nongraphitic regions is proportional to 7-*, since the 
specific heat, at low temperatures, of an isotropic, 
Debye-like solid is proportional to 7*. If these two 
regions are in series, the total thermal resistivity is 
approximately equal to their sum and therefore will 
behave as 7~* at very low temperatures and 7~? at 


on DeSorbo and W. W. Tyler, J. Chem. Phys. 21, 1660 
°P.G. Klemens, Australian J. Phys. 6, 405 (1953). 
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higher temperatures. This corresponds in a qualitative 
manner to the observed behavior (and especially corre- 
lates with the fact that the thermal resistivity of both 
natural single crystal and pyrolytized polycrystal 
graphites behave strictly as T-*) and it now remains to 
formulate this hypothesis in a more precise manner to 
see if a quantitative analysis will yield the correct order 
of magnitude. 
The total thermal resistivity can be written 


1 a 1—a 


K Ske K3 


where x2 and xs refer to the conductivities of the 
graphitic regions (essentially two-dimensional conduc- 
tion) and the nongraphitic regions (three-dimensional) 
as explained above. The parameter a is the volume 
fraction of the specimen which is graphite and S is the 
effective fraction of the graphite which is oriented to 
permit a heat flow in the direction of the temperature 
gradient. The value of a can be independently estimated 
from measurements of the specific magnetic suscepti- 
bility and varies from 90 to 95% for the types of arti- 
ficial graphite used in the previous paper (I). The value 
of S can be determined by the anisotropy ratio of elec- 
tric conductivity and varies between 0.5 and 0.7 in the 
present case. 

In the nongraphitic region, the phonon scattering 
mean-free path can be taken as a constant at low 
temperatures, corresponding to boundary scattering, 
and will be about the same for all three polarizations. 
Considering an averaged group velocity to be 


03> (k03/h) (4rV3/3N3) i, 


(where @; is the corresponding Debye temperature and 
N/V is the atom density), the thermal conductivity can 
be written 

k3>= $C. 33/3. 


Here the specific heat per unit volume, C3, is readily 
found to be (at low temperatures compared with 63) 


C3 = 240k (N3/ V3) (T/63)*, 


and /; is the constant scattering path of the phonons. 

In the graphitic region, only one polarization has been 
taken to be important, the transverse out-of-plane 
mode. The reason for this originally arose from the 
calculations of Krumhansl and Brooks,’ who showed 
that, with a Debye temperature somewhat less than 
1000°K, this mode could account for almost all the 
observed specific heat. With this assumption, the 
conductivity of the graphite is 


K2>= $C. Wale, 
where 
Vve= (RO2/h) (rA 2/Ne) i, 


Ce= 15k(N2/V2) (7/62). 
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Note that the area density N/A arises in the group 
velocity because of its two-dimensional character (this 
is not the case for the specific heat since it is still defined 
as being per unit volume). The value of /. will be the 
crystallite length at the lowest temperatures, provided 
the temperature is not so low as to make interplane 
interactions important; this critical temperature is 
probably less than 10°K. It should be pointed out that 
later calculations of the specific heat of graphite’ 
indicate the possibility that, while the out-of-plane 
mode is largely responsible for the specific heat, the 
softer of the two in-plane modes is the major contributor 
to the thermal conductivity. This in-plane mode has a 
theoretical Debye temperature of about 1600°K. It may 
be noted, however, that the graphite thermal resistivity 
depends on the first power of 62 only, so that such a 
change in the Debye temperature (that is, 1600°K 
instead of 1000°K) will affect the specific heat much 
more than the conductivity. Therefore, this new possi- 
bility as to the responsible mode will not affect the 
order of magnitude of our present results, which, by 
the nature of the assumptions used, cannot be con- 
sidered as being very precise. 

In computing the velocities and specific heats, a 
diamond structure was used for the three-dimensional 
region, although a graphitic interatomic distance (1.4 A) 
was assumed. By letting 6.=1000°K and 6;=3000°K 
and substituting all the values into the expression for 
the total thermal resistivity [Eq. (6)], the latter 
becomes 


T? aT 60(1—a) 
—s—F- ‘) (7) 
K Sl 1; 


where both sides have, in addition, been multiplied by 
T*. The units used are such that if the lengths are in 
centimeters, the thermal conductivity is in (cal/sec- 
cm-°K). The actual numerical coefficients in Eq. (7) 
have been rounded off to the values shown, in view of 
the approximations used. The value of a, the volume 
fraction of the sample which is graphitic, can be in- 
dependently estimated from magnetic susceptibility 
measurements. The method is very straightforward 
and depends on the fact that carbon in graphitic form 
shows a much higher susceptibility than in nongraphitic 
form. Since the susceptibility of a single crystal is 
known," an examination of the susceptibility value of 
a given graphite immediately yields the fraction which 
is graphitic. Similarly, the value of S, the effective 
fraction of the graphitic region which is favorably 
oriented, can be estimated for a given type of graphite, 
from the observed anisotropy of the electrical con- 
ductivity. Table I lists the values of these two parame- 


1 W. P. Eatherly and J. A. Krumhansl (to be published); 
also, see G. F. Newell, Brown University Office of Naval Research 
Technical Reports, December 15, 1954 and May 15, 1955 (un- 
published). 

1 W. Ganguli and K. S. Krishman, Proc. Roy. Soc. (London) 
177, 168 (1941). 
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TABLE I. Graphitization and orientation parameters. 











Graphite type 


AGOT-KC 
AWG 

SA-25 
Pyrolytized 
Canadian natural 











ters for the various types of graphite reported in the 
preceding paper (I). 

Note, now, from Eq. (7), that if the present formula- 
tion is correct, a plot of the experimental values of 
T*x against temperature should yield a straight line 
at the lowest temperatures. Since the parameters a 
and SS can be considered known, the slope of this line 
is a direct measure of the graphitic crystallite size, 
while its intercept gives the scattering length in the 
nongraphitic region. The latter is related to the average 
distance between regions which are graphitized, and for 
order of magnitude purposes, can be considered equal to 
this distance. If the Debye temperatures assumed above 
are of the correct relative order of magnitude, the 
predominant wavelength, at a given temperature, in 
the ungraphitized regions will be greater by a factor of 
two or three than the predominant wavelength in the 
graphitic regions. For this reason, the waves in the 
graphite will begin to be scattered by internal defects 
of a given size at a lower temperature than the waves in 
the isotropic part. In addition, the crystallite size can be 
expected to be larger than the nongraphitic thickness 
and thus boundary scattering will predominate to a 
higher temperature in the latter case, further masking 
the effects of internal defect scattering in the non- 
graphitic region. The reasonable assumption will then 
be made that the temperature dependence of /, [in 
Eq. (7)] must be considered but that to a first approxi- 
mation the value of /; can be taken as temperature- 
independent (i.e., as a boundary scattering path only). 

The frequency dependence of the scattering path in 
the graphitic regions can only be qualitatively discussed 
in the present paper, since this clearly depends on the size 
and shape of the defect. If the size is much larger than 
the thermal wavelength, we get boundary, or frequency- 
independent, scattering ; if the size is much smaller than 
the wavelength, Rayleigh scattering should result (if 
this were a line defect of small diametric size, one 
might expect Rayleigh scattering, but in one less 
dimension than the original medium). The internal 
defects of interest for the present discussion will be 
those which are large (but not large enough to constitute 
boundaries), since these are presumably the ones which 
first become important as the temperature is raised. 
Scattering from such defects is quite complicated but, 
for a phenomenological discussion, we shall assume that 
the scattering probability can be adequately described 
at low frequencies (i.e., long wavelengths) by the linear 
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Fic. 1. Temperature dependence of the function 7% for 
several types of graphite. Note scale change for SA-25 and 
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expression 


1/le=1/L+aNp, 


where L is the average crystallite length, v is the fre- 
quency of the scattered wave, and JN is the density of 
defects. This has the right qualitative behavior and 
cannot be very far from the correct expression, regard- 
less of the type of scattering. Equation (7) then becomes 


T8 a a 60(1—a) 
"(2)r(tm re, @ 
K SL S ls 
where g is a parameter including the new value of the 
Debye integral as well as the unknown constant a. 


III. CORRELATION OF THEORY WITH EXPERIMENT 


The final equation of the previous section represents 
the predicted low-temperature variation of the thermal 
conductivity of graphite. This has been obtained, as a 
first approximation, on the basis of a two-medium 
model of artificial graphite and contains three disposable 
parameters, the crystallite size (L), the average spacing 
between graphitic regions (/;), and a number propor- 
tional to the density of internal defects (Vg). We now 
wish to compare this expression with the experimental 
data presented in the previous paper (I) both as to the 
form of the variation and as to the order of magnitude of 
these parameters. 


A. Effect of Graphite Type 


In Fig. 1 we replot the experimental data for types 
AGOT-KC, AWG, and SA-25 artificial graphites, along 
with the Canadian natural and the pyrolytized graphites, 
as T*«! vs temperature. It can be seen that the data fit 
the form of Eq. (8) remarkably well, especially con- 
considering the inherent difficulties of measuring the 
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TABLE II. Crystallite sizes as obtained 
from thermal conductivity. 








Estimated 
Graphite Particle crystallite 
type size size 


AGOT-KC 50 > 3000 A 
AWG(I) 25 5 2000 A 


AWG(ID 

SA-25 0.34 -~500 A 
Pyrolytized 
Canadian 


Value of L 





3800 A 
~107? cm 1.4 X10-* cm 








thermal conductivity at those low temperatures. Three 
independent curves for AWG are shown to illustrate 
the reproducibility of the linear slope, which is a meas- 
ure of the crystallite size. The intercept varies somewhat 
from sample to sample and this is to be expected, since 
the average thickness of the nongraphitic region will 
depend strongly on such items as porosity, which can 
vary considerably for different specimens. It has been 
noted” that the observed specific heat of graphite varies 
more strongly than 7? at temperatures around that of 
liquid helium. If this is a lattice effect, the thermal 
conductivity of the graphitic crystallites should show 
a similar behavior. While some data have been obtained 
at temperatures below 10°K which appear to show such 
a trend, we do not believe that these results are suffi- 
ciently precise to warrant any serious discussion at this 
time. 

By substituting the linear slopes and intercepts from 
Fig. 1, and the parameter values from Table I, into 
Eq. (8), values for the crystallite size L and non- 
graphitic thickness, /;, have been obtained. These values 
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” Bergenlid, Hill, Webb, and Wilks, Phil. Mag. 45, 851 (1954); 
a P. H. Keesom and N. Pearlman, Phys. Rev. 99, 1119 


are shown in Table II along with independent estimates 
of the particle and crystallite sizes for these graphites. 
The crystallite sizes are seen to vary in the correct 
relative way from sample to sample and furthermore 
are of the same order of magnitude as the independent 
estimates. As a rough check on the nongraphitic thick- 
nesses, /;, obtained, the nongraphitic material may be 
assumed to be spread uniformly around the particle. 
The thickness of this layer should then be of the same 
order of magnitude as (/;)/2. Taking spherical particles 
of diameter 3000 A for the SA-25 graphite, 6% of 
ungraphitized carbon (from Table I) thus leads to an 
“};” of 60 A. For the AGOT graphite, it is probably 
better to use a cylindrical slab for the particle shape, 
with a ratio of diameter to length of around 5. Taking 
the diameter to be 50 microns (Table II) and 9% of 
ungraphitized carbon (Table I), an “J;” of 1000 A is 
then found. While this model is not to be taken too 
seriously, these figures indicate that the values of /; in 
Table II are reasonable. 


B. Effect of Neutron Irradiation 


The previous paper (I) shows the observed effect of 
neutron bombardment on the thermal conductivity. 
This effect is large and changes the temperature varia- 
tion as well as the magnitude. The mechanisms of 
radiation damage in graphite have been discussed 
elsewhere and it will suffice to mention here that the 
major effect of particle radiation is to introduce internal 
defects into the graphite specimen. To a lesser extent, 
the effective number of crystallite boundaries will be 
increased, but this is probably due to trapping of defects 
at small angle boundaries which were previously in- 
effective in scattering thermal waves. The internal 
defects will also trap electrons, thus changing the 
effective free electron concentration and causing striking 
changes in the electrical and magnetic properties of 
graphite.“ The possibility that a major part of the 
change in thermal conductivity upon irradiation might 
be due to increased scattering of the phonons by the 
phonons by the new electron distribution was considered 
in some detail by the authors. It is not at all unreason- 
able that this could be the case since, as electrons are 
trapped, the Fermi level recedes from the edge of the 
filled band and graphite should then begin to look more 
like a good metal (in which phonon scattering by the 
electrons is known to be important). The experimental 
program to investigate this effect utilized the bromine- 
graphite residue compounds, which provide a method 
of trapping electrons without introducing large changes 
in internal defect scattering. This program is discussed 
in the previous paper (I) and yielded essentially the 


13 G. R. Hennig and J. E. Hove, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, Switzer- 
land, 1955 (Columbia University Press, New York, 1956), Vol. 7, 
Sec. 138, p. 666. 

“W. P. Eatherly, Phys. Rev. 98, 1531(T) (1955); also, see 
reference 13. 
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negative result that electron scattering gave much too 
small an effect (if, indeed, any effect at all) to account 
for the damage results. A concurrent theoretical analysis 
was also made of phonon-electron scattering,!® which 
yielded the qualitative result that the observed change 
in the temperature dependence on irradiation was 
opposite to that theoretically predicted by assuming 
the electron scattering to predominate. From these 
studies it may be concluded that thermal conductivity 
in graphite has a negligible dependence on the electron 
concentration and thus is a valuable aid in attempting 
to discover the actual lattice changes which accompany 
neutron bombardment. 

If the reasonable assumption is made that damage 
effects do not materially alter the structure of the 
already disordered nongraphite region, it is seen that 
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Fic. 3. Effect of neutron bombardment for type AGOT-KC 
graphite. Irradiations were made at about 30°C. 


neutron bombardment will mainly change the mean- 
free path in the graphitic crystallities. Referring to 
Eq. (8), this means that the major effect will be to 
increase the number of internal defects, NV, in the 
coefficient of the second term, although the coefficient 
of the first term will also increase due to a decrease in 
the effective crystallite size, L. Figures 2, 3, and 4 show 
the neutron-irradiation data of Paper I replotted in the 
form T*x~! vs T. It is to be noted that the intercept of 
the curves does not change to any appreciable extent, 
thus verifying the assumption made above that the 
nongraphitic mean path, J;, is not affected by bombard- 
ment. The slopes of the linear part of the curves ap- 
parently increase somewhat, as predicted, although the 
data are rather sparse in this temperature region. 


16 J. E. Hove, North American Aviation Report NAA-SR-1398, 
January 1, 1956 (unpublished). 
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Fic. 4. Effect of neutron bombardment for type SA-25 graphite. 
Irradiations were made at about 30°C. 


























Figures 5, 6, and 7 show the above data plotted against 
T?, so that the slope of the linear range is now propor- 
tional to the number of defects, V, according to Eq. (8). 
As expected, these slopes increase rapidly with in- 
creasing neutron exposure. By subtracting the initial 
(undamaged) slope, and correcting for the types of 
graphite, a function proportional to the number of 
neutron-induced internal defects (V—Npo), is obtained 
and is shown on Fig. 8. At present, we can offer no 
strong explanation for the effect of crystallite size shown 
on Fig. 8. As seen, the SA-25 graphite (with crystallites 
of the order of ten smaller than the other two graphites) 
appears to retain about twice as many defects as the 
others for a given neutron exposure. This may be. 
apparent only, since the orientation and graphitization 
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parameters used are quite approximate and especially 
since porosity effects have been neglected. Furthermore, 
for small crystallite sizes, damage is more liable to cause 
an appreciable warping or buckling of the planes than 
in larger crystals. This will change the apparent scatter- 
ing power of the individual defect, i.e., will change the 
factor g in Eq. (8) which we have assumed a constant. 
By the same token, such warping of the lattice may 
inhibit defect migration somewhat which could mean 
that the smaller crystallites do, indeed, retain more 
damage for a given exposure. There have not been 
enough radiation damage studies made of small crystal 
graphites to permit any definite conclusions to be made 
concerning the data in Fig. 8. 

It should perhaps be mentioned that damage effects 
on the specific heat itself will not appreciably alter 
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Fic. 7. The function 7*« vs T? for SA-25 graphite 
with various neutron exposures. 


Eq. (8). This is because such specific heat changes will 
result mainly from bound modes, i.e., modes associated 
with isolated defects, which have no direct effect on 
heat conduction. 


C. Effect of Bromination 


The process of forming a brom-graphite compound 
has been previously discussed (I). Since the residual 
bromine is thought to be at boundary sites, the only 
effect of introducing less than about 1% bromine will 
be to introduce new scattering boundaries or to increase 
the scattering power of previously ineffective bound- 
aries. Bromine concentrations above 1% cannot be 
made without appreciably damaging the graphite 
lattice, which would introduce all kinds of internal 
defects. If the data in (I) are replotted as 7*x-, it is 
thus expected that, when considered as a function of 
T?, the linear part of the curves will have the same slope 
for all brominations until about 1% is reached. The 
slope should then increase greatly. When T*x~! is con- 
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Fic. 8. The relative number of internal defects (V—No) in- 
troduced by neutron irradiation as a function of neutron exposure 
at about 30°C. The parameter g is an unknown constant. 


sidered as a function of T, the slope of the linear part 
should continuously increase due to the enhanced 
boundary scattering caused by the bromine. Figures 9 
and 10 show these plots and despite a fair degree of 
scatter, the above expectations are fulfilled in a most 
gratifying manner. Because of this scatter, however, an 
attempt to correlate the change of Z with the amount 
of bromine does not seem warranted. 


IV. DISCUSSION 


The present work has interpreted the thermal con- 
ductivity data of the previous paper (I) on the basis of 
a two-medium hypothesis. The nongraphitic regions in 
artificial graphites are assumed isotropic in their con- 
duction properties. By considering these regions to be 
in series with the graphitic part, a phenomenological 
expression for the thermal conductivity is derived and 
it is shown that this formula is entirely consistent, even 
quantitatively, with all the experimental data pre- 
sented in (I). Although it is clear that this model, as 
developed herein, is quite approximate and needs a 
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refining treatment (especially with regard to porosity 
effects and defect scattering), the order of magnitude 
agreement with the data is sufficiently good to lend a 
great deal of confidence in the basic picture. 

An alternate explanation of the temperature depend- 
ence of the thermal conductivity of graphite has been 
proposed.® By separating the modes of vibration into 
longitudinal and transverse polarization, it is argued 
that the transverse mode will be limited by the thickness 
of the crystallite, while the longitudinal will be limited 
by the length (usually much greater than the thickness 
in graphite). On this picture, if the transverse modes 
are mainly responsible for the specific heat, it is clear 
that the importance of the longitudinal modes to ther- 
mal conduction will be enhanced by the crystallite 
dimensional ratio. It was further proposed that the 
longitudinal modes show a specific heat proportional to 
T® at and below 50°K, whereas the transverse modes 
remain 7? to very low temperatures. This is based on 
group-velocity estimates from compressibility data. The 
conclusion drawn is, of course, that the thermal con- 
ductivity will have a temperature behavior between 
T? and T* depending primarily on the crystallite-length- 
to-thickness ratio. The major difficulty which the 
present authors find in this treatment is the division of 
the graphite modes into longitudinal and transverse 
polarizations. This can only be done, even approxi- 
mately, in special (and unimportant) cases; since the 
entire method seems critically dependent on the 
ability to make this division, a serious question arises 
as to the validity of the interpretation. The further 
comment may be made that this analysis gives quite 
bad agreement with some of the observed data. For 
example, the Canadian natural graphite results show a 
good 7? behavior. Assuming, as an extreme case, that 
the crystallites in the Canadian graphite are as thick as 
they are long, it can be shown that the crystallite- 
length-to-thickness ratio for AGOT-KC graphite must 
be at least 100 to explain the observed temperature 
dependence on the basis of the above argument. This is 
the wrong order of magnitude for AGOT graphites 
whose crystallite dimension ratio is of the order of five. 
In addition, the observed change in temperature 
dependence of all types of graphite as the temperature 
is raised does not appear to conform to what would be 
predicted from the above model (the prediction is that 
the function 7T*x' has a negative curvature with in- 
creasing T, whereas it experimentally shows linearity 
breaking into a positive curvature). 

As mentioned in the text, recent calculations of the 
specific heat of graphite have been made by Eatherly 
and Krumhans!" and by Newell.!° It has been shown 
that bond-bending force constants are of extreme 
importance for the out-of-plane and one of the in-plane 
acoustic modes, in contradistinction to the assumption 
made by Krumhansl and Brooks.’ One of the results of 
this is to make the dispersion of the out-of-plane mode 
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non-Debye-like, i.e., the phonon group velocity is 
proportional to the frequency in the low-temperature 
range of interest. Since the specific heat due to this 
polarization is proportional to 7? in this range (and is 
the major contributor to the specific heat), it follows 
immediately that the thermal conductivity is propor- 
tional to 7*. While this news would have been greeted 
with enthusiasm a year ago by workers in the graphite 
field, we now know that the best large crystal data show 
a distinct 7? behavior and thus that the out-of-plane 


Br ATOMIC RATIO | 
_=11.56xlO>__) | eo! 


884 x10" 
3.llx 


3 
iL X 10° (calorie units) 
S 
iS } 


8 


2 4 
T?x10 ° (°K? 


Fic. 10. The function 7% vs T? for AGOT-KC graphite 
with various residual bromine concentrations. 





900 


mode cannot contribute significantly to the thermal 
conductivity. The reason for this probably lies in the 
magnitude of the group velocity. Unpublished calcula- 
tions show that at about 20°K, the out-of-plane group 
velocity is smaller than the softest in-plane mode by a 
factor of at least 13. This in-plane mode has a constant 
group velocity, a T* specific heat contribution down to 
very low temperatures and a Debye temperature of 
about 1600°K. If this mode is the major contributor to 
the thermal conductivity, the values of the crystallite 
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sizes obtained in the present paper would be wrong by 
about 50%, which would change none of the conclusions. 
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A study has been made of the effect of a magnetic field on the scattering of electrons in a semiconductor 
with spherical energy surfaces. The theory has been applied to longitudinal magnetoresistance in the case 
of a very large magnetic field and low temperatures so that all conduction electrons are in the ground 
oscillator state. Relaxation times for phonon and ionized impurity scattering have been calculated and 
the corresponding mobilities for a degenerate and nondegenerate semiconductor have been derived. 
Contrary to the zero magnetoresistance predicted by the usual Boltzmann theory, a field-dependent mag- 
netoresistance is found. For a nondegenerate semiconductor and in the ionized impurity scattering range 


a negative magnetoresistance is predicted. 


I. INTRODUCTION 


HE electrical resistivity of a wire is usually 

affected somewhat by the presence in the wire 
of a magnetic field. This magnetoresistance may be 
large or small, and it depends on the nature of the 
energy band structure of the material, the carrier mo- 
bilities, the strength of the magnetic field, and the 
temperature. 

Theories of magnetoresistance are usually based on 
the one electron band model of solids, and, ordinarily, 
on a Boltzmann theory treatment of transport. Such 
theories with various degrees of generality have been 
given by many authors.! 

We will concern ourselves here with the result, valid 
for the most general energy surface and Boltzmann 
scattering integrals, that for sufficiently high values of 
a magnetic field the resistance of a wire approaches a 
limiting value independent of the strength of the 
magnetic field. The predicted saturation of the mag- 
netoresistance is a consequence of the assumption in 
most theories that the scattering processes are not much 
affected by the presence of a magnetic field. This 


assumption is valid for magnetic fields 
H<mc/er, (1.1) 


in which m is the carrier effective mass and 7 is the 


1J. McClure, Phys. Rev. 101, 1642 (1956). This reference 
contains references to other relevant work. 


mean free time. This condition may also be written as 
woTX1, (1.2) 


in which w is the cyclotron resonance angular frequency 
which is directly proportional to the magnetic field. 

On an intuitive basis we might expect that for mag- 
netic fields such that wor>1, the relaxation time may 
become appreciably dependent on the strength of the 
magnetic field. For in so strong a magnetic field, the 
path of the carrier between collisions is very much 
curved since the period of execution of a complete 
circular orbit is less than the time between collisions. 
Thus for wor2 1, the predictions of the ordinary Boltz- 
mann treatment, which assumes the collisions unaffected 
by the magnetic field, cannot be trusted without closer 
examination. 

Treatments of electric conduction in strong magnetic 
fields have been made by Titeica? and Davydov and 
Pomeranchuk.’ Each of these treatments was somewhat 
special, but both showed that in magnetic fields for 
which wo7>>1 there can be noteworthy effects on the 
magnetoresistance arising from the quantization of the 
electron orbits. It is such effects that we wish to discuss 
in the following work. 

The theory of Titeica concerned the resistivity of a 
good metal in which the chief mechanism of scattering 

2\V. S. Titeica, Ann. Physik 22, 129 (1935). 
on. and I. Pomeranchuk, J. Phys. (U.S.S.R.) 2, 147 
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is the electron lattice interaction. Thus in this theory 
it is assumed that the electron gas is degenerate and 
that the electron phonon interaction diminishes strongly 
below the Debye temperature. The aim of the theory 
was to explain certain results of Kapitza of the mag- 
netoresistance of metals in fields up to several hundred 
thousand gauss. 

The theory of Davydov and Pomeranchuk concerned 
the resistivity of a semimetal in which the chief 
mechanism of scattering is the interaction of electrons 
with very strongly localized imperfections. Thus in this 
theory the electron gas is assumed degenerate or nearly 
so, and the scattering interaction is temperature inde- 
pendent and can be represented by a set of delta func- 
tions in space. The aim of the theory was to explain 
certain features of the strong-field magnetoresistance 
of bismuth in the temperature interval for which im- 
purity scattering is dominant. 

In the following, we present a theory of the magneto- 
resistance of a semiconductor or semimetal interacting 
either with phonons or ionized impurities. In our theory 
the Fermi energy will be assumed very small, so the 
electron-phonon interaction will remain strong for tem- 
peratures far below the Debye temperature. The elec- 
tron gas may be either degenerate or nondegenerate. We 
will be concerned primarily with the conductivity of 
carriers under conditions such that 


hur> € (1.3) 


in which ¢ is the energy of the carrier. 

We will limit our attention to the case that the mag- 
netic field is parallel to the applied electric field. We do 
this for two reasons. One is that the treatment of the 
transverse problem is somewhat more complicated and 
presents points which we don’t wish to discuss in this 
paper. The other is that quantum effects on the longi- 
tudinal magnetoresistance are somewhat more clear cut, 
since in the simple case we will discuss, the usual 
Boltzmann theory predicts no longitudinal magneto- 
resistance at all. 

In the theory presented here, a single simple energy 
band with isotropic effective mass is assumed. This 
assumption could be generalized somewhat in that an 
ellipsoidal energy surface could be assumed, but for a 
variety of reasons we think it best to present here only 
the simplest case. 

The general idea of our treatment is to make a 
transport theory using the eigenstates of the carrier in 
the magnetic field. Calculation of the scattering integral 
in these states takes properly into account the effect of 
the magnetic field on the scattering processes. Since we 
shall be concerned only with the case that hwo>e, i.e., 
all carriers are in the lowest quantum state of the 
transverse motion in the magnetic field, we speak of 
“magnetoresistance in the quantum limit.” 

Our calculation is conveniently broken into several] 
parts. In the first we calculate the energy eigenstates 
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which are required for the strong-field transport 
problem and the transition matrix elements between 
these states. Next we calculate the momentum transfer 
relaxation times for lattice and impurity scattering. 
Finally, we calculate the conductivities on various 
assumptions about temperature and degree of de- 
generacy. 


Il. WAVE FUNCTIONS AND TRANSITION MATRIX 
ELEMENTS 


We consider a one electron problem for which the 
Hamiltonian (for a magnetic field H along the z axis) is 


(2.1) 


1 
K= [p+ (pyt-mwox)?+ p,.” ]. 
2m 


We have used the gauge which is particularly suited to 
the discussion of electrical conductivity.2 The eigen- 
values and eigenfunctions are 


e(Nkykz) = hovo(N+4)+2°k2/2m, 
v(Nk,k:) = en (a+r hy eee L AL 4, 


(2.2) 
(2.3) 


Here k, and k, are the wave numbers associated with 
the y and z coordinates and L,, L, are the correspond- 
ing normalization lengths. gy(x+ A?k,) is the wave 
function for a harmonic oscillator of frequency w» in its 
Nth excited state and oscillating about the point 


—Nk, = —hk,/ mo. (2.4) 
We shall be concerned only with the ground oscillator 
state for which 


1 x-+rhy\? 
¢o("%-+A7h,) = (ad?)-* exe| —-( ) (2.5) 
2 r 


€(Ok,kz) = Fhwot ez, (2.6) 
with e,= h?k,*/2m, the kinetic energy of the electron in 
the z direction. 

Each of the wave functions ¥(Vk,k,) describes a state 
for which the electron probability distribution is dif- 
ferent from zero only in a slab symmetrically disposed 
about the plane x= —)’R,. 

A calculation of the electric current carried by an 
electron in one of these states shows that the average 
electric current is in the z direction and is given by 


J (Nkyk,) = (—e)hk,/m. (2.7) 


The mean values of the operators for the components 
of electric current in the x and y directions, viz., 
J,=(—e/m)p, and J,= (—e/m)(p,++mwox), vanish for 
each of the energy states, regardless of the values of k, 
and NV. 

We will calculate next the transition matrix element 
of the function e**-* between two energy states. In most 
of this work we will be concerned with magnetic fields 
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so farge that the available thermal energy is insufficient 
to raise the electron to an excited oscillator state. In 
that case the appropriate matrix element is 


(Oky’k,’ | e**"* | kek, O) =5 ( hey’ — ky — qy)5(he’ — ke— Qe) 
Xexp{ —4A"[g.?+9,? + 2ige(k,’+hy) ]}. 


From Eq. (2.8) it will follow that the transition 
probabilities which we will need will be proportional to 


exp[ —}(g.?+9,")*]. 


III. RELAXATION TIME FOR ACOUSTICAL 
SCATTERING 


We now wish to calculate the relaxation time for 
momentum transfer for electron in a definite energy 
state y(Nk,k,) due to collisions with acoustical lattice 
vibrations. We will consider only the case V=0, AN=0, 
ie., the electron is executing zero-point motion trans- 
verse to the magnetic field both before and after the 
scattering. 

The perturbation Hamiltonian can be written 


H,=£, 5 2 qQqe***. 


The scattering rate into unit volume of q space will be 
taken from perturbation theory. What we will calculate, 
however, is not the scattering rate but the rate of loss 
of momentum in the z direction. We can write 


k.= XW (kyhesky’ he’) (Re’— kz). 


ky’ kes’ 


(2.8) 


(3.1) 


(3.2) 


Now, for acoustic lattice vibrations with w(q)=sq, 
where w is angular frequency, q the wave vector of the 
normal modes of vibrations of the lattice, and s the 
sound velocity, the transition probability per unit time 
is 


er xsi? HH pla: 20(N. +1 
H (aa’)=—(— JEL |2i0-t]a)|*9(Vq+1) 


X5(€a— €a thw) + | {a’ | et |a)|? 


XqN 8(€a’—€a—hw)]. (3.3) 


Here, a denotes the pair of quantum numbers k,, and 
k,, a’ denotes the pair k,’ and k,’, V is the volume, and 
p the mass density of the specimen. NV, is the number 
of phonons q. 

We will be concerned here with the case that the 
electron energy is very small, ea~kT. Then for tem- 
peratures 721°K, the energy hw(q) of the phonons 
absorbed or emitted is much smaller than that of most 
of the electrons, i.e., hwKea~ kT. We can then take the 
collisions as elastic and the distribution of the concerned 
phonons as classical, i.e., VN g=N qt+1=kT/hw=kT/hgs. 
Combining absorption and emission, we thus have 


1 
PO a ~ I{a’|e"*"tla)|?, (3.4) 


AND E. N. ADAMS 


where 


A= (2n/h)(EPkT/ps’). (3.5) 


Using Eq. (2.8) for the matrix element, we find 
1 
W (RyRayky’ ke’) = Aé (e,’— ia” 


expl—JN'(b,’—H,)*TE exp(—4%¢e) 


It is instructive to calculate the transition probability 
to all states with given &,’, 


W (kz,ke') =>, W(Ryks, Ry’ ke’); 
ky’ 
we find 
2r 
W (kz,ke’) = Ab(e€,’— nd’ Toa (k,’), 


1 m 
== —= —hw (3.7) 
(2x)? d? (2)? h? 


(3.6) 


N (he’) 


is the density of states (not including spin) per unit 
wave number interval [see Eq. (5.3) ]. This demon- 
strates that backward and forward scattering (the 
only two possibilities) are equal, in exact analogy to 
the isotropic scattering of the field-free case. The dif- 
ference between the two cases is twofold: the magnetic 
field, in the quantum limit, makes the motion of the 
carrier one dimensional and alters the density of states. 

Defining the relaxation time ry” by 1/ty”=—k,/k,, 
we get from Eqs. (3.2) and (3.6) 


1 
—=) W(k,,k,’), (3.8) 
L ke’ 


TH 
which yields 
1 


TH" (€:) 


where now 


=A f o(e/—«)N(«!)de=AN (6), (3.9) 


N(e)= 


(") hoes (3.10) 


(29)? 2\ h? 
is the density of states with energy ¢, per unit energy 
interval (spin not included). We thus see that the effect 
of the magnetic field on the lattice relaxation time is 
directly given by its effect on the density of states. 

The corresponding relaxation time in the absence of 
the magnetic field is found with a similar analysis. In 
this case the matrix element (a’ | e*4-"|a)=6(k’—q—k), 
and thus 

W (k,k’) = (A/V) 6(€x-— ex). 

As before 


=> W(k,k’)=ANo(ex), 


ro“(e) k’ 


(3.11) 
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where now 


laure (“). (3.12) 

olé) = ens € . 
(2r)?\ h? 

is the density of states (not including spin) in the 

absence of the magnetic field, and e,=/?k?/2m is the 


kinetic energy of the electron. 
Combining (3.9) and (3.11), we get 


(3.13) 


Equation (3.13) shows that for electrons of kinetic 
energy less than hw /2 the relaxation time is always 
smaller in the quantum limit than in zero field. 


IV. RELAXATION TIME FOR IONIZED 
IMPURITY SCATTERING 


We will treat ionized impurity scattering using a 
screened Coulomb potential of a single ionized impurity, 


o(r) = (€/x)(e7!"*/r). (4.1) 


In the Appendix we prove that this is the self-consistent 
potential energy of an electron around a charged 
impurity, under a simplifying assumption about the 
reaction of the free electrons to the extra charge. In 
Eq. (4.1), x is the dielectric constant and r, the appro- 
priate screening length, expressions for which are 
derived in the appendix for different conditions of 
interest. 

In the second order of perturbation theory we may 
neglect any effects due to coherence of the scattering 
amplitudes from different scattering centers. Thus we 
find for the transition rate per unit time due to inter- 
action with ionized impurities 


W (hykz,ky’ ke’) 
2r 
= y > | (Ok,’k.’ | v(r—R) | Okyk.)|75(€2’—€,). (4.2) 
R 


In Eq. (4.2), R denotes the position of an impurity in 
the lattice. Writing 
(rR) dre? 1 > ia: (r-R) 
vir— =+— — J 
k Va g+1/r? 


we can evaluate the matrix elements by making use of 
the integral given in Eq. (2.8). Thus, for a random 
distribution of impurities, 


dre? \? 
x | (Oky’ Re’ |v(r—R) | Ok,k.) |2= (~) 


NVI 

V 
exp{—40"[ge?-+ (by —hy)"]} 

@ [q+ (hy! —hy)*+ (hs — he)? 1/12 


where V;=concentration of ionized impurities. 


(4.3) 
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If we calculate the backward and forward scattering 
probability we see that the former is smaller than the 
latter, in contrast to the case of phonon scattering. 
Only the backward scattering contributes to the relaxa- 
tion of momentum. 

We obtain after some calculations 


1 we'N, I(y) 
tt aad €,? ’ (4.4) 
tH’ «(2m)* 1+(e./4e,) 





h? 1 €, € 
je —, ye — +4), 


2m 72 hur és 


(4.5) 


and 


Tee f ne-tde/(2-+7)=14+-7e" Ei(—7), (4.6) 
0 


Ei(—~) being the exponential integral. In the range of 
interest, i.e., OS y<10, this can be approximated 


I(y)=1/(1+7). 


In the absence of the magnetic field, a similar analysis 
yields the following expression for the ionized impurity 
relaxation time 


ne tin (t-+8)—B/(1+8)) 
ius ee 


where B=4e/e,. 

We observe that the factor I(y)/[1+ (¢,/4e)] in Eq. 
(4.4) remains always between 0 and 1 for increasing 
values of ¢,, whereas the factor [In(1+8)—8/(1+8) ] 
in Eq. (4.8) is greater than unity for all e2 ¢,, which are 
the energies of interest. Thus, for sufficiently strong 
magnetic fields the electron relaxation time may 
actually be increased by the presence of the magnetic 
field. We will show in the next section that this effect 
can give rise to a negative magnetoresistance under 
some circumstances. 

In the appendix we give a simple theory of the 
screening lengths, r,”, r,°, in the presence and absence 
of the magnetic field, respectively. We find that in the 
case of classical statistics the magnetic field does not 
affect the screening length, whereas in the degenerate 
case it shortens it, according to the formula 


(7.4 /1.°=Nol(er)/N (er™) =2(er°er”)4/heoo, 


where er”, er° are the Fermi energies with and without 
the magnetic field on, respectively. 


(4.7) 


(4.8) 


V. LONGITUDINAL MAGNETORESISTANCE 


We will now calculate the current induced by an 
electric field E in the z direction. We set up a Boltzmann 
equation for the distribution function f(k,,k,) referring 
to the V=0 eigenstates of the electron in the magnetic 
field, i.e., ¥ (Ok,k,; r). Since the magnetic field does not 
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affect the motion of the electron in the z direction, the 
electric field in the same direction simply accelerates 
the electron uniformly and thus 


(df/ Ot)arit= (e/ h)E (df/ Ok,). 
The steady state condition for the distribution function 


is then 
(—e/h)E(0f/dk.)= (Af/dt)oon- 


For elastic collisions the scattering rate (0 f/0t).on is 
equal to — (f— fo)/r(e), where fo(e) is the distribution 
function for thermal equilibrium in the absence of the 
electric field and 7 is the momentum relaxation time 
—k,/k, [see Eq. (3.2)]. We, therefore, have the fol- 
lowing steady state equation: 


e ann, J Soles) 


h ok, 


(5.1) 


TH (e) 
To the first order in the field EZ, this integrates to 
dfy 


TH (e.)—. 
€: 


eEhk, 
J leya) = foles)-+— (5.2) 


The density of states with a given oscillator quantum 
number (NV =0) and , in the range k,, k,+dk, is 


2 LyL, +(La/2) 
N _. — —dk, 


a 
dhey=—— site (5.3) 
(2)? 


2a 2x —(Lz/2d?) 


as can be seen from Eq. (2.4). Thus, the current density 
in the z-direction is, according to Eqs. (2.7) (5.3), and 


(5.2), 
Jntoahdad f ka f(k,)N (k,)dhe, 


and, therefore, 


J 2 1 s2m\) phon dfe 

— alent ai —— e.!r z zy 

— ae =r ie ) hoof xian Migy 
(5.4) 


where oy is the zz-element of the conductivity tensor. 
Since the expectation values of the x and y components 
of velocity for our states vanish, the xz- and yz-elements 
of the conductivity tensor also vanish. Under such 
conditions it is easy to see that ow gives immediately 
the longitudinal magnetoresistance as measured in a 
long wire with the magnetic and electric fields along 
the wire. For, since o,,=0,,=0, we have p,,=1/o0,, 
=1/oy and thus Ap/po= (o0/en)—1. 

By use of Eq. (5.3), the density of electrons is found 


to be 
“aaa he i es *fo(es)des. (5.5) 


Similarly, in the absence of the magnetic field the 
distribution function, to the first order in E, is identical 
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to the right-hand member of Eq. (5.2), except that 
to(e) replaces 7,(€,) and ¢ now is the kinetic energy of 
the 3-dimensional motion of the electron. The con- 
ductivity and density of the electron gas are 


ea “yf Aled ie 


~ (Om)? =) eae. 


We explicitly allowed in the above formulas for the 
possibility of change of carrier density with the intro- 
duction of the magnetic field. Although we shall not 
present here a detailed theory of this effect, we like to 
point out that the deepending of the impurity energy 
levels and the change of the density of states, both due 
to the magnetic field, can result in a substantial decrease 
of carrier concentration. 

In general, of course, 1/tw=(1/t#")+(1/rx") and 
similarly for the field-free case. Thus, the last four 
equations along with Eqs. (3.9), (3.11), (4.4), and 
(4.8) give us the conductivities of an electron gas in 
very strong and zero magnetic fields, in so far as ionized 
impurity and acoustical lattice scattering are the 
dominant relaxation mechanisms. 

Below we shall discuss these results in the limiting 
cases of degenerate and classical statistics. 


(5.7) 


A. Degenerate Case 


The degenerate case is that for which er>>kT. If er® 
is the Fermi energy in the absence in the magnetic 
field, Eqs. (5.6) and (5.7) give 


go> (e?/m)noro(er°) 
ep?= (32)! (h?/2m) no}. 


(5.8) 
(5.9) 


with 


Similarly, if er” denotes the Fermi energy in the 
presence of the magnetic field, Eqs. (5.4) and (5.5) give 


ou (e/m)nytH(er”) (5.10) 


vote 2) (2) HC) (Zen 


In order for these expressions to be applicable, certain 
conditions have to be met. First, we must recall that 
all conduction electrons must be in the ground oscillator 
state; this is so if hwo> er”. Also, er” >>kT if the electron 
gas is to remain degenerate. Thus Eq. (5.10) is appli- 
cable only if 


4 ny 2 €r° 2 
ma>i() (ZY erver 
9 No hur 


If, therefore, a degenerate semicou.ductor (er">>kT) is 
put into a magnetic field such that hw is of the order 
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of magnitude of er, most of the electrons will occupy 
the ground oscillator states and will be degenerately 
distributed. For np~ 10'* cm~ this requires a magnetic 
field H~3X10° gauss, a value independent of the 
carrier mass. For much stronger magnetic fields the 
distribution is no longer degenerate and for much 
weaker fields the carriers are spread over the excited 
oscillator states. 

When the condition for degeneracy is satisfied, we 
have 

CH NH TH er”) 


pt tn (5.12) 


7 T0(€Pr°) 


In the temperature range where acoustical scattering 
is predominant, Eqs. (3.9), (3.11), (5.11), and (5.12) 


give 
CMe) 
oo/ 1, 3\M hur 

Equation (5.13) states that at sufficiently high fields 
the resistivity should be proportional to H?. The H? 
dependence of px/po is in contrast to the dependence 
expected from the classical theory, which predicts a 
value of px/po independent of field. The dependence on 
H comes about as follows: 1/7” is proportional to H 
for an electron with a given velocity; further, 1/rq” is 
inversely proportional to the velocity of the carriers 
and at high magnetic field the mean velocity decreases 
linearly with H on account of the increase of the density 
of oscillator ground states with H. 

In the range of ionized-impurity scattering Eqs. 
(5.12), (4.4), and (4.8) give 


CH 2\3 (nu \* fer \?1+8H 
Set 
In(1+80)—Bo/(1+8o) 
T (ya) 


Bu=4(er”/e,”), Ya= (€s%/hwo)(1+8x), 


Bo=4er"/e,°. 


(5.13) 


» (5.14) 





where 


In the appendix we derive expressions for the energies 
e.°, ¢ associated with the screening, Eqs. (A.12) and 
(A.13). 
For 
Bo= (325) taonotK1 


(a9=xh?/e’m=Bohr’s radius) expression (5.4) takes a 
simple form. For, then, 


= (24/3*) (mu/mo)*(er°/hevo)*BoK1 
yn (€™/hiwo) = (3/4) (no/mx) (hwo/ er’). 
In this range of yx, I(yx)=1/(1+7) and also 
[In (1-+-B0)—Bo/(1+Bo) 2380. 


an 


We thus find that for By1 


OAAEOAG)! « 


B. Nondegenerate Case 


If kT>er, nondegenerate statistics can be used. In 
this case the electron distribution takes the form 


fo(e)=expl (er°— €)/kT']. 
Equations (5.4), (5.5), (5.6), and (5.7) then yield 


elro(ee*Tde (5.1 
“wlarn) f ie er 


— ) f és! (ee~*/*"de,. (5.17) 


ciales (kT)! 


The conditions for applicability of Eq. (5.17) will be 
always satisfied in the strong-field limit when 


huo>>kT. 


Numerically this condition requires a magnetic field 
H>(kT/2u3)=10'aT gauss, where a is the ratio of 
effective to true electron mass. 

In the range of predominantly lattice scattering we 
find, from Eqs. (3.9), (3.11), (5.15), and (5.16), 


OH nH kT 
acy 
go 1 mo \huo 
Thus for a nondegenerate semiconductor in the quantum 
limit the longitudinal magnetoresistance in the lattice- 
scattering range, will exhibit a linear dependence on the 
magnetic field (assuming a negligible dependence of ny 
on #), in contradistinction to the classical Boltzmann 
theory which predicts no magnetoresistance at all. It 
is worth noting that Eq. (5.18) would afford a deter- 
termination of the effective mass of the carriers if 
(no/nx) could be determined independently. 
Assuming no compensation of impurities, we find 
from Eqs. (5.16), (5.17), (4.4), and (4.8) that when 
ionized impurity scattering is predominant, 


(=) - =] 
LC) om 


In obtaining this result, we have carried out the inte- 
gration (5.16) assuming the logarithmic factor constant 


and equal to its value at the maximum of the rest of the 
integrand. Taking for r,° the usual Debye screening 


(5.18) 
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length, Eq. (A.15), we see that 
kT (~—) 


—=— 5.20 
nohe* ( ) 


bo= 
eo 


In carrying out the integration (5.17), we have approxi- 
mated /(y), appearing in ry’(e,), by 1/(1+-y), accord- 
ing to Eq. (4.7). From Eq. (A.14) for r,”, we see that 
in Eq. (5.19) 

b=bo(no/nz). (5.12) 


An interesting feature of formula (5.19) is that for 
values of b)21, o#/00 will usually exceed unity. Thus 
Eq. (5.19) indicates the possibility of a negative mag- 
netoresistance in a simple electron gas. 

Equation (5.19) is based on the usual Born approxi- 
mation for the scattering, which is not always appli- 
cable. However, the possibility of negative magneto- 
resistance is a feature of this theory that is independent 
of the applicability of the Born approximation. The 
origin of the negative magnetoresistance is in the effect 
of the magnetic field to inhibit the small-angle scatter- 
ing which in the field-free case is primarily responsible 
for momentum loss. Thus in the strong field the resis- 
tivity arises solely from the direct backward scattering, 
which is relatively weak. 


VI. DISCUSSION 
We will begin this section with a critique of our results 


and those of Titeica? and Davydov and Pomeranchuk,® 
who have considered certain facets of the strong-field 
problem. We will conclude with a discussion of the 
feasibility of a direct experimental observation of the 
effects. 

The theory of Titeica is fairly extensive and is capable 
of comprehending a number of different cases. However, 
it contains implicitly one limitation which prevents its 
application to a number of cases of experimental 
interest. In all the treatment it is tacit that the Fermi 
energy is large, of the order of electron volts, as in a 
good metal. Perhaps because of this assumption, about 
the Fermi energy, the only scattering mechanism con- 
sidered is acoustical lattice scattering. Thus, the applica- 
bility of the theory appears to be limited to good 
metals, or to semimetals and semiconductors at elevated 
temperatures. A feature of the theory which is unsatis- 
factory from the formal point of view is the failure to 
separate the scattering theory from the transport 
theory. Thus the calculation of the scattering rate for a 
carrier with a given set of quantum numbers is not 
separated from the calculation of the current carried 
by an ensemble. 

The work of Titeica was designed to be useful in 
discussing magnetoresistance experiments on good 
metals at fields of several hundred kilooersted. For such 
experiments the magnetic energy quantum hw» would 
normally remain well below 0.1 ev, while the electron 
energies would range up to values more than an order 
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of magnitude greater. Thus the extreme quantum limit 
would be unattainable, and most electrons will occupy 
states of fairly high oscillator quantum number. Thus 
the part of the theory which admits of experimental 
comparison is the treatment of high magnetic fields, 
which are, however, inadequate to reach the quantum 
limit. 

The theory of Davydov and Pomeranchuk is a 
theory of quantum effects on relaxation in a semimetal, 
and so assumes the Fermi energy to be small. These 
authors are interested in interpreting experiments on 
strong-field magnetoconductivity of bismuth, a sub- 
stance in which the effective mass is very small, and 
the experimental possibility of reaching the quantum 
limit exists. They are concerned chiefly with the inter- 
pretation of certain oscillations in the resistivity as a 
function of magnetic field together with the notable 
nonsaturation behavior at the highest fields. Their 
qualitative interpretation of the former is doubtless 
correct, but the treatment of the latter is open to some 
objection. 

In this theory it is assumed that the mobility is 
determined chiefly by the scattering from ionized im- 
purities. The scattering potential of such an ionized 
impurity is effectively taken to be a delta function in 
position, and the scattering matrix elements calculated 
on this basis. 

Now it is a fact that the scattering matrix elements 
calculated from a delta function potential are typical 
of acoustical rather than Coulomb scattering. Thus the 
theoretical model of Davydov and Pomeranchuk would 
yield + «e+ rather than 7«e! as on the customary 
theories of ionized impurity scattering or 7 « €® on the 
theory of neutral impurity scattering. Since the be- 
havior of the resistivity in the quantum limit is very 
sensitive to the scattering mechanism, the delta function 
approximation would appear unsatisfactory. 

The present work is limited in scope to materials of 
very low electron concentration and low temperatures. 
We choose to discuss a set of cases which are similar to 
those in #-type InSb which seems particularly well 
suited for the study of the quantum limit. Our aim in 
the calculation was not so much to predict the outcome 
of experiments done in the quantum limit as to deter- 
mine the degree to which the outcome is sensitive to 
scattering mechanism. 

We find that the field dependence of the relaxation 
time in the quantum limit is very sensitive to the 
mechanism responsible for scattering. Thus, for lattice 
scattering the magnetoresistance is always positive, but 
for impurity scattering a negative magnetoresistance is 
to be expected under some circumstances. 

In order to best observe the quantum effects experi- 
mentally, the material of choice is a semiconductor or a 
semimetal in which the electron mass is very small. A 
good example is #-type InSb, and we will consider it for 
illustrative purposes. 





LONGITUDINAL MAGNETORESISTANCE 


According to Kittel et al., the effective mass in InSb 
is about 1/70 of an electron mass. Thus for a magnetic 
field of 5X10® gauss the magnetic quantum would 
have a value, in temperature units, of about 4000°K. 
Fields of such magnitude are currently produced in the 
laboratory and used for quasistatic measurements of 
the sort discussed in this paper. Clearly an energy of 
4000°K is more than adequate to permit studies under 
the condition hw>>kT even at room temperature. 

The concentrations of carriers needed to realize the 
conditions assumed in our calculation are easily achieved 
in practice. The relation between degeneracy tempera- 
ture and concentration for InSb is 


Tp~2X10-n! °K. 


This formula gives for n~ 10" a degeneracy temperature 
of 4°K ; for n~ 10", Tp~20°K; for n~10!*, Tp~90°K ; 
for n~10!7, Tp~400°K. These concentrations and 
temperatures at once span the range of compositions 
over which it is feasible to prepare single-crystal speci- 
mens and that over which it is feasible to make precise 
electrical measurements. 

We will not make any interpretation of experimental 
results in this paper, because of various questions 
having to do with the applicability of our models to 
those experiments which are available. However, we 
will point out that Sladek and Keyes at Westinghouse 
and Frederickse* at the National Bureau of Standards 
have made measurements of the electrical conductivity 
of InSb in strong magnetic fields and have found effects 
of the qualitative nature and of the same order of mag- 
nitude as those expected on our theory.t 


APPENDIX 


We present here a simple theory of the screening 
lengths appropriate for the ionized impurity scattering 
under the conditions considered in this paper. 

Let v(r) be the self-consistent energy of an electron 
at a point r from a point charge (+e) placed in our 
unperturbed system, i.e., an electron gas of density ny 
slectrons per unit volume in a magnetic field H strong 
enough to force all electrons in the ground oscillator 
states. The electron gas is held together by the lattice 
positive charge density +eny. If n(r) is the electron 
density at r when equilibrium has been reached after 
the introduction of the impurity the self-consistent 
potential energy v(r) must satisfy Poisson’s equation 


saticn Pei | 


(A.1) 
K nH 
where x is the dielectric constant of the lattice. 


4R. J. Sladek and R. W. Keyes (private communication) and 
H. P. R. Frederickse (private communication). 

t Note added in proof.—Results similar to some of ours have been 
recently reported by Dr. J. Appel of OSRAM, Augsburg, and 
a R. Kubo of the University of Tokyo (private communi- 
cation). 
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We can determine the particle density m(r) in terms 
of v(r) under the simplifying assumption that »(r) is 
such a slowly varying function of position that we can 
treat its effects on the unperturbed system classically, 
ie., we may assume that at every point the system 
behaves as if a constant potential energy, equal to the 
local value of v(r), were added to the energy of the 
system. We can then take, for the energies of the per- 
turbed system, 


é' (r,k,) =0(r) +e. 
With this assumption, 


n(r)=2 ~ |W (Ok,ke ; r)|*f(e’), 


where f(¢’) is the Fermi probability function. Using 
Eqs. (2.3) and (2.5), we see that 


E|¥(Obp; 2 (=) (<). 


and with the help of Eq. (5.3) we can write 


(A.2) 


n(r)= f S(vt+e.)N (e,)de., 


1 2m\ ! 
N(e)= (— ‘) hues * 
(2r)?\ h? J .. 


(A.3) 


is the density of states with energy e’=v+e, per unit 
energy interval. The particle density in the absence of 
the impurity is obtained from Eq. (A.2) for v=0, i.e., 


ies f fle) (eden (A.4) 


and this determines the constant Fermi level. 
For the case H=0, we similarly have 


meno No 
4 | 


No 


V(r) = — (A.5) 


K 
where now 


m= [sot anelede / f " fONadde (A) 


No 


with 
No(e)=[2/ (2)? ](2m/h?) +e. (A.7) 


Degenerate statistics—In this case Eqs. (A.2), (A.4), 
and (A.6) give 


(er4 —v) 
f e, ide, 
n(r) 0 
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and 


mot) _ jy. (A.9) 1 -“( 


(r,° 2 


ram) =(- = (er). (A.13) 


The resulting Poisson’s equations can be solved simply 
under the additional assumption that |»(r)/er|<1. 
For then Eqs. (A.1) and (A.5) become of the form 


V*v(r) = a*v(r). (A.10) 


The solution of this equation with the appropriate 
boundary conditions 


esi 
nit) +-(-), 2) 9, 
K 


wona'(2) 


Classical statistics—In this case it is clear that since 


S(v+ €) we RT geal kT 
we get 


m(t) _ melt) o(0) 


=~ (r kT] — 


kT 


nH No 
(for |v(r)/kT|<1), and thus Poisson’s equation for 


both cases is again of the form (A.10). Hence, the self- 
consistent potential energy is again of the form (A.11), 


with 
1 _ Are’ =(= ~) 
(2 x \kT 


1 Are” ~~) 
RT] 


(A.11) 


which is the screened Coulomb potential used in our 
calculations with a=1/r,. 
It is easily seen that 


ie ae) 


(A.14) 


()? « 


(A.15) 
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Variation of the Amplitude of Thermal Vibration on the Fusion Curve 


J. J. Grrvarry* 
The Rand Corporation, Sania Monica, California 
(Received August 9, 1956) 


A differential relation given previously, which is equivalent to the Debye-Waller identification of the 
Debye and Lindemann frequencies at fusion, is generalized to take into account variation along the fusion 
curve of the critical ratio of the root-mean-square amplitude of thermal vibration to the nearest-neighbor 
distance of the atoms in the solid at fusion. Thus extended, the theory yields an expression for the Griineisen 
parameter of a solid at fusion in terms of fusion parameters and the rate of change of the critical ratio with 
respect to volume, which is valid for elements whose fusion curves have either normal or abnormal slopes. 
Values of derivatives of the critical ratio with respect to volume, temperature, and pressure at fusion are 
obtained for 16 elements. The results yield evaluations of the change in the critical ratio along the experi- 
mentally determined fusion curves for three alkali metals, and permit estimates in other cases. It is concluded 
that the assumption of a fixed Lindemann constant along the fusion curve of a particular element represents 
an excellent approximation, in general, for elements with normal fusion curves (for the case of classical 
excitation of the lattice vibrations). The same conclusion is obtained, within certain approximations, from 
the order-disorder theory of Lennard-Jones and Devonshire for the melting process, and the theory of 
Fisher for stability of the liquid phase. 


Bragg reflection of x-rays from a solid. In a recent paper, 
the author obtained relatively accurate values of 
Lindemann constants, and thus of amplitudes of 
thermal vibration for the solid at melting, from the 
Debye-Waller theory for ten elements.’ The results 
show that the Lindemann constant, and hence the 
critical ratio of the root-mean-square amplitude of 


I. INTRODUCTION 


T has been pointed out by the author! and by Cartz? 
that the Lindemann law of melting can be derived 
under certain assumptions from the Debye-Waller 
theory of the thermal dependence of the intensity of 


* Now at Research Laboratories, Allis-Chalmers Manufacturing 
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1 J. J. Gilvarry, Phys. Rev. 102, 308 (1956), referred to here- 
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2 L. Cartz, Proc. Phys. Soc. (London) B68, 951, 957 (1955). 


thermal vibration to the nearest-neighbor distance of the 


sj. J. re Phys. Rev. 103, 1700 (1956), referred to here- 
after as IT 
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atoms in the solid at fusion, cannot be a strict constant 
over a lattice type. This fact leaves open the question 
of whether the Lindemann constant for a particular 
element is a strict constant along the fusion curve, as 
assumed in derivation of the Simon fusion equation 
from the Lindemann law.‘ The purpose of this paper is 
to answer the question, at least partially. The results 
have an obvious bearing on applications of the Linde- 
mann law or the Simon equation to estimate melting 
temperatures in the interior of the earth** or planets.’ 

The derivation of the Simon equation in III is 
based on a theoretical evaluation, in terms of parame- 
ters of the fusion curve, of the Griineisen parameter of 
the solid at melting. The comparison (Table V of I) of 
this quantity as obtained from Griineisen’s law with 
that obtained from fusion parameters shows that values 
by the former method consistently are slightly greater, 
when not equal within the accuracy of the data, except 
for the cases of Pb, Al, and Hg. However, the necessary 
bulk modulus is known only poorly for Hg. Further, 
results of II show some uncertainty in this parameter 
for Pb and Al at melting, and the volume change at 
fusion adopted for the latter element in I is questionable. 
If these three cases can be discounted, it seems reason- 
able to identify the difference in question with the rate 
of change along the fusion curve of the critical ratio 
(and thus of the Lindemann constant), which was 
neglected in I. With this extension of the theory, the 
sign found for the variation of critical ratio with volume 
or pressure is consistent with one’s expectation, not only 
for elements which have a normal fusion curve, but also 
for those which do not. The latter class of elements is 
covered by the extended theory, but not by the 
theory of I. 

The results are strictly valid on the Griineisen and 
Debye-Waller theories, when it is assumed that the 
Poisson ratio of the solid along the fusion curve is a 
constant. It can be noted that this assumption is an 
essential element of the Griineisen theory"; if the 
ratio varies significantly, one must take this fact into 
account by defining a Griineisen parameter separately 
for the longitudinal and transverse waves." The lattice 
vibrations will be assumed classically excited at fusion, 
so that the quantization parameters of I can be assigned 
their classical values. 


‘J. J. Gilvarry, Phys. Rev. 102, 325 (1956), referred to here- 
after as III. 

5 R. J. Uffen, Trans. Am. Geophys. Union 33, 893 (1952). 

6 F, Simon, Nature 172, 746 (1953). 

TE. C. Bullard, in The Earth as a Planet, edited by G. P. Kuiper 
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Book Company, Inc., New York, 1939), pp. 240, 451. 

12 J. J. Gilvarry, Phys. Rev. 102, 331 (1956). 
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Il, THEORY 
A parameter 6 can be defined by 
5=d Inp/d InV m, (1) 


in terms of the volume V,, of the solid at melting and 
the critical ratio p of the root-mean-square amplitude of 
thermal vibration to the nearest-neighbor distance of 
the atoms in the solid at fusion. When the Poisson ratio 
of the solid at fusion is constant, a procedure entirely 
analogous to that used in I yields 


d InT,,/d NV n= —2(ym—5—}) (2) 


as a differential relation equivalent to the Debye- 
Waller identification of the Debye and Lindemann 
frequencies, if 7, is the fusion temperature and 7,, is 
the Griineisen parameter of the solid at fusion. The 
latter parameter enters Eq. (2) through the Lorentz- 
Slater expression” 


Yn= —}—4d InK,,/d InV,,, (3) 


where K,, is the bulk modulus of the solid at fusion. It 
can be proved directly” that y, is given also, from 
Griineisen’s law as applied to the solid at fusion, by 


Yn>= KntimV m/Cyv, my) (4) 


where a» is the volumetric coefficient of thermal ex- 
pansion of the solid at fusion, and Cy,,, is the corre- 
sponding heat capacity at constant volume. By a 
method used in I, based on Clapeyron’s equation, one 
obtains 

Y¥n=T'+6, (5) 


P=§+29K,AV/L, (6) 


in which q is defined in I, and AV and L are the volume 
change and latent heat of fusion, respectively. Equation 
(5) yields the corresponding result of I for 6 vanishing, 
in which case I becomes a Griineisen constant as evalu- 
ated from fusion parameters. 

From Eqs. (1), (2), (5), and (6), one obtains 


d Inp/d InT,,= —46(T—4)7"=—6L/qKnAV, (7) 
directly. Use of Clapeyron’s equation yields 
d In p/dP,= —35(T—$) “AV/L=—8/qKm, (8) 


where P,, is the fusion pressure. Since the Lindemann 
constant ¢ is defined in II by c= (V3/2m)A!/p, where A 
is a function only of lattice type, the definition (1) 
yields dlnc/dInV,=—6 directly, with analogous 
derivatives as the negatives of the results of Eqs. 
(7) and (8). 

One can expect the parameter 6 to be positive, on 
intuitive grounds,“ for either a normal fusion curve 


where 


4 Dr. A. J. F. Siegert has pointed out to the author that the 
result follows directly if one assumes, instead of [(u?) ay ]#= rm, the 
equation [(u*),,]#=po(rm—a), where po and a are constants. This 
assumption takes into account the possibility that the region (of 
linear extent a), over which the interatomic forces are markedly 
anharmonic, does not change with volume. One thus has 
p=po(1—a/rm) and 6=4a/(r,n—a)>0. 





910 Jade 
(dT,,/dPm positive) or an abnormal fusion curve 
(dT,,/dP, negative). For the latter case, it follows 
from Eq. (5) that 6 must be positive if the absolute 
value of the slope of the fusion curve is great enough to 
make I’ negative, since the Griineisen parameter Ym 
must be positive for the thermal pressure of the lattice 
to be positive. The slope of the fusion curve is given, 
from Eqs. (5) and (6), by 

dT p/dP m= 2(y¥m—5—4)T n/qK m, (9) 


so that a normal and an abnormal fusion curve corre- 
spond to 6<ym—} and 6>~y,—4, respectively. For 6 
vanishing, this criterion yields that given in I. From 
Eqs. (7), the sign of d Inp/d InT,,, is negative or positive, 
according as the fusion curve is normal or abnormal. In 
either case, the sign of d Inp/dP,, follows as negative 
from Eq. (8). If [(u*)w]# is the root-mean-square 
amplitude of thermal vibration at fusion, one has 


d In{(u*)» }1/d InV,»=5+4. 


Thus, this derivative is always positive; it is less than 
or greater than y» according as the fusion curve is 
norma! or abnormal. 

To obtain integrals expressing the change in p along 
a normal fusion curve, it will be assumed that the 
derivation of the Simon equation in III is valid to first 
order for 6 vanishing, so that the variation of p can be 
calculated as a perturbation when 6 is assumed constant 
and small relative to ym. From III, one can write 


(y¥m—4)/(¥m, o—$)= (Tn/T an, o) 4, (11) 


where ym,o is the value of y, corresponding to the 
normal fusion temperature T,,,0, and 8 is defined by 


B=n/(n—1), (12) 


u=d In(ym—}4)/d InV,,, 
and 7 is fixed by 


(10) 


in which 


(13) 
n= 2m, wt4 (14) 


in terms of an average Griineisen parameter Ym, a Over 
the range of interest on the fusion curve. Integration of 
Eqs. (7) with use of Eq. (11) yields 


In (o/po)= —$8[8(ym,0—4) JL (T'n/Tm,0)®—1], (15) 


for p at the fusion temperature 7, relative to its value 
po at To. From this equation, the variation of p as a 
function of the fusion pressure P,, can be obtained by 
use of the Simon equation 


Pa= (a/B)( (T/T m,0)?—1], 


B= (n+un)/(n—1), 
and a is defined in III. One obtains 
In(p/po) = —35[8(¥m,0—4) }"L(BPm/a+1)9/2—1). (18) 


Under the assumption 6<v,, and the condition that 
osculating approximations at the origin of the fusion 


(16) 
where 


(17) 
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curve are valid, it has been pointed out in III that yp of 
Eq. (13) vanishes, ym becomes Ym,o, » of Eq. (14) 
equals 2+m,o0+4, and the Simon exponent B of Eq. (17) 
reduces to the value 


B= (67m, 0+1)/2(3¥m,0—1), 


obtained by Salter.!® For this case, Taylor expansion of 
the Simon equation yields 


P= (Tm/Tm,0—1)+4 (¥m,0—4)"(Tmn/ Tn, 0—1)"] 
+0[ (Tn/Tm,0— 1)*], (20) 


where O[ x] designates terms of order x or higher. With 
use of the relation Tn/Tm,o=(Vm,o/Vm)"" given in 
ITI, where Vm, is the initial value of V, one obtains 


— (Vin— Vim, 0)/Vm,0=OmPm—OmP me +OL Pm? }, (21) 
to the same order as Eq. (20), where 
Om= (GoK m,0)~; 
bm= (¥m,0+$) (GoK m, 0)’, 


are constants, in which go and K,,,» are the values of g 
and K,,, respectively, at the normal fusion temperature. 
The last two. relations yield Ym,o=bm/dn?’—%. The 
parameter y,, can be found directly from Eq. (21), by 
use of Eq. (3), when one notes that Km=— (Vm/q)dPm/ 
dV,, and one assumes q constant, as is done in the de- 
rivation of the Simon equation. The computation shows 
that Y¥m=)m/dn?—%=Ym,0 under this assumption, and 
thus that u4=0, only if the expansion of Eq. (21) is 
restricted to the terms shown explicitly, through second 
order. 

The last result means that Salter’s determination of 
the Simon exponent is valid only when the volume- 
pressure relation along the fusion curve is of the 
Bridgman form corresponding to the explicit terms of 
Eq. (21) ; thus, the evaluation can be applied in practice, 
for a large pressure range, only to relatively incompres- 
sible substances. In such a case, the Simon equation 
reduces to the terms shown explicity in Eq. (20). In 
contrast to the situation for the highly compressible 
alkali metals, one expects the range of pressure over 
which this approximation is valid to be large for the 
relatively incompressible metals, since the isothermal 
and isentropic equations of state of iron, for example, 
are of the Bridgman form up to at least 3 megabar.'® 

In III, it is shown that K,, and L/AV obey a law of 
reduced states for ym, corresponding to 


Kn /Km,0= (Vin, o/ Vim)", 
(L/AV)/a= (Vm,o/Vm)***. 


Use of these relations in Eq. (6) shows that I is constant 
when pz vanishes and g is constant. Since 7» is constant 
in this case, one concludes immediately from the 


(19) 


(22a) 
(22b) 


(23a) 
(23b) 


6 L, Salter, Phil. Mag. 45, 369 (1954). 
16 R, W. Goranson et al., J. Appl. Phys. 26, 1472 (1955). 
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connection (5) that 6 is constant under the same condi- 
tions. Thus, one expects 6 to be essentially constant for 
the relatively incompressible metals over the range of 
fusion pressure where the Bridgman relation of Eq. (21) 
is obeyed. 

It follows that the correct forms of Eqs. (15) and (18) 
for the relatively incompressible elements are obtained 
by taking u=0, and thus 6=0 from Eq. (12), and 
expanding both sides of the equations in question 
through terms of first order. Thus, one obtains 


— (p—po)/po= 45 (¥m,0-—43)1(T'm/Tm,0— 1), 


for p as a function of T,,, and 


(24) 


(25) 


for p as a function of P,,, where ad» is defined by Eq. 
(22a). These approximations should be valid over a 
pressure range comparable with that over which the 
Bridgman equation of state applies. 

The fact that approximate constancy of 6 can be 
shown only for the relatively incompressible elements 
suggests that this assumption for the alkali metals, 
which yields Eqs. (15) and (18), is not strictly valid 
in this case. 


aad (p 1 po)/po= 5amP m, 


III. NUMERICAL RESULTS 


In this paper, the Griineisen parameter 7», of the solid 
at fusion will be understood to be fixed by Griineisen’s 
law (4) applied to the solid at fusion (the identification 
of I’ as a Griineisen constant will not be adopted). The 
values of y and I shown in Table I are from I, except 
as otherwise noted in the cases of Pb and Al; the values 
of I for Hg are omitted. The table shows corresponding 
values of 6, d Inp/d InT,,, and d Inp/dP,,, as computed 
from Eqs. (5), (7), and (8), respectively, with use of 
data from I. 

If Pb and Al are excluded, one notes that the signs 
appearing for the three derivatives are as specified in 
Sec. Ii for normal and abnormal fusion curves. For 
elements of the former class, the values of 6 satisfy ym 
reasonably (except for Sn), so that Eq. (5) implies the 
relation Ym~T of I to a good approximation, in general. 
For the three elements (Ga, Bi, and Sb) with abnormal 
fusion curves, 6 is large and comparable with y»; in 
this case, the approximation y,~T fails. The zero 
entries in Table I imply merely insufficient accuracy in 
‘Ym and I to evaluate 5. These cases correspond (except 
for K) to relatively incompressible metals, and the 
accuracy of the data is not inconsistent with 6<0.1. 

In Table I, the first lines corresponding to Pb and Al 
show values of y», and I’ from I; anomalously, 6 is 
negative. It was noted in II that extrapolation to the 
melting point of data for these elements, determined 
ultrasonically for temperatures extending relatively 
close to the melting point, yielded bulk moduli signifi- 
cantly lower than those obtained by extrapolation of 
static compression data. The value of the relative 
volume change AV/V,, given in I for Al represents a 
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TABLE I. Values of derivatives corresponding to variation of the 
critical ratio p at fusion. 








d Inp/dPm 


ding/dinT», (megabar~) 


—0.09 —8 
—0.1 —8 
0 0 
—0.06 —1 
—0.17 —13 
—0.1 —0.4 
0 0 
0 0 
0 0 
—0.05 
(—0.2) 
0.80 
0.80 —5.s 
2.4 2. 


0 0 
0 0 


2 
3 





Got bo% 
4 n 

Se mein 
S Ca 
wh 


rs 
eo _ - 
cs 


= 
hed 
wm 


pre ~ ene so 
| 
PRNYOSRNE Seer oOmmrmr| 4 
S 
pe 


= 
we 
wm 


SScosrenSsccoosssocss|-~ 


_ a 
| 


RNNWARF OR NN RR RN Oe ee ee 
mn 
— 


DABS A= Se Res 


Dm oo m= 
a 
La 


a 








* From data of I, with use of the values Km =0.30 megabar from II and 
L =6.3 cal/g from reference 18. 

>From data of I, with use of the values Km =0.44 megabar from II, 
L =94.6 cal/g from reference 18, and AV =0.019 cm*/g from reference 19. 


mean given by Kubaschewski!’ from work of four 
investigators, and he noted that the value seems high. 
Futhermore, the entropy change given by Kubaschew- 
ski for Pb seems distinctly low relative to those for the 
other face-centered cubic elements, implying that the 
value of the latent heat L may be low. In Table I, the 
second lines for Pb and Al show determinations of y», 
by Eq. (4), from data of I but with values of K,, from 
II. The corresponding values of T from Eq. (6) were 
evaluated from data of I, except that values of Km 
from II were used, values of Z were taken from a com- 
pilation'* of data for metals of high purity, and AV in 
the case of Al was obtained from one” of the four 
sources used in Kubaschewski’s discussion. In both 
cases 6 vanishes within the accuracy of the data. For the 
alkali metals, where the accuracy is relatively high, all 
values of ym and I satisfy ['<ym<y, where y is the 
Griineisen parameter at normal temperature and pres- 
sure. With the revision of Table I for Pb and Al, all 
values of I’ and y,, satisfy this condition except those for 
Pb, where the discrepancy relative to 7 is marginal, and 
those” for Mg, Sn, and Sb. 

In Table II, the normal centigrade fusion tempera- 
ture ¢, 9 and the maximum value ¢», max determined by 
Bridgman” at the maximum experimental pressure 
Pm, max are shown for three alkali metals. The fractional 
changes in the critical ratio p computed from Eqs. (15) 


170. Kubaschewski, Trans. Faraday Soc. 45, 931 (1949). 

18 Metals Handbook (American Society for Metals, Cleveland, 
1948), p. 20. 

19M. Tépler, Ann. Phys. u. Chem. 53, 344 (1894). The value is 
the one cited in Handbook of Chemistry and Physics (Chemical 
Rubber Publishing Company, Cleveland, 1952), thirty-fourth 
eitidon, p, 1977. 

* Both T and ym are almost certainly high for Mg, since the 
extrapolated bulk modulus at melting given in I is only slightly 
below the normal value. 

21 P, W. Bridgman, Phys. Rev. 3, 153 (1914); 27, 68 (1926). 
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TABLE II. Variation of the critical ratio p along 
the fusion curve for three alkali metals. 








bn max = = 
vee, GN” 


Cs ; 98.5* 0.03 
Rb ; 95.9 0.02 
Na E 177.2 0.01 


Pm,max —(p —pr)/po 
kg/cm* Eq. (18) 


4000* 0.03 
3500 0.02 
12 000 0.01 











® Bridgman, reference 21. 


and (18) agree, as shown; values of 6 from Table I were 
used with other data” from III. Values computed by 
means of the approximations (24) and (25) disagreed 
between themselves and from those of Table II by the 
order of 50-100%. The sign obtained for the change of 
p with fusion temperature in Table II is consistent 
with that observed by Dugdale and Simon” for the 
change in Lindemann constant for solid helium, but the 
magnitude of the change implied by their data is 
greater in spite of a smaller temperature range. Note, 
however, that the melting temperatures they observe 
are significantly below the Debye temperature, so that 
variation of the quantization parameter Q,, of I properly 
should be taken into account. 


IV. DISCUSSION 


The values of 6 in Table I and of (po—p)/po in Table 
II for the alkali metals are sufficiently small so that the 
derivation of the Simon equation given in ITI is virtually 
unaffected, for the pressure and temperature range 
covered by Bridgman’s data. In general, the values of 
6 and y,, justify the approximation <v,, for elements 
with normal fusion curves. 

From Eq. (18) and the values of 5 in Table I, one 
obtains the result that p/po decreases to about 0.8 for 
Cs and Rb, and to about 0.9 for Na, at a fusion pressure 
of 100 kilobars (roughly the limit of pressure measure- 
ment in Bridgman’s experimental technique). If one 
assumes 6~0.1 for iron, consistently with the accuracy 
of the data in Table I, the ratio p/po for this relatively 
incompressible element at the same pressure decreases 
by only about one percent, from Eq. (25) with use of 
data from I. Thus, the conclusion stands that the 
reformulation given of the Lindemann law yields an 
excellent approximation in general, when 6 is assumed 
to vanish for elements with normal fusion curves. This 
fact is underscored by the success of the theory in 
predicting the complete inversion of the normal fusion 
order among the alkali metals at high pressure, as 
hypothesized from experimental data by Bridgman; 
aside from the Lindemann law, the prognostication 
required use only of the Thomas-Fermi equation of 
state and a common value of Poisson ratio for the alkali 


2 Values of ym,o and B were taken from the first and fourth 
columns of Table I, respectively; values of 8 were taken which 
correspond to » and » in the first two columns of Table II. 

a. 5 tines) S. ean and F. Simon, Proc. Roy. Soc. (London) A218, 
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metals.™ These considerations give some indication of 
the measure of confidence that can be attached to 
similar extrapolations in geophysical or astrophysical 
contexts.>~* 

This theory characterizes an element having an 
abnormal fusion curve as one in which the rate of change 
with volume of the critical ratio p along the fusion curve 
is large enough to exceed ym—}4, or d In[(u*)m }#/d INV m 
exceeds Ym. The examples among the elements are all 
loosely-packed, with relatively low coordination num- 
bers for Ga, Bi, and Sb, and the quite low value 4 for 
germanium” and silicon.” A correlation of low Griineisen 
constant with loose packing for the elements is known. 
Druyvesteyn has pointed out that this constant for the 
body-centered cubic elements is less than 1.8, while the 
reverse is generally true for the face-centered cubic 
elements.” He explained the effect qualitatively on the 
basis of a Lennard-Jones intermolecular potential; a 
more detailed explanation has been given by Zener.”® 
The correlation in question holds, in general, if the 
hexagonal close-packed elements and the rhombohedral 
elements As, Bi, and Sb are included in the com- 
parison.” Thus, one can strongly suspect an abnormal 
fusion curve for As, which shows the very low value 
0.19 for the Griineisen constant’ at normal pressure 
(where it sublimes on heating) ; in fact, the Griineisen 
parameter at the triple point must rise to at least } for 
this element, if a normal fusion curve is to be possible 
(since 6 is non-negative). However, that an abnormal 
fusion curve for an element may not be simply a matter 
of loose packing is shown by the fact that graphite 
apparently has a normal fusion curve,” although the 
coordination number (3 in the plane of the benzene 
rings) is less than that of Ge and Si. Nevertheless, one 
can suspect an abnormal fusion curve for diamond (in 
its region of stability), since the lattice type is the 
same as for Ge and Si. 


V. CONCLUSION 


The results of this paper and of II permit one to assess 
tentatively the significapce of the Lindemann law as 
reformulated from the Debye-Waller theory. It has 
been shown in II (on the basis of one counter-example) 
that the Lindemann constant is not strictly fixed over a 
lattice type. The results of this paper show that the 
variation of this parameter along the fusion curve does 
not vanish for the alkali metals, and is large for the 
elements with abnormal fusion curves. These facts 
mean that Lindemann’s original idea, that instability 


% J. J. Gilvarry, Phys. Rev. 102, 317 (1956). 

26 R.'G. Shulman and D. M. Van Winkle, J. Appl. Phys. 24, 224 
(1953); H. T. Hall, J. Phys. Chem. 59, 1144 (1955). 
( tas L. Goodman, quoted in Trans. Faraday Soc. 52, 885 
1956 

27M. J. Druyvesteyn, Philips Research Repts. 1, 77 (1946). 

28 C. Zener, Elasticity and A +e of Metals ’ (University of 
Chicago Press, Chicago, 1948), p. 3 

2H. Steinle and J. Basset, Z. - ew. Mineral. 2, 28 (1940); 
A. Neuhaus, Angew. Chem. 66, 532 (1954). 
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of the lattice sets in when the amplitude of the thermal 
vibration reaches some definite critical size, can be true 
for a normal fusion curve only in an approximate sense 
(it is not clear that the same statement can be made on 
the assumption” of instability caused by appearance of 
an imaginary lattice frequency in the Born-von Kaérman 
dynamics). However, the discussion of Sec. IV shows 
that the assumption of a fixed Lindemann constant 
along the fusion curve of a particular element represents 
an excellent approximation, in general, for elements 
with normal fusion curves when the lattice vibrations 
are classically excited. 

The same conclusion can be shown directly, within 
certain approximations, from the order-disorder theory 
of fusion given by Lennard-Jones and Devonshire* 
(independently of their derivation of a relation of the 
Lindemann form). The Simon equation has been ob- 
tained by Domb® from a variant of the theory of these 
authors, and by de Boer* from an approximation on 
their theory. By use of Bethe’s order-disorder approxi- 
mation, Domb obtained the value B=1+3/n for the 
Simon exponent on the assumption of a Lennard-Jones 
intermolecular potential in which m is the (negative) 
exponent of the replusive term and the attractive term 
is neglected. Griineisen’? has computed the Griineisen 
constant directly for such a potential as* (+2)/6 
(corresponding to Domb’s tacit neglect of coupling of the 
vibrational modes!”). With this value of Griineisen 


parameter, Eq. (19) from the Lindemann law yields 
exactly Domb’s result. On the same approximation of 
neglect of the attractive term, de Boer obtained B= 5/4 
for n=12, which agrees with Domb’s result and that of 
Eq. (19). Thus, these conclusions from approximations 


% J. H. C. Thompson, Phil. Mag. 44, 131 (1953). 

31 J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 
(London) A170, 464 (1939). 

32 C, Domb, Phil. Mag. 42, 1316 (1951). 

33 J. de Boer, Proc. Roy. Soc. (London) A215, 5 (1952). 

% Consistency with Griineisen’s general result (n+-m+3)/6 can 
be shown by noting that a term in the potential can be ignored in 
computation of the Griineisen constant only if it is of the harmonic 
form A (r—ro)*, where A is a constant and 7 is the normal value of 
the interatomic distance r (reference 12). An attractive term 
—2Aro/r™ can be brought into this form only by taking m= —1 
and including the constant Aro, which yields A (r—ro)? when the 
second-order term A?’ is neglected, consistently with the fact that 
r must be small relative to ro for the repulsive term to be dominant. 
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on an order-disorder theory are precisely those one 
obtains by assuming that the critical ratio p is constant 
along the fusion curve for a particular element. One 
expects the treatments of both Domb and de Boer to be 
valid at moderately high pressure, so that their discus- 
sions agree in principle with the method used by the 
author to obtain melting temperatures at high pressure 
from the Lindemann law (for 5=0), by use of the 
Thomas-Fermi equation of state.” 

Further, Fisher*® has given a theory of the stability 
of a liquid phase, which yields a fusion equation identi- 
cal in form with that of Simon. When the attractive 
term of a Lennard-Jones potential is ignored, he obtains 
Domb’s result B=1+3/n for the Simon exponent, in 
agreement with Eq. (19). In Fisher’s derivation, the 
properties of the solid do not enter. 

The view that fusion is due to instability of the lattice 
implies that prediction of fusion temperatures can be 
made from properties of the solid alone. However, the 
essential assumptions made by the author in developing 
the reformulation of the Lindemann law are the exist- 
ence of harmonic lattice vibrations of the solid, and, 
for the differential forms (5) and (9), the validity of 
Clapeyron’s equation; no assumption is made on the 
Gibbs free energy of the amorphous phase. Hence, 
certainly when the possibility of variable p is allowed, 
the theory should yield a general description of fusion, 
which is independent of the specific mechanism of the 
melting process.!® In consonance with this view, the 
Lindemann assumption of a constant critical ratio of the 
solid at fusion, the order-disorder model of Lennard- 
Jones and Devonshire for the fusion process, and 
Fisher’s theory of the stability of a liquid phase, all 
yield evaluations of the Simon exponent consistent with 
that obtained in III. 
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The coefficient of thermal expansion has been calculated quantum-mechanically for a linear chain of 
atoms interacting with their nearest neighbors through a Morse potential. 





T is well known that the thermal expansion of a 
lattice depends on its component atoms interacting 
with an anharmonic potential. For a diatomic oscillator 
in which the potential energy depends only on even 
powers of (J—J,), where / is the interatomic separation 
and Jo its equilibrium value, it is clear that the mean 
separation between the atoms will be constant, regard- 
less of the amplitude of its oscillation. The coefficient of 
thermal expansion of a lattice consisting of such 
oscillators would thus be zero. We see therefore that a 
nonvanishing coefficient of thermal expansion of a 
lattice must arise from asymmetric anharmonic terms 
in the interatomic potential. 
For a linear monatomic chain of particles with the 
following potential between two neighboring particles: 


VQ)=V (lo) +4 fe sgui+ (1/24) he, (1) 


where u= (J—J»), it can easily be shown classically’ that 
the mean interatomic separation at temperature T is 


UT) =ho+t (g/2f*)kT, (2) 


and it is usual to infer from this' that at all temperatures 
the coefficient of thermal expansion, a, is given by 


1 d 
a=——{I(T)—h]= 0 : (; 
> a (7) — b= (g/2f*)C(T) 3) 


where C(T) is the atomic heat at temperature 7, whose 
value is of course k at sufficiently high temperatures, 
but falls to zero as T—0. 

Recently a classical calculation of various properties 
of a linear chain of particles interacting with a Morse 
potential, 

V(u)=D(i-e)?, (4) 


between two neighboring particles has been made by 
Dugdale and MacDonald.? The purpose of the present 
note is to show that a result analogous to (3) can easily 
be obtained by a simple but rigorous quantum me- 


* Supported in part by the Geophysics Research Directorate 
of the Air Force Cambridge Research Center. 

1 See C. Kittel, Introduction to Solid State Physics (John Wiley 
and Sons, Inc., New York, 1953), p. 78; or G. Leibfried, Handbuch 
der Phystk (Springer-Verlag, Berlin, 1955), Vol. 7, Part I, pp. 
104 ff., Secs. 81-83. 

( ofp. Dugdale and D. K. C. MacDonald, Phys. Rev. 96, 57 
1954). 


chanical calculation for the interaction potential (4). 
The eigenfunctions and eigenvalues of (4) are known,’ 
and the calculation of the mean separation #= (J—1o)s, 
at temperature T can be carried out without making 
any mathematical approximations. 
The eigenvalues of the Morse potential (4) are 
E,=holn+}3—x(n+})*]. 
w=a(2D/u)'!, w=reduced mass, (5) 
x=hw/4D, : 
where x~10~ gives a measure of the anharmonicity‘; 
clearly x«=0 for a harmonic oscillator. The separation 


u=I—Ily between two neighboring atoms in the mth 
quantum state is given by the expression 


tte f [vn(u) [udu 


1 n on 
= = ins > > (-1)" 
a 


k=0 l=0 
XC.(R DV (Ba— 1+H+0 | 


(6) 
Banil (B,+n+ 1)T (8, +k+)) 


k1(n—B)U(n—D IP (Bn+k+1)0 (Bx tI+1)" 
Ba=(1/x)—2n—1, 





C,(k;h) = 


d 
WV (z)=— InT'(z+1), 
dz 


and from this one can find the mean value #(T) by 
the relation 


a(T)= (1/Z) don Unn exp(—E,/kT), 
Z=>.,exp(—E,/kT). (7) 


A specifically quantum mechanical evaluation of u(T) 
of (7) is of interest in the low-temperature region, where 


3See Ta-You Wu, Vibrational Spectra and Structure of Poly- 
atomic Molecules (Edwards Brothers, Inc., Ann Arbor, 1946), 
p. 51; and Proc. Phys. Soc. (London) A65, 965 (1952). 

4 Estimates for D, a, w, and x for several substances have been 
made, and are available on request. We find x0.002 for NaCl, 
0.01 for Cu, and 0.02 for Na. 
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only the lowest states m are excited. Let us expand 
Unn in powers of x, and here (6) gives the result 


Otnn= A pt t+B,7+0(2°), 
An=3(n+}), Ba=(7/2)[W?-+n+ (13/42)]. (8) 
For the low states nx<1, we have 
E,=hw(n+4), 
Unn= (3x/a) (En/hw)+0(2?), (9) 


and thus at low temperatures (7 < Debye temperature), 
Eqs. (7) and (9) give the result 


3re 
i(T)=——_ 9 E,, —E,/kT)+0(x? 
u(T) Thole exp(—£,/kT)+0(2") 


(10) 
Rae )+0(x*) 
hw in 
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It follows from this that at low temperatures the 
coefficient of thermal expansion is given by the 
expression 


1d 3x 
a=—— i(T)=—-C(T)+0(#*), (11) 
ly dT alches 


where C(T) is the specific heat of an oscillator at tem- 
perature 7. It is clear that the expansion in powers of 
x and the approximation (9) is not necessary in the 
present method, except as a demonstration that the 
inference (3) is correct for the present model to terms 
of order x, and also to show how correction terms of 
order x can be calculated. At high temperatures, 
where states of large quantum number » are excited 
so that (9) is no longer a good approximation, a 
quantum-mechanical calculation is probably not neces- 
sary; but it may actually be easier to carry out the 
present quantum-mechanical calculation than the corre- 
sponding classical treatment.” 
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For fields several times the coercive force, magnetization reversal in thin films takes place by domain 
rotation. A phenomenological theory based on a modification of the Landau-Lifshitz equation of motion 
shows that the reversal time for this type of magnetization reversal will be proportional to the damping 
constant of the modified equation of motion. This damping constant is in turn proportional to the ferro- 
magnetic resonance absorption line width. Experimental measurements on evaporated films of three differ- 
ent alloy compositions demonstrate this predicted proportionality of the reversal time and the resonance 


line width. 


The shift in the value of the resonant field strength at constant frequency as a function of film thickness 
was also investigated. This shift can be attributed to a decrease in the saturation magnetization, 4rMo. The 
results indicate that the saturation magnetization remains reasonably constant down to a film thickness of 
about 10-5 cm, and then decreases rapidly. The resonance line widths of the thickest and the thinnest films 


tested of a given composition were about the same. 


I. INTRODUCTION 


N recent years there has been considerable interest 
in the magnetic properties of thin films and ribbons 
of the ferromagnetic elements and their alloys. The 
reason for this current interest is twofold: (1) the 
physics of domain structure and magnetization re- 
versal mechanisms in thin films is not well understood 
and existing theories do not explain all observed phe- 
nomena; (2) thin films of magnetic material show 
promise as core materials for gating devices and two- 
dimensional magnetic memory matrices. 
One key to better understanding of these processes 
is a meaningful correlation between directly observed 
magnetization reversal times in thin films and reversal 


* Work supported by the Office of Naval Research and the 
Navy Bureau of Ordnance. 


times deduced from a phenomenological equation of 
motion of the magnetization vector. The present paper 
presents an approach to this problem. 

The time required for the reversal of the direction of 
magnetization in thick sheets of conducting ferro- 
magnetic material is inversely proportional to the 
square of the thickness because of eddy current effects, 
but it has been found that the reversal times of films 
less than about 3X10~‘ cm thick are independent of 
film thickness. A ferromagnetic damping effect rather 
than eddy-current effects appears to control the reversal 
process of such thin films. It is hypothesized that the 
absorption of energy in the ferromagnetic resonance 
experiment is brought about by the same damping 
mechanism and that, as a result, the reversal time of 
thin films is related to ferromagnetic resonance line 
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width, which is a measure of the resonance energy 
absorption. Moreover, the reversal time will also 
depend on the path of the reversal process, that is, the 
positions and motions of domain walls and the amount 
of reversal by domain rotation. The path of the reversal 
process is in general quite complicated, but there are a 
few cases in which the path is relatively simple. It was 
demonstrated in a previous experiment’ that mag- 
netization reversal in very thin films can take place by 
a simple domain rotation. Later experiments show that 
this is the mechanism only when the reversing field is 
greater than a certain critical value. 

The ferromagnetic resonance experiment is very use- 
ful in the study of ferromagnetism because the large 
magnetic field used in the experiment causes the speci- 
men to be magnetized as a single domain, and thereby 
simplifies the interpretation of the experimental re- 
sults. The experiment is particularly well suited to the 
study of thin films of conducting ferromagnetic ma- 
terials because of the small skin depth of the microwave 
fields used in the experiment. Since the microwaves 
penetrate only a short distance, the thinness of the film 
does not cause any difficulty. 

Although a considerable amount of comprehensive 
work? has been done on magnetization reversal in thin 
rolled ribbon, very little is applicable to this work on 
evaporated films, since the thinnest roiled ribbon is an 
order of magnitude greater in thickness than the films 
employed in these measurements. There exist few pub- 
lished references to the magnetics of evaporated films, 
but the authors acknowledge the definitive work on 
the theory of domain structure in thin films by Kittel,* 
some interesting measurements published by Griffiths 
on the ferromagnetic resonance of thin films of nickel 
evaporated onto mica substrata, the theory of Klein 
and Smith on the magnetization of thin films,® and the 
work of Fowler and Fryer on the domain structure of 
thin films.’ 

In this paper, a theory is presented which correlates 
the ferromagnetic resonance line width with the reversal 
time of thin films for reversing fields greater than the 
above critical value. Experimental results of measure- 
ments of reversal times and resonance line widths are 
presented for a series of alloys of iron, cobalt, and nickel. 
These experiments give support to the theory. 

In addition to the relationship between the reversal 
time and the resonance line width, the effect of film 
thickness on the resonance absorption curve is pre- 
sented and the effect of magnetic anisotropy on the 
reversal times and hysteresis loops of the film is 
considered. 


1R. Conger, Phys. Rev. 98, 1752 (1955). 

2N. Menyuk, J. Appl. Phys. 26, 692 (1955). 

3 J. Kelley and T. Chibert, Armor Research Foundation Report 
No. 13, Project A 043 eg 

*C. Kittel, Phys. Rev. 70, 965 (1946). 

5 J. H. E. Griffiths, Physics 17, 253 (1951). 

® M. J. Klein and R. S. Smith, Phys. Rev. 81, 378 (1951). 

7C. A. Fowler and E. M. Fryer, Phys. Rev. 94, 52 (1954). 
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II. PREPARATION OF FILMS 


The thin films of magnetic material were prepared by 
vacuum evaporation from premelted slugs of the alloy 
under investigation. Reagent grade metals (iron, 
nickel, and cobalt) were combined in the pre-melt in the 
proper ratio to yield the desired percentages in the film. 
The percentages in the slug must be different from those 
desired in the film since the constituents of the alloy 
have different distillation rates. The evaporation tech- 
nique has been described in detail by Blois*; therefore, 
the authors will present only an outline of the process 


. in this paper. 


An alumina crucible is charged with the pre-melt slug 
and placed within the coil of a 4-kw radio-frequency 
induction heater. A soft glass substrate is fixed in 
position 10 inches above the crucible, flush against a 
substrate heater. The apparatus is enclosed in a bell 
jar which is subsequently pumped down to a pressure of 
from 10-* to 10 mm Hg, this pressure being adequate 
to assure that the mean free path of the evaporated 
metal atoms is considerably longer than the distance 
from crucible to substrate. Once the system has reached 
the given pressure, the substrate is heated to a uniform 
temperature of from 300°C to 400°C. It is found that 
this increases the adherence of metal to glass and tends 
to anneal the film. The thickness obtained during the 
course of the evaporation is monitored by observing 
the change in resistivity of the slide as the film builds 
up. An evaporating time the order of a minute is re- 
quired to build a film 5000 angstroms in thickness. 
The films thus obtained and employed in the following 
experiments have a mirror-like surface, and the elec- 
trical conductivity measurements mentioned above 
seem to indicate that the films, at least at the thick- 
nesses employed here, are continuous layers. Thickness 
and chemical composition of the films are determined 
by colorimetric chemical analysis. A few thickness 
measurements were checked by optical interference 
methods. These optical measurements were within a 
few percent of those made by chemical analysis. 
Hysteresis loops of the film are determined by the use 
of an apparatus similar to that used by Crittenden.’ 
The films have coercive forces of a few oersteds. 


III. RESONANCE MEASUREMENTS 


Ferromagnetic resonance measurements were per- 
formed in order to determine the value of the phenom- 
enological damping constant, a, in the Landau-Lifshitz 
equation” 


dM/dt=y~(MXH)-—(ey/M)[MX(MXH)], (1) 


*M. S. Blois, J. Appl. Phys. 26, 975 (1955). 

® Crittenden, Hudimac, and Strough, Rev. Sci. Instr. 22, 872 
(1951). 

11. Landau, and E. Lifshitz, Physik. Z. Sowjetunion 8, 153 
(1955). 
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where ¥ is the gyromagnetic ratio, M is the saturation 
magnetization, and H is the effective magnetic field. 
Equation (1) is assumed to be the basic equation of 
motion. A calculation similar to that of Yager et al." 
shows that the damping constant, a, is related to the 
half-width of the ue vs H curve at half its maximum 
amplitude, AH, by 

a~yAH/w. (2) 


ue is the imaginary part of the isotropic permeability 
M=y1—jue and w is the resonant frequency. However, 
due to the skin effect, the microwave field penetrates 
only 10-5 to 10~* cm into the film, and as a result the 
resonance measurements yield the dissipative part, u,, 
of the effective permeability rather than the imaginary 
part, ue, of the isotropic permeability on which Eq. (2) 
is based. Kittel? shows that the relationship between 
u, and the two terms y; and uz is given by 


wr= [ute ]!+ pe. (3) 


The relationship between yu; and we near resonance 
can be obtained from the equation of motion (1). 
From this result and (3) it can be shown that when the 
ae curve drops to half its maximum amplitude near 
resonance, the u, curve drops to approximately 0.60 
of its maximum amplitude if it is assumed that the 
resonance value of ue and also the values of wu; and pe 
at half-resonance are much greater than 1.0. Experi- 
mental evidence™ indicates that this is the case. 

The determination of the experimental (u,) reso- 
nance curve will now be described. The ferromagnetic 
resonance apparatus is similar to that used by Bloem- 
bergen” in his work with supermalloy and nickel. The 
measurements to be described have been made at 
X band (9300 mc/sec). The use of two high-grade 
directional couplers and a ratio meter have allowed 
direct and continuous measurement of the fraction of 
the energy reflected from the cavity. The reflection 
coefficient is defined as 


pi=(P,/Pi)', (4) 


where P, and P; are the reflected and incident power 
respectively. The ratio meter measures the quantity 
|pi|. The voltage standing wave ratio is defined as 


B= (1+|p;|)/(1—|p;]). (S) 


It can be shown by following in detail the text of 
Slater that the voltage standing-wave ratio (VSWR) 
is related to the external Q and the unloaded Q of the 
cavity into which the microwave system is feeding 
power. Specifically, at microwave resonance, 


B= Q:/ Qa, (6) 


11 Yager, Galt, Merritt, and Wood, Phys. Rev. 80, 744 (1950). 

12 C, Kittel, Phys. Rev. 73, 155 (1948). 

18.N. Bloembergen, Phys. Rev. 78, 572 (1950). 

“J. C. Slater, Microwave Electronics (D. Van Nostrand and 
Company, New York, 1950). 
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TaBLE I. Phenomenological damping constants as calculated 
-_ ferromagnetic resonance data for three evaporated film 
alloys. 








Alloy 
80% Ni, 20% Fe 60 


48% Ni, 30% Fe, 22% Co 90 
85% Co, 15% Fe 330 


AH (gauss) a 


0.0195 
0.0292 
0.1102 











where Q, is the external Q of the cavity and Q, is the 
unloaded Q of the cavity. Q, takes into account losses 
in the sample as well as in the other components of the 
cavity. The VSWR, 8, is determined from the experi- 
mentally determined values of p;, with the aid of 
Eq. (5). 

To establish a base line for the resonance curve, a 
value f’ is taken at a high field, H., where no ferro- 
magnetic resonance is occurring. Again referring to 
the work of Yager," the value 1/0,—1/Q,’ represents 
the energy dissipated in the ferromagnetic medium, 
where Q,’ is measured at the high magnetic field. This 
quantity is proportional to u,, the imaginary part of 
the effective permeability. 


1/Qa—1/Qa' = Ku= (8—8')/Q:, (7) 


where K is a constant. The increase in field strength 
needed to decrease wu, from (ur)max to 0.6 (ur)max iS 
needed in order to calculate a. Equation (7) shows that 
uy will be a maximum for 6 maximum, and will decrease 
proportionally with 8. Experimental values of a were 
determined from measurements of the half-width of the 
6 curve at 0.60 of maximum resonance amplitude, AH. 
Table I shows the values of a calculated for three alloy 
films, each of which was between 10~ and 2X10 cm 
in thickness. The microwave frequency was 9300 
mc/sec. At this frequency the microwave skin depth is 
less than 10~* cm. The values of g for these alloys, 
needed to determine the gyromagnetic ratio, y, are not 
known precisely. For the (80% nickel, 20% iron) film, 
g=2.16, as obtained by Bloembergen" for mopermalloy, 
was used. For the (85% cobalt, 15% iron), g for pure 
cobalt,!® 2.22, was assumed. No data on g factors for the 
perminvar system (FeCoNi) were found in the litera- 
ture, but it is reasonable to assume that it will be close 
to that for permalloy (2.16), and the value is used here 
for the (48% nickel, 22% cobalt, 30% iron) film. 
Figure 1 shows in detail the resonance curve for 


(80% Ni, 20% Fe). 


IV. SATURATION MAGNETIZATION OF EVAPORATED 
FILMS OF MAGNETIC ALLOYS 


The saturation magnetization of minute samples of 
magnetic materials may be obtained directly from ferro- 
magnetic resonance data. A principal result of the 
ferromagnetic resonance theory is the expression re- 
lating the static magnetic field, the magnetization, and 


18R. M. Bozorth, Ferromagnetism (D. Van Nostrand and Com- 
pany, Inc., New York, 1951). 
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Fic. 1. Ferromagnetic resonance line for evaporated film of 
(80% nickel, 20% iron) 10 000 angstroms thick. (The magnetic 
field was taken to 7000 gauss, with 8 remaining the same as that 
shown for H = 2000 gauss.) 


the Larmor (applied rf) frequency at the point of 
resonance : 
w= Ho (Hot 43M) e (8) 


This expression is admittedly an approximation, 
since it does not take into account the effects of crystal- 
line anisotropy. It is felt that the anisotropy is small for 
the alloys considered. 

Ferromagnetic resonance curves were obtained for 
five different thicknesses of the (80% nickel, 20% iron) 
alloy. The measurements were made in the X-band 
region (f=9305+2 mc/sec). The purpose of this set 
of measurements was to determine the way in which 
saturation magnetization and ferromagnetic resonance 
line width vary as a function of film thickness. Figure 2 
shows 41M, as a function of film thickness. It will be 
noticed that the magnetization is fairly constant down 
to thicknesses the order of 1000 A; below this value 
4M, decreases very rapidly. 

Klein and Smith*® have calculated by means of the 
Bloch spin-wave theory the dependence of the spon- 
taneous magnetization of thin films upon the number of 
atomic layers. Below a critical thickness, which de- 
pends on the temperature and film dimensions, the 
magnetization decreases rapidly. This is verified by the 
results obtained with ferromagnetic resonance as shown 
in Fig. 2. Crittenden and Hoffman'® show a plot of 
normalized magnetization vs thickness (number of 
atomic layers) for Ni films. From their data the value of 
4rM, becomes essentially equal to that of bulk ma- 
terial in the neighborhood of 200 atomic layers. The 


16 E. C. Crittenden and R. W. Hoffman, Revs. Modern Phys. 
25, 310 (1953). 


results obtained with ferromagnetic resonance show 
that for (80% Ni, 20% Fe) films, the knee of the curve 
would occur around 1000 angstroms for the (80% Ni, 
20% Fe) films, corresponding to about 500 atomic 
layers. The reason that this value of critical thickness 
differs from that obtained by other techniques for 100% 
nickel films is not known, except that the film com- 
position may be a factor. It can be seen, however, that 
there is qualitative agreement in that both show a sharp 
decrease in saturation induction for very thin films. 


V. DIRECT MEASUREMENT OF MAGNETIZATION 
REVERSAL TIMES 


The magnetization reversal times of thin evaporated 
films of some alloys of iron, cobalt, and nickel as a 
function of the applied reversing field have been meas- 
ured, and some of the results are reported here. In this 
experiment the films are first magnetized in a certain 
direction, and then a reversing magnetic field in the 
form of a rectangular pulse is applied in the opposite 
direction. The time required for the magnetization of 
the film to be reversed by the action of this pulse is the 
reversal time. The reversal and reset pulses had rise 
times much less than the magnetization reversal time 
of the magnetic film. In view of this the reversal pulse 
may be considered a step function. 

A pulse generator is connected to a 50-ohm termi- 
nating resistor in series with a driving coil. The driving 
coil consists of a 12-turn solenoid wound around a } in. 
by } in. square cut from the evaporated film and its 
glass substrate. The rise time of the current pulse 
through the drive coil is increased by the inductance of 
the coil to several millimicroseconds. A field in the 
opposite direction to return the core to its initial condi- 
tion after each pulse is provided by a reset pulse of 
opposite polarity supplied by the same pulse generator. 

When the direction of magnetization in the film 
reverses, a voltage pulse is induced in a one-turn pickup 
winding placed around the film. The voltage from this 
pickup winding is amplified and then observed on a 


xios 


Fic. 2. Saturation 8008 nickel. 2 as a function of film thickness 
0 


for the ( nickel, 20% iron) composition. 
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cathode-ray oscilloscope, from which the reversal time 
measurements are obtained directly. 

In using this apparatus, the oscilloscope trace is ob- 
served first with the reset pulse omitted. For this case 
there will be no magnetization reversal. The difference 
between this result and the trace when the reset pulse is 
used is the reversal pulse. 

Figure 3 shows the type of result obtained with this 
apparatus for a film of (85% Co, 15% Fe), 2500 A in 
thickness. Trace (a) shows the reversal pulse; trace (b) 
the nonreverse condition. Since the calculations indi- 
cate that the reversal time is actually infinite [see 
Eq. (16) ], the experimental switching time is defined 
as the pulse width at half-amplitude. 


VI. PHENOMENOLOGICAL THEORY OF 
MAGNETIZATION REVERSAL 

This theory is applicable only to thin sheets of ferro- 
magnetic alloys in which eddy-current effects can be 
ignored. Eddy-current effects cause the reversal times 
of thick sheets of conducting ferromagnetic material 
to be inversely proportional to the square of the thick- 
ness of the sheet, but it has been found that the reversal 
times of films less than about 3X10~ cm thick are 
independent of film thickness. Ferromagnetic relaxa- 
tion effects rather than eddy-current effects appear to 
control the reversal process of such thin films. 

The reversal time will depend on the mechanism of 
the reversal process. As shown by one of the authors,' 
magnetization reversal in thin films appears to take 
place by domain rotation for sufficiently large fields. 
This theory is based on the model of reversal by domain 
rotation with the reversal time controlled by ferro- 
magnetic relaxation effects. 

When a large magnetic field is applied to a ferro- 
magnetic material, the magnetization vector of the 
material executes a damped precessional motion about 
an axis parallel to the direction of the applied field. A 
large damping term in the equation of motion for mag- 
netization will damp out the precession quickly and 
allow the magnetization vector to approach the direc- 
tion of the applied field rapidly. But if a small field 
rather than a large field is applied to the ferromagnetic 
material, the system may become overdamped and 
precession will not take place. Under these circum- 
stances a large damping term will decrease the rate at 
which the magnetization vector approaches the direc- 
tion of the applied field. Thus the action of the damping 
term at low fields is opposite to its action at high fields. 

The demagnetizing field normal to the surface of a 
flat plate of ferromagnetic material will tend to restrain 
the magnetization vector to the plane of the film. As a 
result, the precessional motion at high field strengths 
has a superimposed wobble while at low field strengths 
the motion is almost completely a rotation in this plane. 
Therefore, the equation developed for the low-field case 
is an equation for rotation in the plane of the film. 

The effect of anisotropy can be ignored for isotropic 
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Fic. 3. Reversal signal for 10 000 A (85% cobalt, 15% iron) film. 
(a) Reversal signal; (b) nonreversal condition. 


materials like permalloy but for other materials it 
cannot be ignored. It is shown that the effect of anisot- 
ropy is to increase the experimentally determined 
reversal time at low fields. 

The mathematical details are now presented. 

Let the film be in the x, z plane and the reversing 
field H, be in the z direction. There will be a demag- 
netizing field —4rM, normal to the film surface. The 
total field H, to be used in the Landau-Lifshitz equa- 
tion of motion (1), is 


H=—4rM,j+ 4k, 


where j and k are unit vectors in the y and z directions. 
The magnetization will stay almost completely in the 
plane of the specimen. In this case, 


M?7+M/=M¢. (9) 


The introduction of the angle @ gives the direction of 
magnetization in the plane of the specimen: 


M,=M,gj siné, 
M,= Mp, cosé. 


(10) 
(11) 
(12) 


Then ; : 
M?2+M2Z=M°. 


Values of M, and M, can be substituted from the equa- 
tions of motion. Making use of (9) and H,<«<4rM,, 
one finds 

6=7(4rM,—aH,M,/M»). 


This expression is differentiated, and again use is made 
of the Landau-Lifshitz equation, where it is assumed 
that 

4nM ,’K4rM(°M, and M,H,M,K4rM My, 
In this way one obtains finally 


6= —49y?M.H,(1+a2) sind—ayb4rM o. 
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Assume, in agreement with experimental observation, 
that a@ is so large that the system is overdamped. The 
term 6 may then be dropped, and 


6+[yH,(e?+1) sin@]/a=0. (13) 


This equation describes the magnetization reversal. 
Since experimentally the quantity M, is measured, 
Eq. (13) is rewritten as 


M./(M?—M2)=7H,(e+1)/Mea. 
Integration gives 
vH, 
M.=M, tanh| —(a?+1) (t—t) ; 
a 


(14) 


(15) 


where % is the time that the z component of mag- 
netization passes through zero. The derivative 


HM (2 (oe —to 
PR care Se +E “) (16) 





a a 


has a maximum at /=¢ and is approximately Gaussian 
around this point. The tails are exponential. The re- 
versal time T will be defined as the width of the curve 
(16) where M, has been dropped to half its maximum 
value, 

T=1.76a/[yH,(a?+1) ]. (17) 


In all the previous calculations the effects of anisot- 
ropy have been ignored. This is justified for low- 
anisotropy alloys like permalloy, but is not justified 
for some other alloys. 

For example, it has been found that films of (85% Co, 
15% Fe) and (48% Ni, 30% Fe, 22% Co) evaporated 
in the presence of a magnetic field have very definite 
hard and easy directions of magnetization, even though 
x-ray diffraction patterns show that the films are poly- 
crystalline with small crystals oriented randomly. The 
direction of easy magnitization is rotated 90° with 
respect to the hard direction, in the plane of the film. 

This uniaxial anisotropy is probably the result of an 
interaction of strain and magnetostriction. The films 
are prepared by evaporating magnetic alloys onto soft 
glass substrates placed in a magnetic field of a few 
oersteds and heated to between 300°C and 400°C. 
The magnetic field will cause the films to be magnetized 
in one direction as they form. As the films cool they will 
be strained because of the different coefficients of ex- 
pansion of the soft glass and the film, but this strain 
will be isotropic in the plane of the film as long as the 
material is magnetized in the initial direction. If the 
film is magnetized in any other direction, magneto- 
striction will cause an additional strain to be intro- 
duced, and stress associated with such a strain will tend 
to prevent the film from being magnetized in any direc- 
tion other than the initial direction. 

Such a uniaxial anisotropy can be expressed by an 
equation of the form 

f=K sin’, 
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where f is the anisotropy energy, K is the anisotropy 
constant, and @ is the angle between M and the axis of 
easy magnetization. The case in which the film is in the 
(X,Z) plane and the easy direction of magnetization 
is in the Z direction will be considered first. The effect 
of uniaxial anisotropy can be represented by an anisot- 
ropy field defined by the equation: 


0f/d0=MXHa, (18) 


where @ is the angle between M and the direction of 
easy magnetization and Hy, is the anisotropy field. 
Since this equation does not define H, completely Hu 
will be chosen to be in the Z direction. @ will then be the 
angle between M and the Z axis. For this case Eq. (18) 
can be written in the form: 


2K siné cosd= M oH « siné, 
so that 


H4=(2K/M¢) cosé. (19) 


For the case in which the direction of easy magnetiza- 
tion is in the X direction, H4 will be given by a some- 
what different equation : 


Ha=—(2K/Mo) sind’, (20) 


where @” is the angle between M and the X axis. 

These anisotropy fields can be added to the applied 
magnetic field to account for the effect of anisotropy. 
For the ferromagnetic resonance experiment, the angle 
between the direction of M and the direction of the 
applied field (the Z axis) is always small, so that if the 
direction of easy magnetization is in the Z direction 6 
will be small while if the direction of easy magnetization 
is also in the X direction 6’ will be approximately 2/2. 
Thus in the first instance H4=2K/Mo, while in the 
second instance H 4= —2K/Mo. These added anisotropy 
fields will not affect the resonance line width, but will 
shift the position of the resonance peak. 

Films of high-anisotropy materials, such as pure 
cobalt, could not be used in the reversal-time experi- 
ment. The reason for this is that the coercive field of 
the cobalt films was so high (>30 oe) that driving 
fields obtainable with the reversal time apparatus were 
not sufficient to reverse the direction of magnetization. 

In reversal-time experiments, 6 and 6’ will change by 
m radians, and hence Eqs. (19) and (20) must be used 
for the anisotropy fields. The case in which the applied 
field is in the direction of easy magnetization (the square 
hysteresis loop direction) will be considered first. By 
using the fact that cos#=M,/Mo, Eq. (14) becomes 


M./(Mé—M?)= (y/aoMo)(H,+2KM,/M@), (21) 


when the anisotropy field of 2KM,/M¢ is added to the 
reversing field of H,. For reasons which will appear in 
Sec. VII, the term a/(a*+1) has been changed to ao. 
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Equation (21) can now be rearranged and integrated. 


f dM, f i: 
= dl. 
(M?—M?)(H,+2KM,/M¢) aoM o 





In the reversal experiment, M, starts at —Mpo and H, 
has the opposite direction to the initial direction of M,. 
For the case in which 


|H,|<2K|M,|/M¢, 


the limits on the integrals are from M,=—Mp at 
t=—« to M,=—H,M°/2K, at each point the integral 
has a singularity and the time again becomes infinite. 
For the case in which |H,|>2K|M,|/M¢ this singu- 
larity does not occur, and the limits are from M,= —Mo 
at (=—« to M,=Moatt=+o. 

The first set of limits corresponds to a reversing field 
too small to overcome the anisotropy field, so that 
magnetization reversal does not take place. The second 
set corresponds to a reversing field large enough to over- 
come this anisotropy field and then produce magnetiza- 
tion reversal. A material which behaved this way would 
have a rectangular hysteresis loop in the easy direction 
of magnetization with a coercive force of 2K/Mo. 
When the reversing field is applied in the plane of the 
film and in the difficult direction of magnetization the 
anisotropy field is —2K/Mpo rather than +2K/Mp; 
thus, the term 2KM,/M? in Eq. (21) changes sign. For 
|H,|<2K|M,.|/M¢ the limits are M,==+H,M,?/2K 
at =+ respectively. As H, is increased, the amount 
of reversal increases until complete reversal takes place 
when |H,| $2K|M,|/M¢ and the limits on M, then 
become +Mo. A material which behaved in this way 
would not have a hysteresis loop in the difficult direc- 
tion of magnetization, for the magnetization would then 
be a single-valued function of the reversing field. 

It follows from the above equation that a reversing 
field strong enough to reverse the magnetization when 
applied along the easy axis will also reverse the mag- 
netization when made alternately positive and negative 
along the hard axis. 

The observed hysteresis loops of the evaporated films 
have some area in the difficult direction, and the field 
needed to drive the film to saturation in the difficult 
direction is always greater than the coercive force in 
the easy direction. Thus, the above calculation will not 
account for all the properties of the observed hysteresis 
loops. The field needed to drive the film to saturation in 
the difficult direction is a measure of the anisotropy 
field. It follows that in the easy direction the film is 
reversing in a field less than that required for reversal 
by domain rotation, for some films much less. 

A reversal time 7’ will now be defined as the time 
required for M, to go from — M)/V2 to +M)/v2. From 


Eq. (21), T’ will be given by the equation 


ao 
y 


yf (2K/My)?— He] 
2K [ee] (22) 


Xj; —1.76H,+— In 
M, L(v2H,—2K/Mo) 








For K=0, this equation reduces to the equation 
T’=1.76a0/7H,, (23) 


which is the same as Eq. (17), since ao=a/(a’+1). For 
H,>2K/Mo, the result will be approximately the same. 

For H, only slightly larger than 2K/Mo, the above 
definition of T’ will be about the same as the previous 
definition of the reversal time 7, the half-width of the 
M, pulse. 

But it is shown above that for H,<2K/Mbo, 1/T is 
zero, while 1/7” as calculated from Eq. (22) may be 
greater than zero. The reason for this difference is that 
in the reversal time experiment, M, starts at approxi- 
mately — Mp rather than at the —M>/v2 limit of the 
integral of Eq. (21). When H,<2K/Mo, the mag- 
netization reversal cannot get started against the 
restraining force of the anisotropy field. If reversal 
started at M,=—M)/v2, then Eq. (22) would still 
apply for H,<2K/Mo, but with M, starting at about 
— Mbp, Eq. (22) applies only for fields large enough for 
reversal to take place at all. Thus, a graph of 1/7’ 
as a function of H should drop abruptly to zero at 
H=2K/M¢. 


VII. COMPARISON OF REVERSAL-TIME THEORY 
AND EXPERIMENT 


In this section a comparison between the measured 
reversal times of thin films and reversal times calcu- 
lated by the use of the preceding theory will be pre- 
sented. In making this comparison evaporated films of 
three quite different alloy compositions were used. 

A film of 80% Ni and 20% Fe showed no observable 
uniaxial anisotropy, and therefore the measured re- 
versal times of this film as a function of driving field 
were compared with reversal times calculated by the 
use of Eq. (23). The other two films both contained 
cobalt, and both showed a uniaxial anisotropy. There- 
fore the reversal times of these films were compared 
with results calculated by the use of Eq. (22). 

The magnetization reversal measurements on the 
thin films of (80% Ni, 20% Fe) show that the reversal 
time of this film is approximately inversely propor- 
tional to the reversal field, H, as indicated by Eqs. (17) 
and (23). Also Eq. (16) is the equation of a curve that 
has the same shape as the experimentally observed 
reversal pulse, and therefore this equation describes 
the shape of the reversal pulse qualitatively. But, if a 
value for the damping constant, a, is taken from ferro- 
magnetic resonance experiments and substituted into 
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H (ORIVING FIELD IN OERSTEDS) 


Fic. 4. Inverse switching time as a function of reversing field 
for (80% Ni, 20% Fe), (48% Ni, 27% Co, 25% Fe), and (85% Co, 
15% Fe) films. 


Eq. (17), the resulting calculated reversal time, T, 
does not agree with the measured value. For example, 
the measured reversal time of this evaporated film of 
(80% Ni, 20% Fe) is 0.95 10-7? second when H is 5.0 
oersteds. If these values for T and H are substituted in 
Eq. (17) and the equation is then solved for a, it is 
found that a has the complex value of 0.0970.997 j. 
But if a is determined from ferromagnetic resonance 
measurements on the film, it is found that it has the 
real value 0.0195. 

The difficulty of the complex damping constant can 
be removed by replacing the damping term of the 
Landau-Lifshitz equation of motion, Eq. (1), by a 
different damping term suggested by Gilbert.!” The 
new equation of motion becomes 


dM ao dM 
—=1(MxH)-—(Mx—). (24) 
di M dt 

Equation (24) can be changed into a form similar to 


the Landau-Lifshitz equation by taking the cross 
product of M and the terms of Eq. (24). Then 


dM 
Mx =o Mx (XH) ] 


a dM 
-“Imx (ux—) | (25) 
M dt 
The last term is equal to 


— (ao/M)[(M-dM/di)M—M2(dM/dt)] 


by a vector identity, and M-(dM/dt) is zero because 
the magnitude of M does not change; therefore, the 
damping term becomes apM(dM/dt). Equations (24) 
and (25) can be solved to give 


dM 7 a0 
—= (Mx H)—-————_Mx (Mx) ]. (26) 
dt (1+«a¢) M (1i+a;?) 


17T. Gilbert, Armour Research Foundation, Report No. 11, 
January 25, 1955 (unpublished). 


Comparison of Eq. (26) with the Landau-Lifshitz 
equation shows that the two equations are the same 
except that y has been replaced by y/(1+ a0?) and a 
has been replaced by ao. For cases in which the damping 
constant ao is small, as in the microwave resonance 
experiment, Eq. (26) reduces to the Landau-Lifshitz 
equation, which is therefore valid for use in the reso- 
nance calculation. 

If y and a in Eq. (17) are replaced by y/(ac?+1) and 
ao respectively, the equation becomes 


T= 1.76a0/yHo. 


It was in anticipation of this result that the term 
a/(a?+1) was changed to ap in Sec. VI. 

For the three film compositions investigated, the 
values of ao were chosen which would best fit the ex- 
perimental reversal time data. For the films with a 
uniaxial anisotropy, a value for 2K/Mo had to be 
chosen also. For the films of 80% Ni and 20% Fe, 
2K/My, was assumed to be zero. 

Although the values of ap and K/Mpo were chosen to 
give the best fit to the experimental data, the choice of 
a value for K/Mp is not completely arbitrary, for it is 
shown in Sec. VI that the width of the hysteresis loop 
in the hard direction is 4K/Mpo. This width usually 
cannot be measured very precisely because the ends of 
the loop are curved and not well defined. Nevertheless, 
the width of the hysteresis loops of the films of the two 
alloys containing cobalt were found to be approxi- 
mately equal to twice the value of 2K/Mpo chosen to 
fit the reversal-time data. 

The values of a were determined graphically. 
Reciprocals of the measured reversal times as a func- 
tion of the reversing field for the three alloys were 
plotted as shown in Fig. 4. A value for ap was then 
found which when substituted into Eq. (23) gave a 
curve which appeared to fit best the experimental 
points for the 80% Ni, 20% Fe alloy. Similarly, values 
for ao and 2K/Mpo were found which would fit the experi- 
mental data for the (48% Ni, 30% Fe, 22% Co) alloy 
and the (85% Co, 15% Fe) alloy. The three resulting 
curves also are shown in Fig. 4. 

For the (80% Ni, 20% Fe) and the (48% Ni, 30% Fe, 
22% Co) alloys, the curves fit the experimental data 
quite well. The data for the (85% Co, 15% Fe) alloy 
spread quite a bit and do not fit the curve as well. 

Upon comparison of the values of the damping con- 
stants calculated from reversal time measurements 
with those calculated from the ferromagnetic resonance 
experiments, and empirical proportionality, ag=Cap is 
seen to hold for the three diverse alloys under considera- 
tion. The values of ay, ao, and C for these alloys are 
shown in Table IT. 

Thus, although C is an empirical constant, it appears 
that this constant can be used for a number of different 
alloys, and that the resonance line width is proportional 
to the reversal time. 





RESONANCE AND REVERSAL PHENOMENA 


Three tests are not enough to prove the general 
applicability of the theory, but they are sufficient 
evidence to show that for such alloys of iron, cobalt, 
and nickel, the theory is capable of predicting switching 
time from ferromagnetic resonance data. 

The (85% Co, 15% Fe) alloy was the only composi- 
tion found that had a very broad resonance line and a 
coercive force small enough that reversal time measure- 
ments could be made on it. 

The physical reason that the damping constants for 
magnetization reversal and for ferromagnetic resonance 
are not the same is not known. However, it is necessary 
to take into consideration the arbitrary way in which 
the damping constant is introduced into the Landau- 
Lifshitz equation. One has no a priori physical reason to 
expect identical values of a from the two calculations. 
However, it is physically plausible that a@ should, in 
this way, be proportional to H, corresponding to a field 
independent relaxation time. The experimental results 
thus far seem to point in this direction. 

Figure 4 shows that magnetization reversal still 
takes place at a field less than the calculated value of 9 
oersteds (Hp=2K/Mo) for the (48% Ni, 30% Fe, 
22% Co) alloy. This slow reversal at a field too low for 
domain .rotation against the anisotropy field may be 
due to wall motion. 

Kittel'® has derived an equation for wall motion for 
cases in which eddy currents may be neglected. His 


result is 
v= 4(y7M 2+?) A H/AM wo, 


where v= the wall velocity, y= the gyromagnetic ratio, 
M o=the saturation magnetization, A=the damping 
constant, A=the exchange factor,’ H =the driving 
field, oo=the surface energy of the wall at rest, and » 
can be determined from ferromagnetic resonance 
experiments. 

If the proper values of the above terms for an alloy 
of (48% Ni, 30% Fe, 22% Co) are substituted into the 
above equation, the result is »~10* cm _ second™! 
oersted. If the path of the wall motion were known, 
the reversal time for fields less than 2K/Mpo possibly 
could be calculated by using this velocity, but un- 
fortunately the path is not known. If it is assumed that 
a domain wall normal to the film surface moves across 
the film, a distance of about one cm, with the above 
speed, the resulting calculated reversal time is much 


18 C, Kittel, Phys. Rev. 80, 918 (1950). 
19 C, Kittel, Revs. Modern Phys. 21, 541 (1949). 
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TABLE II. Proportionality of phenomenological damping constants 
from resonance and reversal experiments. 








Composition as ao Cc 


80% Ni, 20% Fe 0.0195 517  3.77X1078 
48% Ni, 30% Fe, 22% Co 0.0292 10.97 2.661073 
15% Fe, 85% Co 0.1102 28.34 3.89X10-3 











too long compared to the measured reversal time. If it 
is assumed that a wall parallel to the film surface moves 
through the film, a distance of 10-* to 10~ cm, the 
resulting calculated reversal time is much too short. 
Thus, neither of these paths seems to be correct. 

In obtaining reversal times from ferromagnetic 
resonance line widths, the applied reversing field should 
be considerably larger than 2K/Mo, for under these 
conditions magnetization reversal takes place by do- 
main rotation, and there is only one reversal time 
parameter, the angular velocity damping term. For 
lower fields where wall motion may take place, reversal 
time will depend on both wall velocity and the path of 
the wall motion. 


VII. SUMMARY 


The theory that has been presented accounts for the 
effects of the reversing field and anisotropy on the re- 
versing time, gives a qualitative description of the shape 
of the reversal pulse, and accounts for the experimental 
fact that reversal time is not dependent on film thick- 
ness. The theory also agrees with the results of the 
crossed-coil experiments.! These successes show that 
the theory of magnetization reversal by domain rota- 
tion, with the angular velocity limited by some sort of 
viscous damping, is a useful one. But the physical 
nature of the damping term is not known. It was demon- 
strated experimentally that the damping term is pro- 
portional to the ferromagnetic resonance damping 
term, but the damping constants for reversal time and 
ferromagnetic resonance are not the same. This differ- 
ence is one of the most interesting results of this 
investigation. The authors feel that more work should 
be devoted to a study of this difference. 
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Manganous sulfide exists in three polymorphic forms. There are two cubic modifications, a-MnS having 
the rock salt structure and 8-MnS with the zinc blende structure. The third form is hexagonal 8-MnS with 
the wurtzite structure. The magnetic susceptibilities of all three forms and the antiferromagnetic structures, 
as determined by neutron diffraction, are reported. a-MnS exhibits ordering of the second kind, in agreement 
with earlier work. The spin direction, however, is found to be in the ferromagnetic (111) sheets rather 
than along cube edges. In the cubic 8-MnS case, the magnetic structure is the hitherto unobserved “improved 
ordering of the first kind” proposed by Anderson. The spin direction is normal to the unique cubic axis. 
The hexagonal 8-MnS antiferromagnetic structure can be derived from the cubic 8-MnS by stacking the 
close-packed (111) sheets of the zinc blende form according to the scheme A BA—appropriate to hexagonal 
close-packing. The magnetic unit cell is orthohexagonal with ao’ = aoV3, bo’ = 2ao, co’ = co, where the unprimed 
symbols refer to the original hexagonal cell. The spin direction is normal to the (011) plane. These magnetic 
structures are discussed on the basis of an indirect exchange coupling mechanism. 





HE neutron diffraction experiments of Shull, 

Strauser, and Wollan! on MnO have indicated 
that an indirect exchange mechanism is required_ to 
explain the observed antiferromagnetic structure. In 
this case, the observed magnetic scattering was inter- 
preted as showing that next-nearest neighbor Mn++ 
ions, which in the NaC] structure are separated by an 
intervening O= ion, are coupled antiferromagnetically. 
Theoretical studies? have made plausible the idea that 
indirect exchange proceeds via excited states of the 
intermediate anion. Anderson,? in particular, has 
emphasized that this indirect exchange must be 
expected to show the directional properties of the 
orbitals in the outer shell of the nonmagnetic connecting 
ions. Manganous sulfide, because it exists in three 
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Fic. 1. Magnetic susceptibility of MnS. 


* Research carried out under the auspices of the U. S. Atomic 
Energy Commission. 
1C. G. Shull and J. S. Smart, Phys. Rev. 76, 1256 (1949); 
Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 
2H. A, Kramers, + 1, 182 (1934) ; P.W. Anderson, Phys. 
Rev. 79, 350 (1950) ; G. W. Pratt, Jr., Phys. Rev. 97, 926 (1988). 


simple polymorphic forms, provides a convenient 
system for studying the role of the nonmagnetic ion in 
determining the magnetic coupling scheme. 

The three crystalline modifications of MnS are the 
NaCl structure (a-MnS), the zinc blende structure 
(8-MnS), and the wurtzite structure (6-MnS). The 
first two are face-centered cubic and the last hexagonal. 
All three may be considered as derived from one of the 
forms of closest packing of Mn** ions, with the S~ ions 
placed either in octahedral sites (NaCl structure) or 
tetrahedral sites (zinc blende and wurtzite structures). 
The two 8 forms can be conveniently, although some- 
what artifically, considered as composed of Mn,S 
tetrahedra stacked according to the demands of cubic 
or hexagonal close-packing. 

Thus each Mn** ion has twelve nearest Mnt+ 
neighbors in all three forms but different numbers of 
S= neighbors, six S™ ions in the NaCl structure and 
4S ions in the zinc blende and wurtzite structures. The 
arrangement of sulfur in a-MnS is such that each 
manganese is bonded via a sulfur atom to its twelve 
nearest neighbors by 90° Mn—S—Mn ligands and to 
its six second nearest manganese neighbors by 180° 
Mn—S—Mn ligands, all of equal length. In the 8 
forms each manganese is bonded tetrahedrally through 
sulfur atoms to its twelve nearest manganese neighbors 
only. 

Published magnetic susceptibility data for all three 
allotropic forms show them to be antiferromagnetic 
with Néel temperatures in the range 75°-150°K. At 
elevated temperatures the susceptibilities are given 
by a Curie-Weiss law, and the magnetic moments 
correspond to five unpaired electron spins on the Mn++ 
ions. Shull, Strauser, and Wollan' have examined the 
structure of the a-MnS below the Néel temperature by 
neutron diffraction, and have reported the antiferro- 
magnetic structure to be%jthe same as that found 
for MnO. 

All three polymorphic forms of MnS have been 
prepared by us for the purpose of neutron diffraction 
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MAGNETIC STRUCTURES OF MnS 


TABLE I. Magnetic susceptibility of MnS as a function of temperature. 








Form 





T (°K) 61 
Xmo1 X 10° 6450 


T (°K) 76 
xXmoiX10' 3490 


T (°K) 59 
Xmo1 X 108 3900 


a-cubic 


B-cubic® 


B-hexagonal 


405 
4855 


375 


5085 5050 


HO 


441 457 
3400 3355 








* Corrected for the presence of hexagonal phase. 


and magnetic susceptibility studies. The a-MnS is the 
stable form, and is easily prepared in a pure state. 
With some alteration of Schnaase’s* method, the 
hexagonal 8 modification was prepared in pure form 
also. Cubic 6-MnS, however, contained approximately 
13.5% of the hexagonal structure from examination of 
the x-ray and neutron diffraction patterns. 

The unit cell dimensions of both 8 modifications were 
determined using Cr Ka radiation. For cubic 6-MnS, 
a= 5.606+0.003 A. For hexagonal 6-MnS, ao= 3.987 
+0.003 A and co= 6.438+0.003 A. These measurements 
are in quite good agreement with those of Mehmed and 
Haraldsen.* 

Magnetic susceptibility measurements were made, 
using a Gouy balance, on a- and B-MnS in the tempera- 
ture range 60°-470°K. This seemed particularly desir- 
able in the case of the 8 forms because previous authors 
have not reported the purity of their specimens with 
regard to admixture of cubic and hexagonal structures. 
The results are given in Table I and Fig. 1. 

Above room temperature the various modifications 
of manganous sulfide obey the Curie-Weiss law, 


x=C/(T+8). 


Values of the constants calculated from our data are 
given in Table IT. 


Neutron Diffraction Measurements 


Neutron diffraction patterns for the three poly- 
morphic forms of MnS taken at 4.2°K and a wavelength 
of 1.064 A are shown in Figs. 2, 3, and 4. In all three 
patterns, magnetic superstructure peaks are clearly in 
evidence, indicating the occurrence of three distinct 
antiferromagnetic structures. The diffraction peaks 


TABLE IT. Curie-Weiss constants for MnS. 








6 (°K) 


465 
982 
932 


Form 





4.23 
4.66 


a-cubic 
B-cubic 
6-hexagonal 








3H. Schnaase, Z. physik. Chem. B20, 89 (1933). 
4F,. Mehmed and H. Haraldsen, Z. anorg. u. allgem. Chem. 
235, 193 (1938). 


labeled “nuclear” are the fundamental peaks and 
persist unchanged above the Néel point, except for a 
small Debye-Waller temperature correction. The super- 
structure peaks are entirely magnetic in origin and dis- 
appear when the temperature exceeds the Néel point. 

The magnetic diffraction pattern for the rock salt 
form of MnS is exactly the same as one finds for MnO. 
The nuclear intensities are of course different in the 
two cases inasmuch as the scattering amplitudes of 
sulfur and oxygen are not the same. As in the case of 
MnO, the magnetic lines can be indexed on a cubic unit 
cell whose edge is twice that of the chemical cell. 
The antiferromagnetic structure corresponds to ordering 
of the second kind and is pictured in Fig. 5. In this 
structure, the moments within a given (111) plane are 
ferromagnetically aligned and successive (111) planes 
form an antiferromagnetic sequence in which adjacent 
planes have oppositely directed moments. The orienta- 
tion of the moments relative to the crystal axes cannot 
be completely specified in this case from powder data. 
However, the detailed agreement of calculated and 
observed intensities as indicated in Table III requires 
the moments to lie in the (111) sheets.® 
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Fic. 2. Neutron diffraction pattern of a-MnS (rock salt form). 


5 This result disagrees with the earlier work of Shull, Strauser, 
and Wollan! in which the moment direction was taken to be 
parallel to a cube edge. For purposes of comparison, intensit 
calculations based on this model have been included in Table III. 
Recent studies, both by the authors (unpublished) and by W. L. 
Roth [Abstracts of the American Crystallographic Association 
annual meeting, 1956 (unpublished) ], indicate that in MnO as 





CORLISS, 





MnS- ZINCBLENDE STRUCTURE 
4.2° K 
Q,*11.200 A 


g 


8 


(320) 
' 


NUCLEAR 
NUCLEAR 
.(222) ( 400) 


520) 
(pe (3 32 NUCLEAR 
+ 
| 
Al Al 
CLL Te 
1 
SE GES it SF 1 


" 

wr we De re | 

26 30 
COUNTER ANGLE (26) 


8 





INTENSITY (NEUTRONS PER MINUTE) 





8 











Fic. 3. Neutron‘diffraction pattern of 8-MnS (zinc blende form). 
The sample used contained 13.5% of the hexagonal modification 
of 8-MnS. The contributions of this contamination to the diffrac- 
tion pattern are indicated by the vertical bars at the bottom of the 
figure. The symbol Al refers to lines produced by the aluminum 
sample holder. 


The diffraction pattern of the zinc blende form of 
MnS is strikingly different from that of a-MnS despite 
the fact that the spatial arrangement of the manganese 
atoms is unchanged. While in the case of the rock 
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Fic. 4. Neutron diffraction pattern of 8B-MnS (wurtzite form). 
The nuclear peaks are indexed on the original hexagonal cell and 
are shown below the diffraction pattern. 


well, the moments lie in or very close to the (111) sheets. A conse- 
quence of these findings both for a-MnS and MnO is that alter- 
native structures such as those proposed by Y.-Y. Li [Phys. Rev. 
100, 627 (1955) ] are no longer capable of explaining the observed 
data. Li’s structures as well as a random substructure model 
require that (g*)ax:, the direction factor for magnetic scattering 
averaged over the nonzero reflections of the crystallographic form, 
have the value 2/3 for all #, k, and /. For spins lying in the (111) 
plane, the (g*) values for the first two reflections are in fact 
(@)iu=1 and (¢)sn =17/33. 


ELLIOTT, AND HASTINGS 


TABLE III. Calculated and observed integrated intensities 
for magnetic peaks of a-MnS (rock sait form). 








Calculated intensities 
Moments in Moments | to 
(111) plane cube edge 


2741 1827 
784 1015 
434 402 

326 329 257 

178 182 224 

533 obscured 39 52 
711, 551 65 65 59 


Observed 
intensities 


2798 
808 
434 











salt form the superstructure lines appear only for 
h, k, l odd, the rule for the zinc blende form is that two 
indexes be even and one odd, and that h~k#l. This 
indexing scheme, based on a cubic unit cell with twice 
the linear dimensions of the “‘chemical’’ cell, identifies 
the structure as ordering of the third kind, a type 
recently suggested by Anderson,® but hitherto un- 
observed. It is shown schematically in Fig. 5. The 
magnetic moments lie in a plane perpendicular to the 
unique crystallographic direction (the x direction of the 
figure). A comparison of observed and calculated in- 
tensities for this model is presented in Table IV. 

In the case of the hexagonal or wurtzite form of 
8-MnS the superstructure lines can be indexed on an 
orthohexagonal cell for which ao’=aV3, bo’=2ao, 
co’ =co, where the unprimed symbols refer to the 
original hexagonal cell. The magnetic moment arrange- 
ment deduced from the diffraction data is shown in 
Fig. 6. Table V compares the observed intensities with 
those computed for this model. The moment direction 
was taken to be normal to the (011) plane. 

The magnetic structures described above were first 
established by calculating intensities with the aid of 
an approximate form factor curve obtained from studies 
of other iron-group compounds. Correct form factor 
values were then obtained for each reflection by com- 
paring the observed and calculated structure factors. 
A plot of these points for all three polymorphic forms 
is shown in Fig. 7. The final intensities were then 
calculated using the smooth curve drawn through the 
points. Included in Fig. 7 are points taken from a 


TABLE IV. Calculated and observed integrated intensities 
for magnetic peaks of 8-MnS (zinc blende form). 








Observed 
intensities*® 


Calculated 
hkl intensities 


210 
320 
421 
520, 432 
610 
630, 542 
720, 641 
742, 821 











« Corrected for hexagonal contamination. 


6 P. W. Anderson, Phys. Rev. 79, 705 (1950). 
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ORDERING SCHEMES FOR 
FACE -CENTERED CUBIC LATTICE 


Fic. 5. Possible ordering schemes for the face-centered cubic 
lattice. Only the sites occupied by magnetic atoms have been 
indicated. 


reinvestigation by the authors of MnO. It is interesting 
to note that they are well represented, as one might 
expect, by the MnS form factor curve. 


DISCUSSION 


The theory of antiferromagnetism in the face- 
centered cubic lattice has been treated by several 
authors.** Three possible ordering schemes, shown 


TABLE V. Calculated and observed integrated intensities 
for magnetic peaks of B-MnS (wurtzite form). 








Observed 
intensities 


Calculated 
intensities 





obscured 
82 


130 
013 








7J. S. Smart, Phys. Rev. 86, 968 (1952). 
8 J. H. Van Vleck, J. phys. radium 12, 262 (1951). 


Fic. 6. Magnetic structure of B-MnS (wurtzite form). 
The orthohexagonal unit cell is shown. 


in Fig. 5, have been discussed. A significant basis for 
classification of these ordering schemes is one involving 
the nearest and next-nearest neighbor configurations. 
In ordering of the first kind, which is a spin layer 
structure, two-thirds of the nearest neighbors of any 
ion are coupled antiferromagnetically; the remainder 
of the nearest neighbors as well as all the next-nearest 
neighbors are coupled ferromagnetically. Ordering of 
the second kind is characterized by having half the 
nearest neighbors antiferromagnetically and half ferro- 
magnetically coupled to the central ion, resulting in 
zero mean correlation between nearest neighbors. All 
next-nearest neighbors, in ordering of the second kind, 
are coupled antiferromagnetically. The last scheme, 
ordering of the third kind, has the same nearest neighbor 
configuration as ordering of the first kind, namely two- 
thirds antiparallel, one-third parallel. The next-nearest 
neighbors, however, are arranged one-third anti- 
parallel, two-thirds parallel, instead of all parallel as in 
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Fic. 7. Magnetic form factor for Mn**. The curve represents 
the smoothed value used in obtaining the calculated magnetic 
intensities shown in Tables III, IV, V. 





CORLISS, ELLIOTT, AND HASTINGS 



































Fic. 8. Possible ordering schemes for the orthohexagonal lattice. 
Only the sites occupied by magnetic atoms have been indicated. 
The smallest magnetic unit cell is shown in heavy lines. The 
number of parallel and antiparallel nearest (n.n.) and next- 
nearest (n.n.n.) neighbors are tabulated for each type of ordering. 


ordering of the first kind. Because of this enhanced 
antiparallel correlation, ordering of the third kind has 
been called “improved ordering of the first kind.’’ 
The rock salt form of MnS, as has been mentioned, 
has an antiferromagnetic spin arrangement correspond- 
ing to ordering of the second kind. Hence the spin 
coupling is between next-nearest neighbors. This can 
be accounted for by invoking an indirect exchange 
mechanism which should be rather favorable for this 
structure since the next-nearest neighbors and the 
intermediate anion lie along a straight line. The cubic 
B-MnS has exactly the same magnetic ion structure 
(cubic close packing) as a-MnS, but the anions have 
been shifted to the tetrahedral sites. In this structure 
the intermediate anion now connects nearest neighbors 
through the tetrahedral angle. Hence, if the indirect 
exchange mechanism is operative, one would expect a 
coupling scheme involving a nearest neighbor correla- 
tion. Indeed, the zinc blende form or cubic B-MnS was 
found to have ordering of the third kind in which two- 
thirds of the nearest neighbors are antiparallel and one- 
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Fic. 9. Metal-metal nearest neighbor and next-nearest neighbor 
configurations for the three polymorphic forms of MnS. 


third parallel while next-nearest neighbors are arranged 
one-third antiparallel, two-thirds parallel. 

| The other form of 8-MnS is a hexagonal close-packed 
arrangement of the magnetic ions with the anions 
occupying tetrahedral sites as in the cubic 6-MnS. 
As has been mentioned, the magnetic diffraction 
pattern which one observes can be indexed using an 
orthohexagonal unit cell which has four times the 
volume of the original “chemical” unit cell. A classifica- 
tion scheme based on the nearest and next-nearest 
neighbor spin configurations can be developed for an 
orthohexagonal lattice. Figure 8 shows all the possible 
arrangements subject to the restrictions that the unit 
cell be no larger than the one shown and further that 
each lattice site have the same distribution of parallel 
and antiparallel nearest and next-nearest neighbors. 
Ordering types of the first, second, and third kind have 
been named in analogy with the face-centered cubic 
lattice ordering schemes, i.e., ordering of a given kind 
has the same distribution of neighbors in both lattices. 
The hexagonal form of 6-MnS was found to have 
ordering of the third kind. Hence it possesses exactly 
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Fic. 10. Stacking of close-packed planes 
for the three forms of MnS. 


the same spin correlation as the cubic form of 8-MnS, 
despite the fact that the magnetic ion structure has 
been changed. This is, however, in line with an indirect 
exchange coupling mechanism since both forms of 
B-MnS can be considered to be made up of regular 
Mn,S tetrahedra and hence to involve similar 
Mn—S— Mn bonds. The nearest and next-nearest neigh- 
bor configurations for all three forms of MnS are shown 
in Fig. 9. Figure 10 shows an alternative way of looking 
at the spin arrangements for the three forms based on 
the fact that in the rock salt and zinc blende structures 
the Mn** ions are cubic close-packed while in the 
wurtzite structure they are hexagonal close-packed. 
In the cubic case the close-packed planes (111) are 
stacked in an ABCA BC—tepeat pattern. In the hexag- 
onal case, the close-packed planes (001) are stacked 
ABAB—. Examination of the two 6 forms, both of 
which possess nearest neighbor coupling, shows that 
the close-packed planes have the same internal spin 
arrangement but that they are stacked in the two 
cases according to the requirements of either cubic or 
hexagonal close-packing. 
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The magnetic susceptibility of a NiO single crystal grown by the flame fusion method was found to be 
isotropic below the Curie temperature as it is for the case of powdered material. Such characteristics can be 
explained by twinning or domain structure within the crystal. Stressing the crystal along a [111] direction, 
while annealing, produces an anisotropic susceptibility with the maximum and minimum values found when 
the applied field was parallel and perpendicular, respectively, to the direction of stress. By using the Van 
Vleck theory, the results can be explained on the basis that the stress rotates some of the atomic spins from 
the direction of the [111] stress axis to the perpendicular planes. An assignment of spin direction to (111) 
planes of each domain agrees with the most recent neutron diffraction interpretation. 

The antiferromagnetic susceptibility of a single crystal of CoO was found to decrease when measured 
along one cubic edge and remain approximately constant along the other two [100] directions for tempera- 
tures down to 77°K. At liquid helium temperatures the susceptibility increases for all [100] directions. 





I. INTRODUCTION 


ROM powder measurements of magnetic suscepti- 
bility by La Blanchetais,' and neutron diffraction 
experiments by Shull, Strauser, and Wollan,? nickel 
monoxide and cobalt monoxide have been found to be 
antiferromagnetic. Rooksby* has made x-ray studies 
which show that, above the Curie temperature, the 
crystals have cubic symmetry, while below the Curie 
temperature NiO exists in a rhombohedral form and 
CoO exists in a tetragonal form. It is believed that the 
lattice distortion is intimately related to the spin 
ordering and direction in antiferromagnetic materials. 
In an attempt to orient the spins of NiO and CoO, we 
employed annealing with forces applied along various 
crystallographic directions. The forces established a 
preferred direction for phase distortion and hence 
removed a directional degeneracy. This technique 
changed the susceptibility in such a way that it enabled 
us to select a probable spin direction for single crystals 
of NiO. 

The single crystals were grown by Scott‘ by using 
the Verneuil (flame fusion) technique. They were 
cleaved from the boule to parallelopipeds with masses 
of approximately 0.2 grams. The cleavage planes were 
[100] directions of the cubic form as determined by 
means of Laue back-reflection x-ray patterns. The single 
crystals were relieved from strains by annealing from 
1000°K at a cooling rate of 1° per minute before meas- 
urements were commenced. 


II. NiO MEASUREMENTS 


The magnetic susceptibility measurements were 
made by the body-force method! using field strengths 


* This paper is based in part on a Ph.D. dissertation submitted 
to the University of Connecticut in May, 1956 ; 
+ Now at National Scientific Laboratories, Inc., Washington, 
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2 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 

3H. P. Rooksby, Acta Sree Sp 1, 226 (1948); N. C. 
Tombs and H. P. Rooksby, Nature 165, 442 (1950). 

*E. J. Scott, J. Chem. Phys. 23, 2459 (1955). 

5 T. R. McGuire and C. T. Lane, Rev. Sci. Instr. 20, 489 (1949). 


from 6000 to 10 500 oersteds (in an attempt to deter- 
mine the anisotropy energy). Figure 1 shows suscepti- 
bility values for an annealed crystal as a function of 
temperature from 4 to 700°K. The Curie temperature 
is characterized by a broad maximum in the region of 
600 to 700°K. Susceptibility was found to be inde- 
pendent of field strength and also independent of the 
crystal orientation in the magnetic field at all tempera- 
tures. These characteristics are almost identical with 
those of a polycrystalline sample. 

Force was then applied along a [111] direction while 
annealing from 1000°K. This direction was chosen 
because it is the axis which contracts at change of phase. 
Use of a spring clamp having extension legs so that the 
compression spring was exterior to the furnace, per- 
mitted pressures from 200 pounds/inch? to 5000 pounds/ 
inch? to be kept constant while annealing the crystal. 

Figure 2 illustrates the susceptibility data obtained 
following stress annealing. The lower branch of the 
curve is susceptibility measured in the (111) plane 
perpendicular to the [111] direction which had been 
stress annealed. The susceptibility is isotropic in this 
(111) plane. The upper branch of the curve is the 
susceptibility measured along the stressed [111] 
direction. 
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Fic. 1. Isotropic susceptibility of NiO. 
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Fic. 2. Stress annealed susceptibility of NiO measured paralle 
and perpendicular to the stressed direction. The three curves 
represent values found after annealing with stress along three 
different [111] directions. 


Neither the magnitude of the force nor the partic- 
ular [111 ] axis of application was found to be significant 
since successive annealings with 200 pounds/inch? to 
5000 pounds/inch? pressure along three different [111] 
directions of the crystal did not cause noticeable changes 
in the degree of anisotropic susceptibility as plotted in 
Fig. 2. Reannealing without any applied force, or with 
a force applied along a [100] direction resulted in an 
isotropic susceptibility with the same values as shown 
in Fig. 1. 

Figure 3 is a plot of the reciprocal of the suscepti- 
bility values found at high temperatures. An extrapola- 
tion gives a value of — 2000°K for 6, the point at which 
the extrapolated 1/x-T curve intersects the abscissa. 
An effective Bohr magneton value per atom of 4.6 is 
found from the slope. 


Ill. COQ MEASUREMENTS 


A CoO single crystal had the susceptibility shown in 
Fig. 4. Two [100] directions were nearly constant in 
susceptibility from 273°K down to 77°K, while the 
third [100] direction has a notable decrease in suscepti- 
bility. The increased susceptibility for all directions at 
liquid helium temperatures is unusual. Stress annealing, 
with force applied along the [100] axes, did not signif- 
icantly change the susceptibility. 
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Fic. 3. Reciprocal plot of high-temperature susceptibility of NiO. 
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A plot of the reciprocal of the susceptibility at high 
temperatures is shown in Fig. 5. The Curie-Weiss law 
is satisfied, with 6=—330°, and an effective Bohr 
magneton value equal to 5.25. 


IV. DISCUSSION OF NiO 


The theory of antiferromagnetism developed by Van 
Vieck® predicts that below the Curie temperature the 
susceptibility (x,,) of a single crystal should decrease 
with decreasing temperature in the direction of elec- 
tron spin alignment, while perpendicular to the spin 
axis the susceptibility (x,) should be constant as given 


by: 
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Fic. 4. Susceptibility of CoO. 


where Ng’8S(S+1)/3k is the molar Curie constant, 
B’(yo) is the derivative of the Brillouin function with 
respect to its argument, T, is the Curie temperature, 
and S is the atomic spin in units of h/2r. A curve show- 
ing the calculated susceptibility using Eqs. (1) and (2) 
of a set of spins having S=$ is shown in Fig. 6. The 
shape of the x,, curve changes slightly for different S 
values. The curve labeled }x,+}3x, is applicable to a 
set of spins randomly oriented in a plane whose sus- 
ceptibility is measured with the field in that plane. 
Model 1 in Table I shows the susceptibility of such a set 
of spins when the maximum susceptibility is taken as 
the susceptibility found at the Curie temperature. 

If only 50% of the spins initially pointing out of the 
(111) planes are reoriented into that plane by stress 
annealing then a calculation of the expected suscepti- 
bility yields the values shown in Model 2 of Table I. 
In order to have isotropic susceptibility, } of the spins 
must be directed out of the (111) planes, while a 50% 
reorientation implies that only 3 of the spins finally 
point out of the plane. A comparison of the suscepti- 


¢ J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941). 
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bility of this model and the experimental values found 
for the NiO crystal indicates excellent agreement as 
shown in Table I. 

The fact that a force applied along a [100] direction 
during annealing does not alter the susceptibility in- 
dicates that the anisotropic susceptibility, found after 
annealing with a force in the [111] direction, is not due 
to the rotation of domains, but is caused by many 
domains having undergone phase deformation induced 
by the stress along the [111 ] axis. 

The isotropic susceptibility of the unstressed crystal 
indicates a twinning or domain structure. One can 
qualitatively understand that only a fraction of the 
spins are reoriented by stress annealing since the 
twinning prohibits exact determination of the direction 
of applied force relative to the entire crystal. 

From least-energy considerations, it is reasonable to 
assume that the phase contraction takes place along 


TABLE I. Calculated susceptibility of antiferromagnetic spins 
randomly oriented in the (111) plane measured with the magnetic 
field along and perpendicular to this plane, and compared with 
the experimental values. Susceptibilities are in emu/gram at 
0°K (extrapolated). 








Measured perpen- 
dicular to the 
(111) plane 


Measured parallel 
to the (111) plane 





Model 1 
All spins in (111) 
planes 


Model 2 

§ of spins in 
(111) planes, % 
of spins perpendicular 
to (111) plane 


6.5X 10~¢ 13.0 10~* 


7.6X10-° 10.8 10-° 


Experimental 


values for NiO 7.7X10-* 10.8 10-* 








the direction of applied force. In that case spin direc- 
tions are perpendicular to the contracted axis of the 
rhombohedral form. This assignment agrees with Roth’ 
who found that the spins are probably in (111) planes 
of the cubic phase. 

The value of @ | 2000°K| found here is approximately 
three times the Curie temperature (640°K); this is 
consistent with the assumption of lattice ordering of 
the second kind or antiparallel next nearest neighbors 
as was pointed out by Smart® and confirmed by Shull.? 


V. DISCUSSION OF CoO 


Roth’ has pointed out that paramagnetic islands 
occur in antiferromagnets in the region of a lattice 
vacancy or impurity. If there are large amounts of 
such islands in our CoO crystal, they would tend to 
cause increased susceptibility at very low temperatures 


7™W. L. Roth, Annual Meeting, American Crystallographic 
Association, June, 1956 (unpublished). 
8 J. S. Smart, Phys. Rev. 86, 986 (1952). 
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Fic. 5. Reciprocal high-temperature susceptibility of CoO. 


as we found. Due to these increased values no definite 
spin direction can be assigned to CoO, but if the higher 
susceptibilities can be attributed to lattice defects, 
the spin direction of CoO is probably in one of the [100] 
directions of the cubic form. 


VI. SUMMARY 


We summarize the principal results of this paper as 
follows: 


1. NiO single crystals exhibit isotropic suscepti- 
bility similar to powdered materials. 

2. Stress annealing of NiO with the force applied 
along the [111] axis results in an increased suscepti- 
bility along the stressed direction, and a decreased 
susceptibility in the perpendicular direction. 

3. If 50% of the NiO spins are rotated from the 
[111] direction of applied force to the perpendicular 
(111) planes, then one can account for the suscepti- 
bility values found after stress annealing. 

4. An assignment of spin directions to the (111) 
planes perpendicular to the shortened [111 ] axis of the 
NiO rhombohedral is consistent with the susceptibility 
data. 

5. The susceptibility of CoO increases at liquid 
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Fic. 6, Theoretical curves for susceptibility measured per- 
pendicular and parallel to the spin axis. 
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helium temperatures. This is probably due to para- 
magnetic isiands in the regions about lattice defects. 
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This pape 


r reports results of nuclear induction experiments on two isomorphic single crystals of Tutton’s 


salts, Rbs2Mg(SO,)2-6H2O0 and Cs2Mg(SO,)2:6H20, belonging to crystal class P2:/a. The splittings, due to 
nuclear electric quadrupole interactions, of the nuclear magnetic resonance spectra of Rb®’ and Cs!** ob- 
served in these experiments are analyzed by using perturbation theory. Analysis of the data yields a quadru- 
pole coupling constant for Rb*’ of | eQg/h| =3141+35 kc/sec, and the asymmetry of the field gradient at the 
nuclear site is 7 = (¢22 —@yy)/¢22=0.47+0.01. The principal axis of the field gradient is directed toward the 
nearest sulfate ion but no correlation of asymmetry and near neighbor locations is observed. 

Comparison of the magnitudes of the field gradient at the nuclear sites of Rb and Cs were obtained by 
comparing the observed line patterns for the symmetry axis rotations, using the known moments of Cs and 
Rb. The complexity of the Cs spectra precluded a more complete comparison of the electric field symmetry. 


INTRODUCTION 


HE first investigations on the effect of nuclear 
electric quadrupole interactions on the nuclear 
magnetic resonance spectrum from solids were reported 
by Pound.! His paper was concerned with the removal 
of the transition degeneracy between the magnetic 
sublevels of the nuclear ground state in the presence of 
a large magnetic field. An orientational effect results 
from the electric quadrupole interacting with an 
electric environment of symmetry lower than cubic. 
The data obtainable in an experiment of this type are 
the directions of the principal axes of the electric field 
gradient tensor at the nuclear site, the magnitude of 
the interaction between quadrupole moment and field 
gradient |eQq|, where q is the largest of the eigenvalues 
of the tensor VE and Q is the nuclear quadrupole mo- 
ment, and the asymmetry parameter defined as 
n= (¢ez—¢yy)/Qzze Such experiments will also un- 
ambiguously determine the nuclear spin and give 
accurate quadrupole moment ratios of isotopes. Sub- 
sequent papers have been more detailed in the treat- 
ment of the theory,?~ and particular reference should 


* This research was supported by the U. S. Air Force, through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command. 

t Now at Ramo-Wooldridge Corporation, Los Angeles, Cali- 
fornia. 

t Now at Varian Associates, Palo Alto, California. 

1 R. V. Pound, Phys. Rev. 79, 685 (1950). 

2 R. Bersohn, J. Chem. Phys. 20, 1505 (1952). 

3G. Becker, Z. Physik 130, 457 (1951). 

«E. F. Carr and C. Kikuchi, Phys. Rev. 78, 1470 (1950). 


be made to Volkoff® who describes in great detail most 
of the information which may be obtained by studying 
the electric quadrupole interaction as a perturbation on 
the nuclear magnetic resonance spectrum. Volkoff and 
co-workers®.’ have applied his analysis to the study of 
Li’ and Al”’ in spodumene. Recently, the same theory 
has been applied to a more complex spectrum by Blood 
and Proctor,* and by Waterman and Volkoff® in their 
analysis of the B“ and Na” interactions in kernite. We 
have again used Volkoff’s theory in analyzing the data 
from resenance experiments on two isomorphic single 
crystals, which differ in the respect that the Rb* ions in 
one crystal are replaced by Cs" ions in the other. 

The purpose of such a substitution is twofold.” One 
may observe differences in the spectra arising from the 
slight difference in structure due to size of the ions in the 
two cases. These differences may lead to useful informa- 
tion about the relation between the electric field gradi- 
ent tensor and the crystal structure. Secondly, if the 
quadrupole moment of either nucleus is known, the 
experiment may provide information for estimating the 
other quadrupole moment. 

The choice of crystal for the experiment was deter- 
mined by a desire for a rather simple structure which 
would remain unchanged upon substitution of ions. The 


5G. M. Volkoff, Can. J. Phys. 31, 820 (1953). 


6 Volkoff, Petch, and Cranna, Can. J. Phys. 31, 837 (1953). 
7 Volkoff, Petch, and Smellie, Can. J. Phys. 30, 270 (1952). 
8H. L. Blood and W. G. Proctor (to be published). 
(1985) H. Waterman and G. M. Volkoff, Can J. Phys. 33, 156 
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Fic. 1. The effect of the nuclear electric quadrupole perturba- 
tion upon the magnetic energy levels. 1(a) shows the magnetic 
energy levels, while 1(b) and 1(c) show the results of the first and 
second perturbation calculation. The dependence of each per- 
turbation upon various parameters is indicated. 


successful work of Bleaney” in some experiments on 
paramagnetic alignment of nuclei using single crystals 
of Tutton salts made this group of salts a reasonable 
choice. 

These salts have the general formula X2Y(SO,)2 
-6H,0. Substitutions for either Y or X lead to an iso- 
morphic crystal. Attempts were made to grow crystals 
with all the Group I elements (except K) by X sub- 
stitutions. The only crystals obtained, however, con- 
tained either NH,, Rb, or Cs, indicating that the struc- 
ture will support no ions smaller than K. 

The observed spectra were in complete agreement- 
ment with the demands of crystal symmetry. 


THEORY 


Complete treatments of the theory necessary for the 
description of this type of experiments have appeared 
several times in the literature and consequently will not 
be reproduced here. When explicit use of formulas or 
symbols is made, we are using those given by Volkoff.° 

A qualitative idea of the spectra may be obtained 
from the energy level diagram in Fig. 1. Figure 1(a) 
shows the level structure for the exact solution of the 
interaction gmBH» while Figs. 1(b) and 1(c) show 
respectively first- and second-order effects of the 
nuclear electric quadrupole perturbation, 


+2 


ay e(VE) Q9. 


~ 


6 is an angle describing the orientation of the crystal in 
the magnetic field and is varied during the experiment. 


STRUCTURE AND PREPARATION 
TUTTON’S SALTS 


Tutton’s salts, named for the investigator who first 
determined their crystal class, are a large series of 


” B. Bleaney ef al., Proc. Roy. Soc. (London) A221, 170 (1954). 
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Fic. 2. Projection on “a” face of the 
atomic positions in Tutton’s salts. 


crystals with general formula X2Y (SO,)2-6H2O. These 
hexahydrates all form monoclinic crystals with bi- 
molecular unit cells of approximately the same dimen- 
sions and characteristic monoclinic angles. Their 
crystallographic designation is P2,/a and all elements 
except Y, whose tentative location is (000), are placed 
in the general positions + (XYZ; x+43, }—y, z)." The 
monoclinic angles for the Rb and Cs crystals are, 
respectively, 106° and 107.5°. 

The crystals are grown from a saturated aqueous 
solution containing equal mole weights of X2SO, and 
YSO,. In this work, X was Rb or Cs and Y was always 
Mg. When the crystals are about two or three milli- 
meters on an edge, they are transparent and exhibit 
from fourteen to sixteen distinct faces. Examination of 
these faces with regard for the symmetry demands (a 
twofold rotation axis with a mirror plane perpendicular 
to it) allows a determination of the crystallographic axis. 

Since this size of crystal is too small for a resonance 
experiment, some crystals were grown to dimensions of 
about } in.X} in.X§ in. Identification of the crystal- 
lographic axes is then somewhat more difficult since 
many of the small faces, which grow rapidly, have 
disappeared from a crystal of this size. Identification 
was accomplished for the large crystals by optical 
comparisons with small ones and checked with back 
reflection x-ray analysis. 

A projection on the “a” face of the data" available on 
one of Tutton’s salts is shown in Fig. 2. P is the twofold 
screw axis, M is the glide plane, and O is the center of 
symmetry. The molecules are labeled I and II, and the 
atoms of interest, ABCD. Since the structure is centro- 
symmetric, molecule II is derived from I by inversion 
through O. The Hamiltonian in the problem is invariant 
to such an inversion and, therefore, the experiment is 


UR. W. G. Wyckoff, Crystal Structures (Interscience Pub- 
lishers, Inc., New York, 1951), Vol. 2. 
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a one-molecule problem. In molecule I, atom A is 
derived from atom D in molecule II by the screw 
operation about P. Thus a coordinate system xyz 
located at D will be transformed under this operation to 
a coordinate system —x, y, —z at A if we choose y 
along the b axis. 

The experimental procedure is to orient the magnetic 
field perpendicular to Y and rotate the crystal about Y. 
This operation is equivalent to rotating the field in the 
XZ plane. Due to the inversion symmetry of a magnetic 
field, atoms A and D are then indistinguishable. 

For a rotation about the x or z axis, the atoms A and 
D will give rise to different lines. In either of these the 
angular dependence of the lines from A must be an 
inversion, with respect to the other two axes, of the 
line from D. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


The resonances were all observed as nuclear induction 
signals with a Bloch-type crossed coil apparatus.” 
Details of the basic circuits for this technique are fully 
described in the literature; we shall, however, 
make some remarks which characterize our particular 
apparatus. 

The magnet used was of the permanent type, with 
8-in. pole faces, producing a field of 6702 gauss. No 
particular effort was spent in making the magnetic field 
homogeneous, since the experiment did not require a 
high degree of homogeneity. However, exploration 
yielded a position where the inhomogeniety was about 
0.10 gauss over a volume of 0.75 in. given by a cylinder 
§ in. in diameter and ¢ in. in height. The samples, of 
roughly these dimensions, were kept in this region of 
the field during the course of the experiments. The 
magnet showed a temperature dependence of about 
one gauss per degree centigrade. This necessitated 
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Fic. 3. Frequency variation of central Rb*’ transition 
for rotation about symmetry axis. 


12 F, Bloch, Phys. Rev. 70, 460 (1946). 
18 W. G. Proctor, Phys. Rev. 79, 35 (1950). 
14H. E. Weaver, Phys. Rev. 89, 923 (1953). 
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maintaining the room temperature constant to within 
3°C during the process of collecting a set of related 
data, since it was found that once the magnet attained 
equilibrium with the room the field did not vary meas- 
urably. As a check, the field was measured before and 
after a data-collecting period. 

Frequency measurements were made by beating the 
signal from an Army Signal Corps B.C. 221 Frequency 
Meter with the transmitter, as is usual with an appara- 
tus of this type; the beats at modulation frequency 
appearing as a sharp response on the recorder. With a 
sweep rate of about twelve kc/sec per cm on the re- 
corder, the principal source of frequency error is the 
inability to measure distance on the trace more ac- 
curately than 0.5 millimeter or about 0.6 kc/sec. The 
resonances were all measured at least once in the direc- 
tions of increasing and decreasing frequency to eliminate 
the one or two kc/sec time lag caused by long time 
constants in the recorder circuit. 

Although it was possible to observe both absorption 
and dispersion signals, the center of the line could be 
determined more precisely by using the absorption 
mode. 

The signals recorded in this work were nuclear 
magnetic resonance lines of Rb*’ and Cs" centered at 
9.3 Mc/sec and 3.8 Mc/sec, respectively. Optimum 
absorption mode signals are subject to the requirement 
y’H?T,T2=1, where 7; is the thermal relaxation time, 
T> the inverse line width, and H the excitation flux 
amplitude. In the case of Rb*’, 7; was so short that an 
H;, large enough to meet this demand was not feasible. 
Cs had a long 7), allowing the flux to be adjusted for 
maximum signals. 

The magnetic field defines the z axis in the laboratory 
system. Since the magnet design established that the 
magnetic yoke was parallel to this axis, the mechanism 
for supporting the induction head was rigidly attached 
to the yoke. Brass components forming this mechanism 
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Fic. 4. Frequency variation of central Rb*’ transition 


for rotation about “‘a” axis. 





NUCLEAR QUADRUPOLE 


TABLE I. Orientation of the eigenvectors of the principal axes, 
xyz, with respect to the rotation axes (in degrees), and the values 
of the quadrupole coupling constant and asymmetry parameter 
for the Rb*’ sites in Rb2(SO,) -6H,0. 








Crystal axis b (a Xb) 


rotation 
designation x y 


x 95+3 6645 
y 10243 152+4 28+4 
zg 12+6 99+2 8142 


| eQq| /h=3141+35 kc/sec 
nee (bzz— yy) /b22=0.47+0.01 





114+5 2548 
64+5 


8142 


155+8 
11645 
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were dovetailed together to restrict motion and the 
whole assembly allowed complete coverage of the xy 
plane between the pole faces. The induction head was 
keyed to this support. 

The mounting containing the crystal holder and the 
angle-measuring dial was machined while rigidly con- 
nected to its eventual position on the induction head. 
Various Lucite crystal holders were designed to hold 
the crystals in several positions. Each crystal holder 
held the crystal by its parallel sides while allowing 
freedom in this plane to adjust to the proper rotation 
axis. The misalignment between the rotation axis and 
a crystallographic axis did not exceed one degree; we 
are led to this estimate for reasons discussed below. 


EXPERIMENTAL RESULTS AND DISCUSSION 
A. Rubidium 


The first experimental results for the Rb®’ spectrum 
were obtained by rotating the single crystal about the 
prism axis of the crystal. The spectrum yielded two 
lines which had no obvious relationship with each 
other except to yield the same quadrupole coupling 
constant. This spectrum was consistent with the known 
crystal structure but not with the pattern to be ex- 
pected if the rotation were about the symmetry axis or 
one perpendicular to it. After the symmetry axis of 
this crystal was determined, rotations were made about 
it and two perpendicular axes. The results for the 
—4— transitions of these rotations are shown in Figs. 
3, 4, and 5. : 

There was no evidence of other lines in the frequency 
range covered, 9100 to 9500 kc/sec, indicating that no 
satellite lines were observable in this region. Since the 
—}-—} transitions were fairly strong, showing a signal- 
to-noise ratio of about 25/1, it was hoped that the 
satellite lines could also be observed in a few positions 
to increase the accuracy of the data. Unfortunately the 
crystal was not of good quality, even the central 
transitions showing a definite broadening in regions 
where the frequency change with rotation angle was 
most rapid. This broadening was measured as approxi- 
mately 2 kc/sec for a slope of 3 kc/sec/degree. Since 
the slope on the satellite curves can be calculated to be 
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Fic. 5. Frequency variation of central Rb* transition 
for rotation about “aXb” axis. 


about 21 kc/sec/degree, the satellite line width would 
be too large for observation 

The alignment of the rotation axis relative to the 
symmetry axis can be estimated from the curves. A 
sensitive test for this alignment is the mirror symmetry 
about the 0° and 90° points in the rotations about those 
axes normal to the symmetry axis. The maximum devi- 
ation observed, 1} kc/sec, corresponds to a maximum 
error of one degree. 

The Fourier components of the curves were obtained 
by using the 12-point analysis of Whittaker and 
Robinson.'* This analysis gives a least-squares fit up to 
cos 60°; for a 1.0-kc/sec error in the experimental points, 
the components are accurate to 0.30 kc/sec. The 
Fourier components for these rotations are given in 
Table I. 

The 46 components in the case of the x rotation were 
too small for an accurate analysis. The y and z rotations 
show strong 48 components and consequently the more 
reliable coefficients were obtained by averaging the 
results from these two rotations. 

Evaluation of the quantities |eQq|, n, and the direc- 
tions of the principal axes was accomplished by diago- 
nalizing the tensor whose components are determined by 
the Fourier coefficients. A summary of these results is 
given in Table I. 

From the known quadrupole moment of Rb*’,!® the 
principal field gradient component at these sites is 
calculated to be 2.910" esu, an indication that the 
bondings involved are ionic.'7 The direction of the 
principal electric axis with respect to the crystal axes is 
shown graphically in Fig. 6. There is no evident correla- 
tion between the near neighbors and the asymmetry 
parameter, but the principal axis is directed toward the 


18 FE, Whittaker and G. Robinson, The Calculus of Observation 
(Blackie and Son Ltd., London, 1948). 

16 Senitzky, Rabi, and Perl, Phys. Rev. 98, 1537(A) (1955). 

11 C, H. Townes and B. P. Dailey, J. Chem. Phys. 20, 35 (1952), 
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Fic. 6. The orientation of the principle electric axes at theRb 
nucleus with respect to the unit cell and important constituents. 


nearest sulfate ion. It is of interest to note that the 
value of (VE)» determined by Volkoff at the Al?’ site in 
monoclinic spodumene is 2.610" esu. Al?” and Rb*® 
have the same quadrupole moment and quite different 
atomic configurations, which supports the conclusion 
that the bonding is ionic; however, the evidence of 
principal axis orientation toward nearest neighbors 
suggests variance from ionic structure. 


B. Cesium 


The procedure for investigation of the crystal con- 
taining Cs was identical to that used for the Rb crystal. 
The cesium data proved to be insufficient to make a 
complete analysis. The principal difficulty encountered 
was a low signal-to-noise ratio; the best ratio obtained 
for a single transition was about 4:1. Reasons for the 
poor signals were primarily the long thermal relaxation 
time due to a small quadrupole moment and the large 
number of transitions resulting from a spin of 7/2 of Cs. 
The line width of seven gauss was identical to that of 
the Rb* lines and is undoubtedly caused by the dipole- 
dipole interactions with the pratons of the water 
molecules. 

In the case of rotation about the symmetry axis, 
seven lines were obtained, corresponding to the type of 
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Fic. 7. Frequency variation for all transitions of Cs, 


perturbation shown in Fig. 1(b). The intensity of these 
lines decreased for the higher spin transitions. Curves 
for this rotation are given in Fig. 7. 

The rotations in the perpendicular directions resulted 
in data which could not be analyzed. The combination 
of weak signals and a large overlap of 13 transitions 
confined to a 50-60 kc/sec region made resolution im- 
possible in spite of the simplification afforded by the 
mirror symmetry present in these rotations. 

The symmetry axis rotation was analyzed by using 
first order perturbation theory. Results of a single 
rotation for weak perturbation do not determine the 
field gradient tensor or the quadrupole coupling con- 
stant, and thus a quantitative comparison with the 
Rb environment is not possible. The only feasible 
comparison is made by using the calculated field 
gradient components from the Rb analysis and scaling 
the curve obtained with the Cs curve. Such a compari- 
son allows an estimate of the ratio of the largest of the 
principal electric field gradient tensor components to be 
made, assuming that the principal axes are parallel. 
Using the known quadrupole moments of Cs 18 and 
Rb*,6 0.003+0.002 and 0.15+0.01 barns, respectively, 
the data yield an estimate of g(Cs)/g(Rb)=2. This 
difference could be a reflection of differences in structure 
of the two crystals, monoclinic angle and unit cell 
dimensions, or the presence of complex shielding and 
antishielding effects.’® Further conclusions are contin- 
gent upon more complete nuclear magnetic resonance 
and crystallographic data. The results of our comparison 
show some of the dangers of determining new quad- 
rupole moments by the method of substitution of ions. 

The authors wish to acknowledge the aid of Dr. J. E. 
Breazeale in various crystallographic determinations, 


18 K, Althoff, Z. Physik 141, 33 (1955). 
1 R. M. Sternheimer, Phys. Rev. 95, 736 (1954). 
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Manganese acts as a donor impurity in silicon, introducing a level 0.53--0.03 ev from the conduction band. 
The distribution coefficient of manganese in silicon is ~10~ as determined by radioactive tracer techniques 
and checked by electrical measurements. Precipitation limits the electrically active manganese to 5X10" 
cm~ in crystals grown from a melt by the Czochralski technique. Higher concentrations can be obtained by 
diffusing in manganese at 1200°C and quenching. Manganese introduces recombination centers into a 
crystal with observable effects at the 102 cm™ concentration in the crystals. Studies of Hall mobility under 
external radiation and lifetime studies by the photoconductive decay method show the presence of electron 
traps. Heating to only 200-300°C causes the precipitation of the manganese and loss of electrical activity. 





INTRODUCTION 


HE addition of metallic element impurities other 
than the Column III and Column V elements to 
a germanium crystal has produced interesting electrical 
and optical effects. Among these effects are the high 
resistivity of m- and p-type crystals below room tem- 
perature as compared to undoped crystals, high in- 
frared photosensitivity, quenching, and trapping of 
charge carriers.! Germanium is available with residual 
electrically active impurity concentrations of less than 
10 atoms per cm*. Even relatively insoluble impurities 
can be studied in germanium because of its high purity. 
Studies have been made of the energy levels introduced 
in the germanium forbidden energy band by more than 
twenty elements.” 

Silicon has not been generally available with residual 
concentrations below 10'* atoms per cm’. It has, there- 
fore, been more difficult to observe the effects of added 
impurities in silicon than in germanium. Outside of the 
Column III and Column V elements and lithium, 
energy levels in silicon have been reported thus far only 
for zinc,? iron,’ and gold.‘ In this paper the effect of the - 
presence of manganese in silicon is discussed. 


CRYSTAL PREPARATION 


The crystals used in this study were grown from 
DuPont Hyperpure silicon that had been zone-refined. 
It was generally p type with resistivity between 50 and 
100 ohm-cm, i.e., with uncompensated acceptor con- 
centration of 2 to 4X10" cm-. Crystals with a (111) 
orientation were pulled from a melt in a quartz crucible 
by the Czochralski technique at speeds of one to five 
inches per hour with rotation rates ranging from 3 to 
60 rpm. 

The manganese used in this study came from three 


1H. H. Woodbury and W. W. Tyler, Phys. Rev. 100, 659 
(1955); Newman, Woodbury, and Tyler, Phys. Rev. 102, 613 

956). 
“ 1 Brooks in Advances in Electronics and Electron Physics 
(Academic Press, Inc., New York, 1955), Vol. VII, p. 110. 

*C. B. Collins, Bull. Am. Phys. Soc. Ser. IT, 1, 49 (1956). 

4C. B. Collins and R. O. Carlson, Bull. Am. Phys. Soc. Ser. IT, 
1, 127 (1956); E. A. Taft and F. H. Horn, Phys. Rev. 93, 64 
(1954). 


sources: Johnson-Matthey Company, Electro-Manga- 
nese Corporation, and Johnson-Matthey material which 
had been zone-refined in an alumina boat in this 
Laboratory. All three sources of manganese gave sub- 
stantially the same results in doped silicon crystals. 
Woodbury and Tyler' similarly had found that all three 
sources of manganese gave the same results in doped 
germanium crystals. 

In order to correlate the electrical properties with the 
presence of manganese, it is necessary to know the 
concentration of manganese in the silicon. To this end, 
two crystals were grown under an average growth con- 
dition (2 in. per hour) from a melt containing initially 
some radioactive manganese as well as normal manga- 
nese. Manganese 54 has a half-life of 310 days emitting 
beta and gamma radiation. After the crystal was grown, 
it was sliced transversely to the growth axis and gamma 
radiation measured for slices along the crystal. The 
concentration of manganese in the crystal calculated 
from the radioactivity pattern could be fitted by a 
distribution coefficient of 10-° over the range of manga- 
nese in the melt of 7X 10'* to 3X 10” cm. Considerable 
scatter in the data was due largely to statistical errors in 
counting the gamma radiation. For melt concentrations 
above ~3X 10” cm~* (} atomic percent manganese in 
silicon), the crystal was no longer single, the normal 
segregation process broke down, and a sharp increase 
in the concentration of manganese in the crystal was 
noted. Probably there were inclusions of manganese 


trapped in the crystal at the growth interface which 
‘precipitated on cooling from the melt. 


Evidence for the precipitation of manganese in 
silicon is found by infrared image tube studies of trans- 
mission and birefringence.* Figure 1 shows transmission 
and birefringence of the bottom end of a longitudinal 
slab 1.8 mm thick from a silicon crystal doped with 26 
milligrams of manganese. The grid lines are part of the 
infrared image tube. The grid spacing corresponds to 
1.1 mm on the crystal. The transmission pattern in the 
lower picture indicates that precipitates have formed in 
the region in which there is visible lineage on the crystal 


* W. C. Dash, Phys. Rev, 98, 1536(A) (1955). 
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Fic. 1. Infrared image tube study of longitudinal slab from the 


sprout end of a manganese-doped crystal. Lower picture is taken by 
transmitted light and specks are probably precipitated manganese. 
Upper picture shows the birefringence pattern and illustrates the 
strain introduced into the crystal by the precipitation process. The 
grid spacing is 1.1 mm. 


surface. Birefringence, being considerably more sensi- 
tive than transmission for detecting inhomogeneities, 
indicates a sudden onset of strain closer to the seed end 
of the crystal than in the transmission picture. The 
concentration of manganese where the birefringence 
indicates precipitation is 4X10” cm~ in the melt and 
therefore about 4X 10'5 cm- in the crystal. Two other 
doped crystals, grown under similar conditions, show 
these patterns by transmission and birefringence start- 
ing at concentrations of 2 to 4X10” cm~ in the melt. 


DIFFUSION SAMPLES 


To provide samples suitable for diffusion studies, 
several m- and p-type crystals were grown with no 
rotation of the seed holder. These samples showed no 
appreciable change in resistivity after many hours at 
1200°C whereas samples from rotated crystals did show 
marked changes in resistivity. 

One sample was coated with radioactive manganese 
from a MnCl, solution and placed in a quartz tube 
which was then evacuated and sealed off. After 24 hours 
at 1200°C to allow the manganese to diffuse into the 
interior of the 0.3X0.3X1.0 cm® sample, the sample 
was removed, ground, and etched to remove any surface 


layer of manganese. Gamma counts on the manganese 
54 revealed a total manganese concentration of 1.5 10'* 
cm~* in this sample. Further grindings and etchings 
showed the sample to be homogeneous. This concentra- 
tion of greater than 10'* cm~ is a reasonable solubility 
limit® at 1200°C for an impurity whose distribution 
coefficient is 10~5. The diffusion coefficient for manga- 
nese in silicon must be greater than 2X 10~ at 1200°C. 


APPARATUS 


A cryostat was constructed to carry out measure- 
ments of various electrical and optical properties of 
doped silicon samples over a wide temperature range. 
For p-type or high-resistivity samples of 0.30.3X 1.9 
cm* size, gold or rhodium was plated on the ground ends 
and at four points cut into the sides of the sample by a 
diamond saw. Contact was then made to the end plated 
areas by copper blocks under spring tension for the 
current leads and to the four side points by phosphor 
bronze springs for the potential leads. For low-resistiv- 
ity n-type samples, five-mil gold wire containing one 
percent antimony was attached by sparking through 
the gold plated area. All potentials, including that across 
a standard resistor in series with the sample to obtain 
the current, were measured on an Applied Physics 
Corporation “vibrating reed electrometer.” The volt- 
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Fic. 2. Resistivity and Hall coefficient versus inverse temperature 
for an n-type manganese-doped silicon sample. 
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age across the sample ends was always less than one 
volt. The magnetic field used in this study was provided 
by a Varian electromagnet with 4-in. pole faces and a 
2-in. pole gap. Measurements reported here were 
carried out in a field of 6000 gauss. A quartz window in 
the outer shield of the cryostat permitted study of 
doped samples under external irradiation. 


ELECTRICAL, MEASUREMENTS 


Manganese added to a melt of p-type silicon serves 
to increase the resistivity of a crystal grown from this 
melt. When the concentration of manganese in the 
crystal, as determined from the concentration of 
manganese in the melt and the distribution coefficient 
of 10-, is greater than the residual acceptor concentra- 
tion, the crystal becomes m type with near intrinsic 
resistivity. Figure 2 is a plot of Hall coefficient Ry and 
resistivity p versus inverse temperature for such an 
n-type sample in which the concentration of manganese 
is ~5X10" cm™ and the concentration of acceptor is 
~4X 10" cm~. The slopes of Ry and p indicate a deep 
level at 0.55 ev’ from the conduction band. Hall mobil- 
ity at room temperature (300°K) for this sample is 
1100 cm?/volt-sec and varied as T~?*. Other initially 
p-type crystals show similar behavior to this crystal 
sample with ionization energies in the range 0.52 to 
0.56 ev. Further toward the sprout end, these crystals 
become p type where the concentration of manganese in 
silicon is between 5X 10" and 10" cm~. This is close to 
the concentration range for which the birefringence 
studies indicate that precipitation of manganese is 
occurring. 

When manganese is added to a melt of 2-type silicon, 
the resistivity of the grown crystal increases but the 
calculated added acceptor concentration is only about 
one-twentieth of the manganese concentration of the 
crystal. These acceptors are probably due to the pres- 
ence of impurities in the manganese used for doping. 
Under heavy doping the crystal remains » type but 
the resistivity becomes high and the p vs 1/T curve 
shows 0.50- to 0.55-ev ionization energy. This may be 
due to the domination of the original donors by the 
acceptor impurities in the manganese.® 

Manganese diffused into p-type samples at 1200°C 
causes the sample to convert to m type with ~0.53-ev 
level. The quench from 1200°C, being more rapid than 
that in a crystal grown from a melt, stops the precipita- 
tion process in a few seconds. More than 10" electrically 
active manganese donors per cm* have been observed in 
the diffused samples. No measurable effect was seen on 
diffusing manganese into n-type samples at 1200°C; in 

7 The observed slope for the Ry vs 1/T curve must be corrected 
for the JT? dependence of the density of states near the bottom of 
the conduction band. The slope for the p vs 1/T curve must be 
corrected for this T! dependence and also for the conductivity 
mobility temperature dependence of T~*-°, 

8 Heating at 300°C causes these samples to convert to ~75 ohm 


cm p type, whereas the original undoped silicon was type and 
also ~75 ohm cm in resistivity. 
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Fic. 3. Photoconductive spectrum of an n-type, high resistivity, 
manganese-doped silicon sample. 


this case, any of the Column III acceptor impurities 
present in manganese would not have time to diffuse 
more than a few tens of microns into silicon in the time 
periods of 24 to 64 hours? so no increase in resistivity 
might be expected. In this connection, the doping and 
diffusing techniques provide good checks on one an- 
other. It is the Column III and Column V elements 
which are the troublesome impurities in doping because 
of their relatively large distribution coefficients while 
other metallic impurities such as the transitional ele- 
ments are rejected because their distribution coefficients 
are less than 10-*. On the other hand, in the diffusion 
technique the fast diffusing elements such as copper and 
iron would be the troublesome impurities in the doping 
material. 

The electrical behavior of manganese can be ac- 
counted for by a donor level at 0.53+0.03 ev from the 
conduction band with each soluble manganese atom 
capable of giving up an electron. No other levels have 
been found either by doping with manganese or by 
diffusing it into a sample. 


OPTICAL MEASUREMENTS 


Infrared photoconduction was studied in several 
high-resistivity n-type samples by R. Newman of this 
Laboratory and Fig. 3 is typical of his results. The 
threshold for optical excitation in the impurity photo- 


9 be S. Fuller and J. A. Ditzenberger, J. Appl. Phys. 27, 544 
956). 
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Fic. 4. Effective Hall mobility (Rx/p) vs conductivity for an 
n-type, high-resistivity, manganese-doped silicon sample. The 
conductivity is changed by varying the intensity of tungsten lamp 
radiation incident on the samples through either a germanium or 
silicon filter. 





L 
30” 


conduction range (<1.1 ev) is in reasonable agreement 
with the ionization energy found from temperature 
dependence of p and Rz. 

Electrical measurements of several high-resistivity 
n-type samples were carried out at fixed low tempera- 
tures under excitation by light. The source was a tung- 
sten lamp whose intensity was varied by changing the 
current through it. The light was filtered by a thin slice 
of germanium or silicon maintained at the temperature 
of liquid nitrogen. With the germanium filter, only 
impurity photoconduction can be excited. With the 
silicon filter, however, some intrinsic radiation will 
reach the doped sample since the absorption cutoff for 
silicon in the neighborhood of the intrinsic edge (~1.1 
ev) is not sharp.” Thus with the silicon filter one will 
have both intrinsic and impurity photoconduction. 
Figure 4 shows representative results on a sample with 
effective Hall mobility (Rx/p) plotted against the con- 
ductivity (1/p) of the sample. The upper curve, ob- 
tained with use of the germanium filter, is characteristic 
of impurity photoconduction. The lower curve, obtained 
with use of the silicon filter, indicates that when hole- 
electron pairs are produced by the intrinsic radiation, 
the electrons are trapped leaving the holes as the charge 
carriers and converting the sample from m type to 
p type. The mobility after conversion is about } of the 
initial mobility, in agreement with the usual ratio of 
hole to electron Hall mobility for silicon." The initial 
rise in mobility for low light levels may be due to a 
decrease in charged impurity scattering or to greater 
homogeneity of the sample when irradiated. The fixed 
sample temperature was slightly lower for the silicon 
filter data than for the germanium filter data. 

These results can be interpreted as due to a larger 
cross section for capture of electrons than for holes. 
This electron trapping effect in silicon doped with 


%” W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 
uF. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 
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Fic. 5. Lifetime along a p-type silicon crystal doped with manga- 
nese as measured by a photoconductive decay experiment. 








manganese is in interesting contrast to the hole trapping 
effect in germanium doped with manganese.’ P-type 
germanium doped with manganese to high resistivity 
converts to m type under intrinsic radiation. 


LIFETIME MEASUREMENTS 


One of the phenomena noted when doping silicon with 
manganese was its effect on recombination lifetime. 
Figure 5 is a plot of recombination lifetime along a 
p-type crystal lightly doped with manganese. Lifetime 
was measured by the photoconductive decay method. 
At the doping point, the concentration of manganese in 
the melt is 4X 10"7 cm; assuming a distribution coeffi- 
cient is 10~*, then the concentration of manganese in 
the crystal at the doping point is only 4X10" cm-. 
Back diffusion of manganese could account for the 
reduction in lifetime before the doping point. 

The lifetime values given in Fig. 5 are taken from the 
first parts of the photoconductive decay curves, which 
are approximately exponential. A long tail is found on 
the decay curves for the doped portion of the crystal, 
indicating trapping of the electrons, the minority 
carriers. The amplitude of this tail can be decreased, 
but not altogether eliminated, by increasing the in- 
tensity of the ambient light. 

In more heavily doped crystals, the recombination 
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lifetime is so short that only the traps are observed by 
photoconductive decay measurements. Measurements 
taken over a range of temperatures, however, will 
distinguish between recombination lifetime and the 
trap time constant. In one particular p-type crystal, 
Watters and Ludwig” indicate a recombination lifetime 
for electrons of 100 microseconds at 300°K in the 
undoped portion of the crystal, increasing with in- 
creasing temperature, while in the manganese-doped 
portion of the crystal, the photoconductive decay time™ 
was 400 microseconds at 300°K, decreasing with in- 
creasing temperature. Pulse drift techniques,” which 
can distinguish recombination lifetime from trapping 
effects, give 100 microseconds in the undoped portion 
of this same crystal and less than 10 microseconds in the 
doped portion, at 300°K.” Deep traps, with a time 
constant at room temperature of about 100 seconds, 
were also observed in manganese-doped silicon by 
Watters and Taft of this Laboratory. 


HEAT TREATMENT EFFECTS 


Samples were taken from the doped region of an 
initially p-type silicon crystal which was converted to 
high-resistivity m type by the addition of manganese. 
After being in a 300°C oven for 30 to 40 minutes, the 
samples were found to be strongly p type with a re- 
sistivity comparable to that in the undoped portion of 
the crystal. This conversion was presumably due to the 
precipitation of ~5X10" manganese atoms/cm’. At- 
tempts to observe electrically the precipitated manga- 
nese put back into solution by heating at 1200°C and 
fast quenching have been unsuccessful. One reason for 
this was interfering resistivity changes associated with 


B a L. Watters and G. W. Ludwig, J. Appl. Phys. 27, 489 
(1956). 

% It is not clear from these experiments whether this photo- 
conductive decay time is representative of a single or a multiple 
trapping process. See J. A. Hornbeck and J. R. Haynes, Phys. Rev. 
97, “at § 1955) ; J. R. Haynes and J. A. Hornbeck, Phys. Rev. 100, 
606 (1955). 
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unknown impurities or defects introduced into the 
silicon by the high-temperature quench. 


SUMMARY 


The addition of manganese to a silicon melt results in 
the introduction of donors to the crystal grown from the 
melt. The donor concentration is equal to the concentra- 
tion of manganese in the crystal as determined by 
radioactive tracer techniques up to a limit of ~5X 10" 
cm~ in grown crystals. Evidence that this limit is due 
to the precipitation of manganese, and hence removal 
from electrical activity, is given by infrared birefrin- 
gence and transmission studies. The solubility of 
manganese is ~10!* cm~* when diffused into silicon at 
high temperatures, but only about one tenth of this 
remains soluble and is observed electrically on cooling 
to room temperature. Manganese reduces recombina- 
tion lifetime and under certain conditions acts as an 
electron trap. Heating at only 200-300°C causes the 
precipitation of manganese in silicon. Only one donor 
level at 0.53+0.03 ev from the conduction band has 
been detected in either doped or diffused silicon samples 
containing manganese. 

It is interesting to speculate as to whether manganese 
in silicon is an interstitial impurity in view of its 
relatively fast diffusion coefficient and its donor be- 
havior. In germanium it is more likely that manganese 
is a substitutional impurity in view of the two acceptor 
levels that it introduces into the germanium forbidden 
band. 
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A variational method is applied to calculate the surface energy at the normal-superconducting interface 
in a superconductor. Both the Casimir-Gorter theory, as formulated by Bardeen, and the phenomenological 
energy-gap model are used. A comparison is made with the available experimental data. 





I. INTRODUCTION 


HE London equations are well known to give an 
extremely good account of the phenomenology 
of superconductors in a wide variety of situations. As 
is also well known, however, they fail to describe cor- 
rectly phenomena that involve the formation of a 
boundary between normal and superconducting regions. 
Specifically, they predict that the surface energy on 
such a boundary will be negative, with a value equal to 
—\H2/8x, where d is the penetration depth, and H, 
the critical magnetic field of the material, both at the 
temperature in question. Such a negative surface energy 
would prevent the observation of the Meissner effect, 
so that it has been known for a long time that a positive 
surface energy at the interface between normal and 
superconducting regions, at least sufficient to counter- 
balance this negative contribution, would have to be 
added to the London description. This problem has 
been discussed by, among others, Bardeen,! Landau 
and Ginzburg,’ and Pippard.* 

The theory developed by Bardeen and by Landau 
and Ginzberg, is based upon the idea that, at the 
boundary between normal and superconducting regions, 
the electronic wave functions must change their char- 
acter, and that the uncertainty principle inhibits the 
rate at which such a change can take place. Specifically, 
an order parameter is introduced, and interpreted as 
the square of a wave function. If this interpretation is 
meaningful, then an energy is involved in changing the 
wave function from normal to superconducting, and 
the form of this energy is given by the usual Schrédinger 
theory. It is to be emphasized that this is the first place 
in which the quantum of action, / has explicitly entered 
into the description of superconducting phenomena. 

To completely specify the theory, it only remains to 
choose a specific expression for the free energy of the 
superconductor that will be useful in the locally off- 
equilibrium situation that obtains in the boundary. 
Here, Landau and Ginzburg chose an expression that is 
probably valid near the critical temperature; Bardeen 
in his earlier work chose one that is useful near absolute 


* Now at the University of Wisconsin, Madison, Wisconsin. 

1 J. Bardeen, Phys. Rev. 94, 554 (1954). 

2V. L. Ginzburg and L. D. Landau, J. Exptl. Theoret. Phys. 
U.S.S.R. 20, 1064 (1950). 

3 A. B. Pippard, Proc. Roy. Soc. (London) A203, 210 (1950). 


zero, and in his later work applied the Casimir-Gorter* 
two-fluid model to the problem. Part of our numerical 
work is based on the latter. We will also discuss quanti- 
tatively the effect of varying the free energy expression 
to conform to the “energy-gap” model.® The latter has 
been suggested by recent experimental and theoretical 
work, as well as the analogy with liquid helium that is 
so appealing to theorists. 


II. SURFACE ENERGY IN THE LANDAU-GINZBURG- 
BORDEAU MODEL 


We adopt substantially the notation of Bardeen’s 
paper.! Here the order parameter is given by |y|?, 
where y is the wave function, normalized to unity at 
absolute zero. If y, is the equilibrium value of y at a 
given temperature, then U=y/y, is normalized to 
unity at equilibrium at all temperatures. The intro- 
duction of V=eAd/hc, where A is the vector potential, 
and £=2/\, where x is the coordinate in the material, 
completes our set of variables. A characteristic pa- 
rameter of the material is s= eH .*/hc, and a dimension- 
less free energy ¢ is given by g=4rf/H, where f is 
the free energy. 

With all this, the equations of motion given by the 
above authors are 


PU/d?=s*(de/dU)+ VU, (1) 
PV/d?=U'V. (2) 


That these are nonlinear is the crux of our problem. 
Clearly, a first integral is given by 


(dU/dt)+ (dV /dt)'=289+U°V?+s?, — (3) 


where the constant is chosen to fit the fact that the free 
energy is —H?2/8m far into the superconducting region. 
In this notation, the surface energy ¢ is given by 


AH? p*psduU\? sdV\? 
~<a a) a 
8s? J_L\ dé dé 


dV 
FUP ets (4) 


The convergence of the integral is implied by the 


4C. J. Gorter and H. B. G. Casimir, Physik. Z. 35, 963 (1934) ; 
Z. Physik 15, 539 (4934). 
5H. W. Lewis, Phys. Rev. 102, 1508 (1956). 
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boundary conditions, which are: 
At—«, U=dU/dt=y=0, dV/dt=s; (5) 
at-+o, V=dV/dt=dU/dt=0, U=1, g=—}. (6) 
It is convenient to express the surface energy in the 


dimensions of a length, A, through A=8ne/H?. Then 
our problem is to evaluate 


A or 7dU\* sdV\? 
A Y_~b\ dé dé 
dV 


from the solutions of (1) and (2), under the boundary 
conditions (5) and (6). 

The expresson (7) can be greatly simplified by using 
the integral condition (3), but, in the form (7), it is 
stationary with respect to variation of U or V inde- 
pendently from solutions of (1) and (2). This is the 
basis for our variational procedure, and should give us 
- good estimates for A from poor guesses at U and V. 


Ill. VARIATIONAL EVALUATION OF THE 
SURFACE ENERGY 
For a trial function for U, we choose 
U=0, 
U=sin(spé), 
U=1, 


&=0 
0>&<2/2Bs (8) 
&>7/2Bs. 


We know that, since (7) contains only first derivatives, 
our trial function must be continuous, but may have 
jump discontinuities in the first derivative. B is a 
parameter to be chosen later. Rather, now, than choose 
a trial function for V, so that we have a double mini- 
mum problem, let us explore the possibility of solving 
(2), with the choice (8) for U. Then 


&V/d?=V sin?(sBt), 0<&<2/2Bs 
V=sé+const, <0 (9) 
V=0, &>7/2Bs. 


If we suppose that V is chosen a solution of (2), with 
our trial function (8) for U, then (7) becomes 


sana f (= +(— ‘} 
sme ts 7, ) dé di? 
dV 
ae (10) 


r/2Bs dU 2 
= i) (=) 42tets|it+sv0), 
0 dé 


where we have used the boundary conditions freely. 


dV #V 
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For ¢g, we now choose the Casimir-Gorter expression : 


f1—U%(1-4) }!-# 9 
1-f | 





Qe+1)=| (11) 


where ¢ is the reduced temperature, ‘= 7'/T.. 

With the choices (8) and (11), the integral in (10) 
can be done explicitly, and is a complete elliptic in- 
tegral. There remains only the problem of solving the 
Mathieu equation (9), to find V(0) as a function of 8. 
For our purposes it will be adequate to make the 
approximation sin(@)~@é in (9), since, for the values 
of 8 that are of interest, V will be essentially zero 
before the higher terms in the expansion of the sine are 
of any significance. Then we have 


PV/dP=SPPV, 


which is easily recognizable as a Bessel equation, whose 
solutions are 


(12) 


V~b Taye (6sé#/2), 


and we want the linear combination of these two solu- 
tions that goes to zero as >. This solution is 


V=A (Bs€/2)"4[T1)4(Bsé2/2)—I_14(Bs#/2)], 


where A must be chosen to fit the boundary conditions 
at the origin, namely V’(0)=s. We know that, near 
the origin 


(13) 


(14) 


Z} 
21 (2)--—| 
214 


+0(2")| 
T(5/4) 


1 
241-204 
T'(3/4) 


+0(2")| 


so that the appropriate choice of A is 


A= 25/40 (5/4) (s/8)}, 


21 (5/4) /s\3 
pee. 
T'(3/4) 
Putting this into (10), and doing the other elementary 
integrals, we find 


at f(t)] 20(5/4) 7s\4 
san="l a4 8 r T'(3/4) () ; 


nh 1+3t— (8f/r)E(cos£) 
_ (1—#)2 


(16) 
and finally 


(17) 





(18) 





, (19) 


and £ is the complete elliptic integral. f(#) is a rather 
slowly varying function of ¢ with extreme values f(0)=1 
and f(1)=4. 

We have finally to determine 8 by minimizing (18). 
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Fic. 1. s!A/d plotted against [f(é)]#/s. 


This leads to the condition on f: 


4r'(5/4) 
=f()— (Bs)!, 
B= f(t) ar 5) 


in view of which, (18) can be written 
(21) 


For each temperature, then, 8 is determined by (20), 
which is easily solved by successive approximations, 
and the surface energy parameter A is then given by 
(21). It is easy to see that the error in the variational 
procedure will always be positive, that is, the value of 
A thus obtained will be an upper limit. We estimate the 
method to be good to a few percent. 

The numerical work is considerably simplified by 
noting that, if (20) is written in terms of a new variable 
n, defined by 8=n[f(t)]!, then » is a function only of 
the combination [f(é/) ]!/s, given by 


4T(5/4)__ st 


r0(3/4) [fy 


In addition, in terms of n, 


w Cf()} 


sta/d ee [3n—1/n], (21’) 


st 


so that the combination s#A/) is a function of f!/s. Thus 
we need compute only one curve by numerical solution 
of (20’), and the rest follows by direct computation. 

Figure 1 shows values of s!A/A computed from (20’) 
and (21’),° plotted against f!/s. In Fig. 2 we exhibit 
A/ Xo, as a function of temperature, for different values 
of so, according to the Casimir-Gorter model. Thus each 
curve is the temperature dependence of A for a given 
material, characterized by its value of so. 


IV. SURFACE ENERGY IN THE 
ENERGY-GAP MODEL 


Recently, the evidence has begun to accumulate’ that, 
for some superconductors, the free energy expression 


® My thanks are due to Dr. R. W. Hamming and Miss Ruth 
Weiss for the numerical work. 

7B. B. Goodman and W. S. Corak, Proceedings of the Paris 
Conference on Low Temperature Physics (Centrenational de la 
Recherche Scientifique and UNESCO, Paris, 1956), Paper No. 64, 
and Goodman, Satterthwaite, and Wexler, Proceedings of the 
Paris Conference on Low Temperature Physics (Centrenational de 
la Recherche Scientifique and UNESCO, Paris, 1956), Paper No. 
75. Other references are listed in these papers. 
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Fic. 2. A/do as a function of reduced temperature, for the Casimir-Gorter model. 


given by Eq. (11) is not accurate, and that it must be 
replaced by an expression leading to a specific heat 
exponential in the reciprocal temperature below the 
superconducting transition. Such an expression, corre- 
sponding to a phenomenological energy-gap model, has 
been derived previously,® and all that is necessary is to 
carry through the analysis of Sec. III with it. Instead 
of (11) we use 


(29+1) nc 
_K')w.(1— U*)—PLK (w.) — K (w.U")] 


= ’ (1 1 Ea) 
K' (0)w. +?(1—K (w,) ] 





where U and ¢ are as before, w, is the equilibrium frac- 
tion of superconducting electrons, corresponding to 
ly.|?, and K(w,) is the function that replaces (1—w,)! 
in going from the Casimir-Gorter model to the phe- 
nomenological energy-gap model. w, is determined, as 
a function of temperature, by the condition 


PK’ (w.)= K'(0). (22) 


It is easy to check that, if we put into (11x) the ex- 
pression for K(w) given by the Casimir-Gorter model, 
(11q) will reduce to (11). 

Without going through the straightforward, but 
space-consuming calculation, the end result is that the 
surface energy is still given by (18) [using the same 
trial functions (8) ], but that the slowly varying func- 


tion f(t), given by (19), is replaced by 


foatl== f ow - J vs (190) 


G(x)=(2x—1) sin“(x#)+[x(1—2x) }}, 
x=w(r)/w(t), 
(2a+7)E(a/r)—27 exp(—a/r) 
(2a+1)E(a)—2 exp(—a) 


where 





1—w(7)= 


E(a)= -Ei(—a)= f edr/n, 


and, finally, a is a constant, of order of magnitude unity, 
which characterizes the energy-gap model for the ma- 
terial in question. For tin, for example, a=1.5. The 
functions fxe(t) and f(t) are shown in Fig. 3° and it is 
clear that there is very little difference between them 
for the values of a considered. The maximum difference 
is of the order of 4%, which will produce even smaller 
changes in the surface energy, for given values of s and ¢. 

However, we have to remember that s is itself a dif- 
ferent function of temperature, since s=eH./h,. The 
temperature dependences of \ and H,, according to the 
energy-gap model, are given in reference 5, for a= 1.25 
and a= 1.5, and from these we can find Spq(). In Fig. 4, 


8 My thanks are due Dr. R. W. Hamming and Miss M. Segrich, 
for the numerical work required to compute /ga(t). 
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Fic. 3. The function /(¢) for the Casimir-Gorter model, and for the energy-gap model with a=1.25 and a=1.5. 





we show s(é) for the Casimir-Gorter model, and for the models and for any value of so, the value of s at absolute 
energy-gap model. From Figs. 3, 4, and 1, one can now’ zero. Then, using reference 5 for]the values of A/Xo, 
find A/) as a function of temperature for any of these one can find A/Ao. We have shown in Fig. 2 the values 
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Fic. 5. A/Ao as a function of reduced temperature, for the energy-gap model, with a=1.5. The experimental 
points are due to Schawlow,’ using Lock’s value of \o=5.0X10~° cm, for tin. With this value of Ao, so=0.116 


for tin. 


of A/Xo for the Casimir-Gorter model. In Fig. 5 we 
show the same quantity for the phenomenological 
energy-gap model, for a= 1.5. It will be seen that there 
is very little difference between the predictions of the 
Casimir-Gorter model and the energy-gap model, for 
the same value of so, hence of Xo. 

So far the best experiments on this subject are those 
of Schawlow’ on tin, for which a=1.5, and some of his 
experimental points are included on Fig. 5. 

There is one further consequence worth mentioning 
of the assumption of an energy-gap model, though we 
do not propose to investigate it in detail here. Since the 
temperature dependence of the penetration depth differs 
from that given by the Gorter-Casimir model, the 
inference of a value of \o from the experimental data is 
changed. Thus, the value \>=5.0X10-* cm for tin, 
given by Lock,” rests on the assumption of the Gorter- 
Casimir model. A change of assumed temperature de- 
pendence to that given by reference 5 will produce a 
different value of \o, so that the values of A inferred 
from our curves of A/Xo will be changed. Alternatively 
stated, the experiments measure A directly, and the 
experimental values must be divided by Ao for compari- 


9 A. L. Schawlow, Phys. Rev. 101, 573 (1956). 
10 J. M. Lock, Proc. Roy. Soc. (London) A208, 391 (1951). 


son with the theory. In plotting Schawlow’s data on 
Fig. 5, we have used the value of Xo given by Lock. 
Another value of Xo would raise or lower the points 
proportionately." Further, the value of so=e\c?H./h-. 
will be changed, so that the curve on Fig. 5 with which 
one wishes to compare the data will be changed. These 
two effects work in opposite directions with the latter 
the stronger. Thus, if Xo were 15% larger, the experi- 
mental points in Fig. 5 would be lowered by 15%, and 
the value of so changed to 0.16. Then the agreement 
would be rather improved, and, in fact, the discrepancy 
would be well within the accuracy of the experiments. 
Thus, an accurate value of Xo, within the framework of 
the energy-gap model, is of real interest here.” 

However, even with Lock’s value of Xo, the theory is 
everywhere within about 35% of the experimental 
results, which is surprisingly good agreement for"such 
a crude theory. It is likely that we understand the 
physical origin of the surface energy in tin. Though the 
data on lead and indium are not as good, this is prob- 
ably true for those materials as well. 

1 A reinterpretation of Lock’s data in terms of the energy-gap 
model is in progress. 

2A, V. Gurevich, J. Exptl. Theoret. Phys. U.S.S.R. 27, 195 


(1954) has reanalyzed Lock’s data using the Landau-Ginzburg 
model, and has found somewhat larger values of Ao for tin. 
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Thermoelectric power measurements on gray tin filaments in 
the temperature range from 77 to 270°K are described. Data are 
presented for pure samples and for n-type and p-type samples 
having various impurity concentrations. Pure samples are always 
n type, and exhibit a maximum of approximately —100 wv/°K 
in the neighborhood of 100°K. Other n-type samples have a 
maximum of about — 160 yzv/°K at somewhat higher temperature, 
and this maximum shifts to higher temperature as the impurity 
concentration is increased. The p-type samples also exhibit a 
maximum of the order of 140-160 zv/°K which occurs in the range 
90-100°K. All p-type samples become n type as the temperature 
rises, and the crossover point shifts to higher temperature as the 
impurity concentration increases. 

The measured thermoelectric power of p-type samples is 
analyzed into electronic and phonon contributions with the help of 


Hall and electrical conductivity data. The relatively large phonon 
contribution shows a temperature dependence similar to that 
previously reported by others for silicon and germanium. A similar 
analysis of -type material indicates a much smaller phonon 
contribution. 

Other results of the analysis based on the three types of measure- 
ments are as follows: The electron effective mass is approximately 
equal to the free electron mass and is about twice that for holes. 
Mobilities of electrons and holes are essentially the same and show 
the theoretically predicted T7-! temperature dependence over a 
very limited high temperature range with a stronger dependence 
at lower temperatures. Only a small percentage of added p-type 
impurities is effective as acceptors, and the impurity concentra- 
tion in undoped material is nearer to 10'* cm~ than to the 10" 
cm~ which had previously been reported by several investigators. 





I. INTRODUCTION 


HE current interest in the thermoelectric proper- 
ties of semiconductors and the availability of 
gray tin in the form of filaments led to this investiga- 
tion. A thorough search of the literature at the time 
this study was undertaken failed to reveal any earlier 
measurements of the thermoelectric power of gray tin. 
More recently Kamadzhiev' has reported some ex- 
ploratory measurements on samples of compressed 
powder. At the outset it was expected that thermo- 
electric data might be used in conjunction with con- 
ductivity and Hall data in the evaluation of conduction 
parameters. Such an analysis has been carried out and 
has yielded a more complete interpretation of previous 
data as well as evidence of an appreciable phonon con- 
tribution to the thermoelectric power. 


II. THEORY 


It is now generally recognized that the theory of the 
thermoelectric power of semiconductors based solely 
upon the Boltzmann collision equation is inadequate. 
It fails to explain the rise in this quantity with decreas- 
ing temperatures. Several authors? have attempted to 
account for the discrepancy by attributing the extra 
effect to the interaction of the phonon system and the 
mobile charge carriers. The recent experimental results 


* This work was supported by the Office of Naval Research. A 
preliminary account was presented at the 1956 Washington Meet- 
ing of the American Physical Society [Bull. Am. Phys. Soc. Ser. IT, 
1, 226 (1956) ]. It is part of the thesis submitted by one of the 
authors (A.N.G.) to the Graduate School of Northwestern Uni- 
versity in partial fulfillment of the requirements for the Ph.D. 


degree. 

+ Present address: Brookhaven National Laboratory, Upton, 
Long Island, New York. 

1 P, R. Kamadzhiev, Czechoslov. J. Phys. 5, 60 (1955). 

*C. Herring, Phys. Rev. 92, 857 (1953); 96, 1163 (1954). 
H. P. R. Frederikse, Phys. Rev. 91, 491 (1953) ; 92, 248 (1953). 


for germanium’ and silicon‘ have been interpreted in 
terms of this theory. In this paper, too, we will suppose 
that the measured thermoelectric power is the sum of 
two effects, an electronic effect and a phonon effect. 

An expression for the electronic contribution to the 
thermoelectric power has been derived by writing the 
integral of the electric field around a closed loop con- 
sisting of a semiconductor and a metal, the two junc- 
tions of which are held at different temperatures. The 
integrand is identified with the Peltier coefficient 
divided by the absolute temperature and this quantity 
is equivalent to the thermoelectric power by virtue of 
Thomson’s second relation. A similar expression has 
been derived by Johnson' in a different manner. The 
result of the calculation described above is 


0 ky mb [ ae 
=>-—-{ 7 — —— 
elnb+pl = 1+y F,(n*) 


2+ Fipy(—n*— 15 
a p [arnt Y Fity(—1 vl (1) 

nb+p ty F,(—n*—n) 
In this expression, k is the Boltzmann constant, b, the 
mobility ratio, and ;, the intrinsic energy gap at the 
temperature T, divided by kT. The parameter ¥ arises 
from the assumption that the mean free path of the 


charge carriers depends upon some power of the carrier 
kinetic energy, 





L= Ie”. (2) 


The pertinent values of y are zero, one and two, corre- 
sponding respectively, to scattering by the acoustical 
modes of the lattice vibrations, by the optical modes of 
these vibrations or by the ionized impurity atoms in 


3 T. H. Geballe and G. W. Hull, Phys. Rev. 94, 1134 (1954). 
4T. H. Geballe and G. W. Hull, Phys. Rev. 98, 940 (1955). 
5 V. A. Johnson, Phys. Rev. 100, 1251 (1955). 
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the lattice. The functions F,(n*) are known as Fermi- 
Dirac functions. They have been tabulated for the 
pertinent values of y. The argument, *, is the Fermi 
level divided by kT. 

Because the small energy gap in gray tin makes the 
possibility of degeneracy likely, the general expressions 
for the densities of electrons, », and holes, p, have been 
used. These are 


n= 4x (2mkT/h?)!(m./m)'F y(n"), (3) 
p=4x(2mkT/h*)'(m,/m)F\(—n*¥—n:). (4) 


III, EXPERIMENTAL PROCEDURE 


The preparation of gray tin filaments has been de- 
scribed previously.* The samples used in this work were 
similar to those used for conductivity and Hall measure- 
ments’ and, in the cases of alloyed specimens, were pre- 
pared from the same melts. Typical sample dimensions 
were 0.1-mm diameter by 5-mm length. 

The apparatus for thermoelectric power measure- 
ments is depicted in Fig. 1. It consisted of an inner 
cylinder of monel metal which was soldered into a brass 
cap. The sample holder, consisting of two copper blocks 
separated by a bakelite insulating piece, was connected 
to the bottom of the monel cylinder by means of a 
}-inch diameter stainless steel rod. Carbon resistors, 
serving as heating elements, were mounted in the copper 
blocks. The sample was soldered between the blocks, 
and copper-constantan thermocouples were soldered 
into each of the blocks to serve as temperature-measur- 
ing devices as well as voltage probes. This inner assem- 
bly fit into a stainless steel container and the space 
between the two cylinders was evacuated. The outer 
cylinder was surrounded by a liquid nitrogen bath 
and the inner cup was filled with the same coolant. A 
temperature gradient was established by means of the 
heaters, the strainless steel rod serving as a heat leak 
so that a steady state could be achieved. Readings 
were made with a type K-2 Leeds & Northrup 
potentiometer. 

Since the measurement of the temperatures at the 
junctions was of paramount importance in this work, a 
great deal of care was taken to calibrate the thermo- 
couples correctly. The calibration method made use of 
the standard reference tables together with deviation 
curves.® For the lower half of the temperature range a 
quadratic deviation curve was obtained from calibra- 
tions at the oxygen boiling point and the normal sub- 
limation point of carbon dioxide. For the upper half 
of the temperature range, a straight line deviation 
curve between the carbon dioxide point and the origin 
was employed. This method of calibration permitted an 
error in temperature measurement of less than three 


* A. W. Ewald and E. E. Kohnke, Phys. Rev. 97, 607 (1955). 
7 E. E. Kohnke and A. W. Ewald, Phys. Rev. 102, 1481 (1956). 


*R. B. Scott, J. Research Natl. Bur. Standards 25, 459 (1940). 
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Fic. 1. Apparatus for thermoelectric power measurements in 
the temperature range 77 to 270°K, showing the principal details 
of construction and the location of the sample. 


percent at low temperatures, and of considerably less 
than this at higher temperatures. 

Because of the thermal inertia of the apparatus, it was 
necessary to take the readings over a period of two days. 
This practice proved to be valuable as a means of check- 
ing the reproducibility of the results. Measurements 
which were begun on the second day were made to 
overlap part of the temperature range covered the 
previous day. Agreement in this middle range between 
the two sets of readings was remarkably good. Measure- 
ments made on several samples from the same melt also 
showed excellent agreement. 


IV. RESULTS 


Measurements were made on pure samples and on 
samples to which small amounts of n- and p-type im- 
purities had been added. The results for some typical 
samples are shown in Figs. 2 and 3. Pure samples are 
always m type and exhibit a maximum of approxi- 
mately —100 uv/°K in the neighborhood of 100°K. 
Other n-type samples such as those containing anti- 
mony have a larger negative maximum at somewhat 
higher temperatures, and this maximum shifts to 
higher temperatures as the impurity concentration is 
increased. Some p-type samples also exhibit a maximum 
of the order of 140-160 uv/°K which occurs in the 
range of 90-100°K. All p-type samples become m type 
as the temperature rises and the crossover point shifts 
to higher temperature as the impurity concentration 
increases. 

The magnitude of the thermoelectric power of gray 
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tin is of the order one would expect in a semiconductor 
which has such a relatively high electrical conduc- 
ductivity compared to other semiconducting materials. 
Germanium, with its larger energy gap and lower con- 
ductivity has a thermoelectric power which is 5-10 times 
greater,* and the thermoelectric power of silicon is 
correspondingly larger.‘ 
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Fic. 3. Product of measured values of thermoelectric power 
and temperature plotted against the temperature for p-type 
samples. 


V. ANALYSIS OF RESULTS 


An examination of the expression for the electronic 
contribution to the thermoelectric power reveals the 
impossibility of attempting an analysis of the thermo- 
electric power data alone. Clearly, some other informa- 
tion must be furnished concerning the parameters in- 
volved. One is naturally led to the Hall coefficient and 
the electrical conductivity since these quantities are 
functions of the same parameters as the thermoelectric 
power. Conductivity and Hall data alone, however, 
do not permit an evaluation of these parameters with- 
out assumptions regarding some of them. A previous 
analysis of the data for n-type samples’ was based on 
the following assumptions: (1) At high temperatures 
both electron and hole mobilities obey a power law 
temperature dependence and for electrons the power of 
T is —1.65. (2) The simplified exhaustion-range Hall 
coefficient expression may be used at the lowest tem- 
perature to find the impurity concentration. (3) The 
effective masses of electrons and holes are equal. (4) 
The intrinsic energy gap has a linear temperature de- 
pendence expressed by the coefficient B=5X10-5 
ev/deg. The analysis based on these assumptions 
yielded the temperature dependence of the hole mobil- 
ity, mobility ratios, the effective-mass product, the 
impurity concentration, and the intrinsic gap at abso- 
lute zero. More specifically it was found that the mobil- 
ity ratio was slightly less than unity and that the im- 
purity concentration in undoped material was of the 
order of 10'7 cm-*. Although a self-consistent descrip- 
tion of the behavior of n-type material was obtained, 
a contradiction arose when p-type samples were con- 
sidered because the existence of the Hall crossover at 
low temperature required a mobility ratio appreciably 
greater than unity if, as was assumed, a reasonably 
large fraction of the added p-type impurity atoms is 
effective. 

In the present work, by using thermoelectric power 
data together with conductivity and Hall data for 
p-type samples and making use of the Hall maximum 
and crossover positions it has been possible to avoid 
explicit use of the first three of the above assumptions. 
The fourth assumption together with the previously 
determined effective-mass product is carried over to 
the present analysis. The model which will be employed 
here is the general semiconductor two-band model. 
It will be assumed that the impurities present are 
ionized at all temperatures under consideration. 


A. p-Type Samples 


The analysis of the results for p-type material is 
based in part upon a relation previously used by Breck- 
enridge et al.’ in the study of InSb. This relation arises 
from the fact that in a p-type semiconductor the num- 
ber of m-type carriers is a monotonically increasing 


® Breckenridge, Blunt, Hosler, Frederickse, Becker, and 


Oshinsky, Phys. Rev. 96, 571 (1954). 
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function of the temperature alone so that at the maxi- 
mum of the Hall curve 6R/in=0. From this it follows 
that 

max = (P—N)/(b—1), (5) 


where #mox is the value of » at the maximum of R, and 
P and N are the concentrations of acceptors and donors, 
respectively. Otherwise our analysis differs from the 
previous procedure in that it avoids the use of the ex- 
haustion range Hall coefficient. This is done because, 
due to the small intrinsic gap in gray tin, it is doubtful 
whether the intrinsic carriers may be neglected even at 
the lowest temperatures. Instead, Eq. (5) is combined 
with the electrical neutrality relation 


p—n=P-—N (6) 
to obtain 
Pex = Mnexd. (7) 


Substitution of this result into both the Hall coeffi- 
cient and the electrical conductivity expressions at the 
position ef the maximum value of R leads to the 
equation 

b=1— (16/3) (RinaxOmax/Hp). (8) 


When the experimental values of Rmax and max for 
several typical p-type samples are inserted into the 
above equation and combined with the fact that yp, 
is of the order of thousands, it becomes evident that b 
must be unity to within a few percent. Further evidence 
for this lies in the fact that the Hall maximum and the 
Hall crossover are separated by only a small tempera- 
ture difference. At the crossover temperature we know 
that 

P= p/n, (9) 


while at the maximum, we have shown that b= p/n. 
These two equations can be satisfied at their respective 
temperatures only if } is of the order of unity or if it is 
a rapidly varying function of temperature. Since the 
second possibility is considered unlikely, this confirms 
the above conclusion. 

Now if ” is approximately equal to in the vicinity 
of the maximum and crossover, as is required by the 
above relations with D1, then it is a good assumption 
that ” equals p at 270°K where the material is in the 
intrinsic range. This assumption will be employed here 
to determine the effective masses which are assumed to 
be temperature independent. At 270°K, the phonon 
contribution to the thermoelectric power should be 
negligible. Therefore, by matching the measured value 
of the thermoelectric power to the value of the thermo- 
electric power calculated from Eq. (1) under the 
assumptions 

n=p, b=1, (10) 


it is possible to obtain an approximate value of * at 
270°. Knowledge of this value of n* permits us to calcu- 
late the effective masses as follows: since n= p, 


(m./my)'= Fy(—n*—1)/F y(n"). (11) 


TaBLE I, Effective impurity concentrations and 
effective masses for p-type samples. 








Sample 


Zn-32 
In-12 


(P—N) cm=* Me mh 


3.44 1015 1.02 mo 0.45 mo 
4.9210" 0.97 mo 0.48 mo 











Previous work furnished a value for the product (mma). 
From the product and quotient, values of m, and m, 
are obtained readily. With this information, m and p 
can be calculated. Upon substitution of the values of 
and p into the Hall coefficient, one obtains a value of 6 
which is slightly different from unity. The procedure is 
then to use the new value of 6 together with the assump- 
tion that equals p in the thermoelectric power ex- 
pression again. A new value of 7* is obtained which 
leads to new values of and p. Repetition of this itera- 
tion processes only one time is sufficient to provide 
consistency between R and Q. Evaluation of P—JN is 
accomplished by returning to the position of Rmax and 
equating the two expressions for }: 


(12) 


b=p/n= (m,/m.)'Fy(—n*—n:)/F y(n"), 


32 
b=1——Rmaxep 
3r 


128 2m,RT \ 3 
-1-—Rene(——) Fy(—n*—ni). (13) 
3 ie 


In this way n*, m and p are evaluated at the temperature 
of the Hall maximum. Then, by virtue of the electrical 
neutrality equation, (6), we can obtain (P—N) from 
the difference between p and m. Once the electrical 
neutrality relation has been obtained, values of n*, and 
hence of m and p can be determined for various tempera- 
tures by iteration. 

This method of analysis was applied to two p-type 
samples, Zn-32 which contained 0.0118 atomic percent 
zinc and In-12 which contained 0.000994 atomic percent 
indium. The effective masses and effective impurity 
concentrations are given in Table I. The mobility ratios 
shown in Table II were evaluated from n, p and the 
measured Hall coefficient, and the individual mobilities 


TABLE IT. Temperature dependence of the mobility ratio 
for p-type samples. 








Mobility ratio 
Zn-32 In-12 


1.38 1.20 
1.07 1.25 
1.03 1.21 
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of Figs. 4 and 5 were determined from n, p, 6, and the 
measured conductivity. Completion of these computa- 
tions supplied values for all of the parameters which 
occur in the expression for the electronic contribution 
to the thermoelectric power, Q,. After the evaluation 
of Q,, the phonon contribution, Q,,, shown in Fig. 6 
was obtained by subtraction of Q, from the measured 
values. 


B. n-Type Sample 


The earlier work on pure gray tin’ provided values 
for all of the parameters which appear in the theoretical 
expression for the thermoelectric power. Substitution 
of these values into Eq. (1) led to a very poor fit of 
the experimental data. Re-examination of the assump- 
tions made in that analysis (and listed above) showed 
that the third was now unnecessary because the effec- 
tive masses had been determined and the first could be 
avoided by using the procedure developed for p-type 
samples. Unfortunately, the method used in determining 
the impurity concentration of p-type samples is not 
applicable to n-type material and therefore the second 
assumption could not be eliminated in this manner. 
Instead, the impurity concentration was determined by 
fitting the calculated thermoelectric power to the meas- 
ured value at an intermediate temperature. This 
resulted in the value 5X 10° cm~ and in the reasonably 
good agreement shown in Fig. 7 between calculated and 
measured values of the thermoelectric power. Further- 
more, the mobility curves obtained in this way were 
almost identical to those for the p-type sample Zn-32. 


VI. DISCUSSION 


All previous estimates of the concentration of active 
impurity atoms in gray tin prepared from commercially 
available material were of the order of 10'7 cm~*. The 
present work, however, indicates that this number is 
less than 10'* cm~. Consequently, throughout the tem- 
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Fic. 4. Temperature dependence of electron and hole mobilities 
for a p-type sample containing 0.0118 atomic percent zinc as an 
impurity. 
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perature range from 77 to 270°K, the number of holes 
is comparable to the number of electrons. This justifies 
the strict adherence to the two-carrier model in the 
present analysis and indicates its use in future work on 
tin of comparable purity. 

Regarding doped samples, the foregoing analysis 
indicates that only a small fraction of the added im- 
purity atoms is active in the gray tin lattice. It is un- 
fortunate that no data exist regarding the solubilities 
of various elements in gray tin. However, since a num- 
ber of elements used to dope germanium exhibit retro- 
grade solubility, the solubility limits in gray tin may 
be quite small. 

Another result of the preceding analysis is the be- 
havior of the mobility as a function of the temperature. 
If the sole scattering mechanism were that due to the 
acoustical modes of the lattice vibrations, one would 
expect the mobility to follow a 7—! law. Examination of 
the mobility curves reveals that over a limited range 
of high temperatures the mobilities do follow such a law- 
Other investigators have also reported this tempera. 
ture dependence over more or less extended tempera- 
ture ranges. Kendall"® concluded that the 7—! law was 
valid throughout the lattice scattering range whereas 
Busch and Wieland" found departures from it below 
250°K. Our curves for both electrons and holes are 
similar to the electron mobility curve of the latter 
authors in that, at low temperatures, these curves show 
a more rapid rise than is predicted theoretically. This 
rapid rise was already apparent in the earlier analysis 
of conductivity and Hall data’ but was described by 
means of empirical power law temperature dependences 
of the mobility together with somewhat different values 
of the other parameters. It should be noted that al- 
though the temperature dependences are considerably 
modified by the present work, the absolute mobility 
values at high temperatures remain substantially un- 
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Fic. 5. Temperature dependence of electron and hole mobilities 
for a p-type sample containing 0.000994 atomic percent indium as 
an impurity. 


w J, T, Kendall, Phil. Mag. 45, 141 (1954). 
1G, Busch and J. Wieland, Helv. Phys. Acta 26, 697 (1953). 
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Fic. 6. Product of temperature and phonon contribution to 
thermoelectric power plotted against the absolute temperature for 
two p-type samples. 





altered from those found in the previous work with 
filaments. 

Recent attempts by others” to explain the deviations 
from the 7~! law by attributing them to scattering by 
the optical modes of the lattice vibrations led us to 
make a similar attempt. The mobility expression for 
this case has been found to be of the form 


Hop= BT *[exp(6/T)—1], 


where @ is the Debye temperature associated with the 
lattice. A study of the existing information regarding 
the value of 6 for gray tin leads to two conclusions. First, 
it is doubtful whether the Debye theory should be 
applied to gray tin at all. Second, if it is used then the 
characteristic temperature obtained lies in the tempera- 
ture range covered by these experiments. This means 
that the optical modes may play an important role in 
scattering charge carriers. 
Although the individual mobilities exhibit the be- 


12 F, J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954). 
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havior just discussed, the mobility ratio, b, is quite well 
behaved. Its value for both n-type and p-type samples 
remains near unity throughout the temperature range. 
The-apparent contradiction regarding it (mentioned at 
the beginning of Sec. V) is removed since the present 
work has shown that only a very small fraction of the 
added p-type impurities is effective and therefore the 
low-temperature Hall crossover is compatible with a 
value of } near unity. 

Finally, some discussion of the phonon contribution 
to the thermoelectric power is in order. For p-type 
samples, the results illustrated in Fig. 6 show that the 
phonon effect represents an important part of the 
thermoelectric power. A comparison of the curves shown 
in this figure with those for germanium® and silicon* 
reveals that the general shapes are the same. A quan- 
titative discussion of the results for gray tin is again 
made difficult by the fact that the Debye temperature 
lies within the range of measurements. For n-type 
samples, the approximate agreement between the 
calculated electronic contribution and the measured 
curve (Fig. 7) indicates that the phonon effect is of 
much less importance. 
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According to the Thomas-Fermi and the Thomas-Fermi-Dirac 
models of the atom, the electrons in an atom of a given Z have a 
given continuous distribution in angular momentum. Therefore, 
the question of how many s, p, d, or f electrons are to be found in 
an atom of a given Z cannot be answered by the statistical model 
as it stands. However, this question can be answered by assigning 
all the electrons which have values of angular momentum within a 
certain interval to a definite angular momentum quantum number 
1. There is, of course, some arbitrariness involved in selecting the 
method of angular momentum assignment. Fermi first calculated 
a set of curves for the numbers »(/,Z) of s, p, d, and f electrons in 
an atom as a function of Z on the basis of a particular angular 
momentum assignment, and using the Thomas-Fermi statistical 
theory. Since the completion of Fermi’s work, Dirac has modified 
the Thomas-Fermi theory to include the exchange effects of the 
electrons. In the present work, curves for v(/,Z) have been 


calculated on the basis of the Thomas-Fermi-Dirac theory in order 
to investigate the effect on such curves of the exchange interaction 
between the electrons. Complete sets of curves have been found 
using the angular momentum assignment proposed by Fermi, and 
also using an angular momentum assignment proposed later by 
Jensen and Luttinger. Some isolated points on the »(I,Z) curve 
have been plotted using a third angular momentum assignment. 
On the basis of the analysis of the graphs so obtained and their 
comparison with the empirical data, it is concluded that the ex- 
change effects are not negligible for this calculation, that no 
simple angular momentum assignment such as the ones proposed 
by Fermi and by Jensen and Luttinger agrees well with the 
theory, and that it is probably possible by sufficient juggling to 
find an angular momentum assignment which would fit the 
empirical data reasonably well. 





I. INTRODUCTION 


PROBLEM which is of interest in atomic physics 

is the determination of the number of electrons 
with a given orbital angular momentum quantum 
number / which are present in an atom of a given atomic 
number Z. This problem was first treated by Fermi! and 
later treated by Jensen and Luttinger* on the basis of the 
Thomas*-Fermi' statistical model of the atom. The 
question of the number of electrons with a given / in the 
atom is not subject to treatment by the statistical model 
as it stands because in this model the electrons are 
distributed continuously in angular momentum over a 
given range of values. However, this question can be 
answered by assigning all the electrons with angular 
momenta within a certain interval to a given angular 
momentum quantum number /. Since there is some 
arbitrariness involved in selecting the method by which 
this is done, the question set forth is not well defined. 
Various methods of angular momentum assignment are 
discussed in Secs. II and III below. 

Jensen and Luttinger discussed the angular mo- 
mentum assignment which Fermi used and proposed 
another one. They mentioned the fact that Fermi used, 
in his treatment, an approximate integration which was 
not sufficiently accurate to give a reliable representation 
of the model. However, they did not extend their 
treatment as far as Fermi did. Fermi obtained the com- 
plete curves for the number r(/,Z) of electrons with 
quantum number / per atom as a function of Z over the 
whole range of values of Z for s, p, d, and f electrons. 
Jensen and Luttinger determined only the values of Z 
for which the p, d, and f electrons make their first 


1E. Fermi, Z. Physik 48, 73 (1928). 

2J. H. D. Jensen and J. M. Luttinger, Phys. Rev. 86, 907 
(1952). 

3 J. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1927). 


appearances in the atom. They used the value of Z for 
which the appropriate curve for v(/,Z) cuts the line, 
v(1,Z)=1 as the value of Z for which the electron of the 
corresponding angular momentum makes its first ap- 
pearance. 

Since there is arbitrariness involved in selecting the 
method of angular momentum assignment, the question 
of which method best fits the experimental data should 
be investigated. The following argument indicates that 
the first-appearance problem is not a good one for this 
application. The general types of curves for v(/,Z) which 
are obtained using the statistical model with an angular 
momentum assignment of the type mentioned above are 
qualitatively like the curves which Fermi obtained. 
These curves are found in Fermi’s original paper’ and 
are reproduced in Condon and Shortley.* The general 
form of the empirical curves is restricted greatly by the 
fact that the number »(/,Z) of electrons present must be 
an integer for any integral value of Z. These curves have 
abrupt jumps in them and their slopes only change 
discontinuously. On the other hand, the theoretical 
curves vary smoothly and have only continuous changes 
in slope. Therefore, the theoretical curves cannot be 
expected to agree with the empirical curves at all points. 
It seems most reasonable then to observe how well the 
theoretical curves agree on the average with the 
empirical curves. Since the theoretical curves which fit 
the empirical ones the best on the average do not agree 
with them for all values of Z, it does not seem reasonable 
to expect a particular theoretical curve necessarily to be 
the one which best agrees with the corresponding 
empirical curve at some previously selected, individual 
value of Z. The first-appearance problem for a given 
quantum number consists of comparing the theoretical 


4E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (University Press, Cambridge, 1935). 
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TaBLE I. Forms of the function L(/) which are to be used in 
Eq. (1) for each type of angular momentum assignment. 








1 assignment LID 
HUC- DP H+ DH 
(i(i+1)}* 





Jensen and Luttinger 
Fermi 
Text 








and experimental results at a particular value of Z. 
Therefore, the use of the agreement between the theo- 
retical and experimental results in the first-appearance 
problem as a criterion for choosing the best angular 
momentum modification might give misleading results. 

The treatments mentioned above are based on the 
Thomas-Fermi statistical model of the atom. This model 
neglects the exchange interaction between electrons 
which is not really negligible. The model was modified 
by Dirac® to account for the exchange interaction. The 
Thomas-Fermi-Dirac model should therefore be used in 
preference to the Thomas-Fermi model in testing the 
statistical theory of the atom. The angular momentum 
considerations are of exactly the same nature in both 
models. Therefore, the theoretical adjustments which 
must be made in accounting for exchange effects in the 
angular momentum problem are slight. The purpose of 
the present work was to investigate the forms of the 
curves for v(/,Z) which result from various angular 
momentum assignments using the Thomas-Fermi-Dirac 
model, and to see which ones best agree on the average 
with the empirical curves. In the process of this in- 
vestigation it was found that the exchange effects are 
not negligible. 

An interesting approach to the first-appearance prob- 
lem which does not make use of an angular momentum 
assignment of the type discussed in the present work was 
given by Ivanenko and Larin.* Their method involves 
retaining the continuous distribution of the electrons in 
angular momentum. Because of the marked difference 
between their viewpoint and that of the present work, it 
was found instructive to determine which (if any) 
special case of the treatment used here corresponds to 
the result of the latter viewpoint. This is done in Sec. IV. 


II. SUMMARY OF THE RESULTS 


Jensen and Luttinger® have discussed in detail the 
general method of angular momentum assignment which 
accounts for the fact that orbital angular momentum is 
quantized. The expression which they obtained for the 
number v(/,Z) of electrons which are present in an atom 
of atomic number Z is 


v(D=N{LIDJ—-N{L(I4+D}, (1) 
5P. A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 376 (1930). 


6D. Ivanenko and S. Larin, Doklady Akad. Nauk (S.S.S.R.), 
88, 45 (1953). 
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TABLE IT. Summary of the results which have been plotted in 
Figs. (1) and (2), with indications as to the statistical theory which 
is used, the type of angular momentum assignment which is used, 
the figures in which the given results are plotted, and the values of 
I for which the given results are plotted. In the last column, all 
entries without the superscript c or d indicate the results which 
were calculated in the present investigation.* 








Angular 
momentum 
assignment 


J and L 
F 


Figure Values 
containing of | 
curves considered 


, 2, 3,4 
, 2, 3,4 

Text y= 

F (approx) 1)° 

T-F> F (exact) 

T-F> F (exact) 

Empirical 2 


Theory 


T-F-D 
T-F-D 
T-F-D> 
T-F 











® Key: T-F-D—Thomas-Fermi-Dirac; T-F—Thomas-Fermi; J and L— 
Jensen and Luttinger; F—Fermi; F(approx)—Fermi assignment with 
approximate integration; F(exact)—Fermi assignment with exact inte- 
gration. 

b Indicates that only isolated points have been plotted. 

¢ Curves obtained from Fermi's! original graph which is illustrated in 
Condon and Shortley.‘ 

4 Points obtained from the first appearance calculations of Jensen and 
Luttinger.? 


where 


1 On? 4 
x“=-, -——_-1(—) a, 
bb (42a) 'eZ? 2Z 


and g(x) is the solution to the Thomas-Fermi-Dirac 
equation for the particular value of Z involved. The 
integration is carried out over values of x for which 
(34Z/4)'xy—L? is positive. The form of the function 
L(l) determines the particular angular momentum as- 
signment. The most straightforward angular momentum 
assignment is the one proposed by Jensen and Luttinger. 
The form of the function L(/) is tabulated in Table I for 
this angular momentum assignment, the one originally 
used by Fermi and a third one which is discussed below. 

A summary of the curves obtained in the present 
calculations and those obtained from previous calcula- 
tions is given in Table IT. 

The solution to the Thomas-Fermi-Dirac equations 
which were used came from two sources, Metropolis and 
Reitz’ and Jensen et al. The Metropolis and Reitz 
tables do not contain solutions for the neutral uncom- 
pressed atom. Therefore, it was necessary to make 
approximations to these solutions using the solutions 
which they do contain. The thesis’ upon which this 
discussion is based contains an account of these ap- 
proximations and the method of numerical integration 
which was used. The spreads involved in some of the 
curves in Figs. 1 and 2 are results of these approxi- 
mations. 


™N. Metropolis and J. R. Reitz, J. Chem. Phys. 29, 555 (1951). 


8 Jensen, Meyer-Gossler, and Rohde, Z. Physik 110, 277 (1938), 
*T, A, Oliphant, thesis, M. S., Cornell, 1956 (unpublished), 
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Fic. 1. Number »(2) of electrons per atom with angular mo- 
mentum quantum number J, as a function of Z. The curves con- 
sisting of broken lines represent the empirical data and the 
smoothly varying curves represent results of the T-F-D theory 
using the Jensen and Luttinger angular momentum assignment 
(see Table IT). 


III. DISCUSSION 


The first of the present calculations was done for the 
Thomas-Fermi-Dirac theory using the Jensen and 
Luttinger angular momentum assignment (see Fig. 1). 
The fact that was first noticed was that the s electron 
curve is much too low, the # electron curve is about 
right, the d electron curve is a bit too low and it is not 
possible to tell much about the f electron curve. In 
order to discuss the meaning of these features, a brief 
digression is necessary. In the process of deriving Eqs. 
(1) and (2) the following expression is obtained for the 
number of electrons which have an angular momentum 
lying between #L and #(L+dL) in the unmodified 
statistical model. 


mata f ](™) sev] av (3) 


This integration is carried out over values of x for which 
(34Z/4)!xy— L? is positive. The number v(/) of electrons 
with quantum number / is calculated in the following 
way: 


v(1)= 


L(+) 
n(L)dL 
Li 


= 4L 3nZ 
oe i 4(~ ) =e rope (4) 
if 


This integration can be visualized by the graphs con= 
tained in Fig. 3. These curves are schematic plots of the 
x integrands in the expression (3) for n(L) as functions 
of L for the various angular momentum assignments. 
Integration of one of these curves gives the x integrand 
of Eq. (4). Equation (4) is exactly equivalent to Eqs. 
(1) and (2). It is evident, according to Fig. 3(a), that 


there is a correlation between the relative widths of the 
L intervals and the heights of the theoretical curves 
relative to the empirical curves. If it is assumed that the 
height of the theoretical curve for d electrons is correct 
insofar as angular momentum subdivision is concerned, 
then the s-electron curve is too low and the p-electron 
curve is too high. Also the width of the s-electron region 
in Fig. 3(a) is smaller and the width of the p-electron 
region larger than that of the d-electron region. 

The foregoing correlation suggested that the various 
numbers / should have intervals of equal length on the 
diagram in order to give theoretical curves with heights 
roughly proportional to the heights of the empirical 
curves. This leads to the postulate that fdL=1 for each 
angular momentum interval. The simplest way of 
setting up an angular momentum assignment under this 
requirement is to set up the assignment illustrated in 
Fig. 3(b), which turns out to be identical with the Fermi 
assignment. Therefore, it is not necessary to regard the 
Fermi angular momentum assignment as an approxi- 
mation to that of Jensen and Luttinger. 

The above observations lead to another calculation 
using the Thomas-Fermi-Dirac theory, but this time 
using the Fermi angular momentum assignment. The 
theoretical curves lie below the empirical curves to 
about the same extent for each value of /. This justifies 
the conclusion that the constancy of the width of the 
angular momentum interval should give heights to the 
v(l) curves which are roughiy proportional to the 
heights of the empirical curves. There is, however, still 
the difficulty that the theoretical curves all fall below 
the empirical ones. 
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Fic. 2. Number »(/) of electrons per atom with angular mo- 
mentum quantum number J, as a function of Z. The curves con- 
sisting of broken lines represent the empirical data. Four of the 
smoothly varying curves represent the results of the T-F-D theory 
using the Fermi angular momentum assignment and a fifth one 
consists of an earlier calculation of Fermi! using the T-F theory. 
The round points are for the T-F-D theory using a third type of 
angular momentum assignment and the diamond-shaped points 
are for the T-F theory as calculated by Jensen and Luttinger* 
using their angular momentum assignment (see Table IT). 





ANGULAR MOMENTUM DISTRIBUTIONS 


No further straightforward ways were found to set up 
the angular momentum assignment which would bring 
the theoretical curves closer to fitting the empirical 
ones. The method of setting up the angular momentum 
assignment is, however, somewhat arbitrary. The ques- 
tion which remains is then whether it is possible to set up 
an angular momentum assignment, with less previous 
justification, which will bring the theoretical curves 
closer to fitting the empirical ones. In order to determine 
whether or not this could be done, the most extreme 
angular momentum assigned which seemed at all reason- 
able was set up. It is illustrated in Fig. 3(c). In this 
assignment all electrons with angular momentum below 
h{1(1+-1)]! are assigned to the quantum number /—1. 
This is the most extreme modification that still seems 
reasonable because it does not seem reasonable to assign 
an electron of angular momentum greater than [/(/+1) ]! 
to the quantum number /—1. It must be kept in mind 
that the relative angular momentum interval lengths are 
not equal although they do decrease monotonically. 
Points at Z=92 have been calculated for s, p, and d 
electrons. The s point lies very much above the corre- 
sponding point on the empirical y(/) curve, the p point 
lies above it, and the d point lies below it. Therefore, it 
seems possible that some method of assignment of 
angular momentum intermediate between this method 
and the Fermi method would give good average agree- 
ment with the empirical curves. Because of the arbi- 
trariness involved in the angular momentum assign- 
ment, the determination of the exact method of angular 
momentum subdivision which gives the best agreement 
with the experimental data would probably not be of too 
much significance. 

It is interesting to see whether the theoretical curves 
given in Fig. 2 would fit the empirical curves better if 
the exchange correction were removed. The individual 
points in Fig. 2 which were obtained from the first- 
appearance calculations of Jensen and Luttinger are 
points on the theoretical curves which would be ob- 
tained by removing the exchange correction from the 
theoretical curves which are plotted in Fig. 2. The fact 
that these points lie above the corresponding Thomas- 
Fermi-Dirac curves suggests that there is a good possi- 
bility that the removal of the exchange correction would 
improve the agreement between the theoretical and 
empirical curves. In a, brief investigation of this ques- 
tion, two points on the s curve were calculated and 
plotted in Fig. 2. The positions of these two points 
verify the expectation for the s curve. The curves which 
would be obtained by extending these calculations can 
be regarded as the old Fermi curves corrected for the 
error in the approximate integration which he used. The 
two points calculated suggest the possibility that such 
curves would agree with the empirical curves as well as 
or better than the original Fermi curves. The analysis 
might have proceeded in the following way if the ex- 
change effects had been neglected at the beginning. The 


Fic. 3. Schematic plots of 
the x integrand in the ex- 
pression (3) for m(ZL) as 
functions of Z for the vari- 
ous angular momentum as- 
signments. The regions in L 
assigned to each value of nic 
1 are indicated therein. 
Figure 3(a) is for the Jensen 
and Luttinger angular mo- 
mentum assignment, Fig. 
3(b) is for the Fermi, and 
Fig. 3(c) for the additional 
angular momentum assign- 
ment [see Table I for the 
forms of the function (J) ]. 
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angular momentum interval length problem would have 
come up in the Jensen and Luttinger method of angular 
momentum assignment and would have been settled by 
examining the figure corresponding to Fig. 3(a). Then 
the Fermi angular momentum assignment would have 
been used and, if the rest of the curves fitted as well as 
the brief portion which was actually calculated, there 
would have been a tendency to be satisfied with the 
results and to say that perhaps the exchange effects are 
negligible. 

The results which have been obtained, however, indi- 
cate that the exchange effects are not negligible. The 
individual points plotted in Fig. 2 for the Thomas- 
Fermi theory would lie on the corresponding curves in 
Fig. 2 which were plotted for the Thomas-Fermi-Dirac 
theory if the exchange effects were negligible, since the 
only difference in the two cases lies in the fact that one 
of them contains the exchange effects and the other one 
does not. The disagreement between the results with 
and without exchange effects is apparent. Since electrons 
are known to have the exchange interaction, we must 
accept the Thomas-Fermi-Dirac theory in preference to 
the Thomas-Fermi model. Therefore, the above-men- 
tioned investigation in the Thomas-Fermi theory was 
not carried out. At this point it should be reemphasized 
that the angular momentum assignment is somewhat 
arbitrary and that by changing it sufficiently it is 
probably possible to get good average agreement be- 
tween the theory corrected for exchange effects and the 
experimental data, even though not with the most 
straightforward type of angular momentum assignment. 


IV. THEORY WITHOUT ANGULAR MOMENTUM 
ASSIGNMENT 


An approach to the problem which accounts for the 
exchange forces between the electrons but does not 
make explicit use of an angular momentum assignment 
was used by Ivanenko and Larin‘ in the first-appearance 
problem, It is instructive to discuss this viewpoint and 
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Fic. 4. Same curve 
as in Fig. 3(b). The 
rectangular blocks il- 
lustrate the approxi- 
mate method of inte- 
gration of this curve 
used by Fermi.! 





to see how it corresponds to a slightly modified special 
case of the present viewpoint. 

The assumption made by Ivanenko and Larin is 
equivalent to requiring that if in the expression (3) for 
n(L) there is a range of values of x over which the 
integrand is positive then the electron with angular 
momentum L has made its appearance. The value of Z 
for which an electron with quantum number / makes its 
first appearance is then found by requiring that L have 
the value (/+3)h and determining the value of Z at 
which the x integrand in (3) first begins to have a region 
in x over which it is positive. 

The following treatment gives the same results as the 
Ivanenko and Larin treatment. The Fermi angular 
momentum assignment is used and it is assumed that 
the curve can be replaced by the blocked-in curve in 
Fig. 4. This is exactly what Fermi did in his approximate 
integration. Therefore, Eq. (4) becomes 


L(l+1) 


Lil+)) 
r(I)= f n(L)dL=n(L) dL. 
Lib) 


LY) 


In the Fermi method, 


L(t+1) 
f dL=1. 
Li 


v(1,Z)=n(I+3, Z). 


Therefore, 


This results in the relation 
4L pdsxf s3nZ\! $ 
niz=— f -|(—) wipes wea. (5) 
T x 4 


The graphs for this v(/,Z) for the Thomas-Fermi theory 
are the ones originally given by Fermi.' One of the curves 


Fic. 5. Schematic 
plot of »(1,Z) as a 
function of Z, ob- 
tained without the 
explicit use of an 
angular momentum 
assignment of the 
type discussed in 
Sec. IT. 





is reproduced schematically in Fig. 5. Now for a value 
Z, of Z which is greater than Z,, v(/,Z) has a finite range 
of integration in x. This value Z, of Z is therefore the 
value of Z at which the electron with quantum number / 
makes its first appearance in the Ivanenko and Larin 
theory. This is equivalent to the value of Z at which the 
curve given by Eq. (5) intersects the line »(/)=0. This 
is slightly different from the discrete angular momentum 
approach because in the latter approach the first ap- 
pearance occurs at the Z for which »(/,Z) in Eq. (5) 
intersects the line v(/)=1 instead of »(l)=0. 

In conclusion it should be pointed out that Ivanenko 
and Larin have compared the critical Z for first appear- 
ance of an electron of a given angular momentum with 
the experimental data. In view of the arguments which 
were advanced in Sec. I in favor of comparing the curve 
v(1,Z) with the data on the average over the whole range 
of values of Z, their excellent agreement with experi- 
ment seems somewhat fortuitous. 
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Note added in proof.—In a Letter to the Editor” Larin 
pointed out the difference between the treatment by 
Ivanenko and Larin® of the first-appearance problem, 
which maintained the continuous distribution of angular 
momenta, and the treatment of Jensen and Luttinger, 
which considered the quantized nature of the angular 
momentum. 


%S, I. Larin, J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 498-501 
(1955). 
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Stopping Power of Various Gases for Lithium Ions of 100-450-kev Kinetic Energy* 
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(Received August 8, 1956) 


The stopping power, expressed in electron volts per atom of gas per square centimeter has been measured 
in Hg, He, air, and argon for lithium ions in the kinetic energy range 100-450 kev. Collisions which would 
have deviated the lithium ions as much as 10~* radian would have removed them from the detector aperture, 
so that the measured stopping power arises entirely from electronic collisions. The following results 
were obtained: 


Exi Atomic stopping power in units of 10- evXcm?/atom 
(kev) He He Air 
150 6.4 5.7 20.2 
250 10.1 9.9 29.2 
350 11.4 13.1 34.1 
450 13.4 15.3 43.5 


Argon 
40.1 
53.8 
66.2 
73.7 





I, INTRODUCTION 


UR laboratory is in the process of investigating 
some of the nuclear reactions initiated through 
bombardment by lithium ions.! The interpretation of 
the results is greatly facilitated by a knowledge of the 
stopping power of matter for the lithium beam. Meas- 
urements have been made of the stopping power of the 
gases hydrogen, helium, argon, and air for lithium ions 
in the energy range of 100 to 450 kev. The ions, acceler- 
ated in a Cockcroft-Walton accelerator (kevatron), 
were directed through a cell occupied by gas in the 
pressure range of a few hundred microns, and the energy 
loss of the beam in the forward direction determined by 
deflecting the beam through an electrostatic analyzer. 


II. APPARATUS AND METHOD 
A. Ion Source and Accelerator 


The lithium ion source was developed largely 
through the efforts of Norbeck, and will be discussed 
in a forthcoming publication. It has long been 
known that certain natural lithium-bearing minerals 
such as spodumene and §-eucryptite, will, if heated on 
a wire filament to about 1000°C, emit singly charged 
lithium ions in copious amounts. We prepared a syn- 
thetic solid approximating the composition of #- 
eucryptite by melting finely ground, thoroughly mixed 
and pelleted LizCO3;, AlsO3, and SiO: in the proportions 
1 LigO, 1 Al,O3, and a slight excess over 2 SiO2. The 
pellets were melted at about 1450°C in a platinum 
crucible. The solidifield material was finely ground and 
painted on the filament surface with a liquid carrier 
such as amyl acetate which subsequently evaporated. 
In the present experiments the synthetic 6-eucryptite 


* This work supported in part by the U. S. Atomic Energy 
Commission. 


1 Allison, Murphy, and Norbeck, Phys. Rev. 102, 1182 (1956). 


2 E. Norbeck, Jr., (to be published). 


30. W. Richardson, The Emission of Electricity from Hot Bodies | 


(Longmans Green and Company, London, 1916). 
4J. P. Blewett and G. J. Jones, Phys. Rev. 50, 465 (1936). 


was made up with natural lithium and the desired 
constituent selected by magnetic deviation, but we 
have also made it from lithium-six carbonate to obtain 
an enhanced Li® beam for disintegration experiments. 

The design for the assembled ion source used is shown 
in Fig. 1. The design does not differ in any essential 
respect from that of an electron gun. As filament 
we used a platinum gauze ribbon or strip of tantalum 
coated with the synthetic 6-eucryptite. Additional 
features in the source are a vacuum valve to permit 
changing filaments without injuring the vacuum within 
the acceleration tube, and attachments for liquid cool- 
ing. The lithium ions were accelerated in our 500-kev 
Cockcroft-Walton generator. 

Following acceleration through the 15 gaps of our 
accelerator tube, the beam passes through two electro- 
static deflectors which can make slight adjustments in 
its position. The beam can be observed from the 
fluorescence produced when it is permitted to impinge 
upon a quartz plate, and focusing is accomplished by 
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STOPPING POWER IN UNITS OF 
107" ELECTRON VOLTS per 
ATOM per cm* FOR 

LITHIUM IONS 


LITHIUM ION KINETIC ENERGY IN Kev 


Fic. 2. Stopping powers of atoms in gases for Li’ ions. 


varying the voltages across the focusing gaps while 
watching the direct beam. 

After the beam had been focused, the magnetic field 
was switched on, and the beam directed to the gas 
absorption cell, the angular deviation being about 22.5°, 
which is sufficient to separate completely the Li® and 
Li’ beams. 


B. Gas System 


The gas absorption cell is copied closely after that of 
Weyl.® No foils are placed in the path of the beam; the 
gas, effluxing from the cell through small apertures is 
removed from the system by differential pumping. The 
inner tube, in which the pressure of the stopping gas 
may be as high as 1 mm Hg, has end apertures 0.93 mm 
in diameter through which the beam enters and leaves 
and the gas flows out. It is 20.63 cm long. The next 
pressure stage is at about 35 of the inner tube pressure 
and has a total length of 5.72 cm. All pressure readings 
used in computing stopping powers were made on an 
accurately calibrated (1%) McLeod gauge, using 
1.5-mm bore internally etched capillaries.* An Alpha- 
tron’ was used for rapid and approximate adjustment 
of pressures. 

Gases were admitted into the inner cell through a 
needle valve; a flow of fresh gas at greater than atmos- 
pheric pressure was maintained past the intake aperture 
of the valve. Electrolytic hydrogen was passed through 
a catalytic cell and the water formed frozen out in a 
liquid nitrogen trap. Government Grade A helium was 
used and passed through a liquid nitrogen trap. Air was 


5 P. K. Weyl, Phys. Rev. 91, 289 (1953). 

6 Obtainable from Eck and Krebs, Long Island City, New York. 

7Alphatron gauge from National Research Corporation, 
Cambridge, Massachusetts. 
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TABLE I, Stopping power of various gases for lithium ions. 








naan og 
n P " . 
lin Atomic stopping power in units of 10-15 ev Xcm?/atom 


(kev) H: He Air Argon 


4.24+-0.2* 4.56+0.2 15.5+04  23.4+1.3 
5.66+0.6 20.2410  40.1+2.0 
8.25+0.2 23.1403  41.2+3.0 
9.92+0.6 29.2410 53.8+1.5 
11.2 +0.2 32.041.3 57.6+2.0 
13.1404 341405  66.243.5 
13.4 +0.3 37.7+40.3 70.4+2.0 
15.3 +04 43.541.2 73.7+2.0 











® Uncertainties estimated from the range covered by results from in- 
dependent runs, usually 3 to 6 in number. 


dried in a CaSO, tube. Commercial argon was used; the 
impurities are stated to be less than 0.1%. 


III. MEASUREMENT OF THE BEAM ENERGY 


After passing through the absorption cell, the energy 
of the beam was measured in a cylindrical electrostatic 
analyzer (see Weyl®). The analyzer used here had a 
mean radius of 15.167 cm and a gap of 0.167 cm. During 
an energy degradation measurement, the plate of 
greater radius was held at a fixed positive voltage and 
compensation for the decrement in energy due to gas 
absorption was attained by increasing the voltage on 
the inner plate to several hundred volts positive above 
its original grounded condition. This change in voltage 
multiplied by 45.23 gives the change in beam energy. 

Various methods of measurement were tried, mostly 
with the modulation technique described by Weyl. 
A modification of this was to charge the positive, outer 
plate of the electrostatic analyzer by an appropriate tap 
from the 10'°-ohm bleeder resistor used to measure the 
kevatron voltage. Thus the ratio between the analyzer 
and kevatron voltage should stay constant at the correct 
value to transmit the nondegraded beam independent 
of slight fluctuations in kevatron voltage. The usual 
procedure was to admit enough gas (0.1-1.0 mm) to 
the cell to reduce the emergent beam energy by about 
10 kilovolts. The energy decrement was measured from 
the mean energy of the undegraded beam to the maxi- 
mem of the spectrum of degraded energies. 


IV. RESULTS 


The results are reported in Table I and Fig. 2. The 
principal source of error is probably ultimately traceable 
to beam intensity fluctuations, although the modulation 
method of Weyl is designed to minimize this, in that 
what is read is the horizontal position of the signal on 
an oscilloscope. But the signal itself is not infinitely 
narrow and fluctuations within its pattern may lead to 
different estimates of the position of its intensity 
maximum. The quoted “uncertainties” are the range of 
variation of those readings for which there was no 
obvious error. 





STOPPING POWER OF VARIOUS GASES FOR Li IONS 


Experimental values of the stopping power of metal TasLe II. Stopping power of metals for Li’ ions. 


foils for lithium ions at energies considerably above the 
range of our experiments are available.*:? Wilcox meas- 
ured the stopping power of gold for Li® ions from 
sBe*(p,a)Li® at approximately 810 kev. In Table II 
Wilcox’s value is listed as applying to Li’, by giving the 
tk wee Phys. Rev. 74, 1743 (1948), Fig. 4 energy at which Li’ has the same velocity as an 810-kev 
“na SF ET Trele Pann ale Py Li® ion. The data on Au, Cu, and Al are from Devons 


®§. Devons and J. H. Towle, Proc. Phys. Soc. (London) A69, «i ' 
345 (1956). and Towle, who used Li’ ions from Be®(d,a)Li’. 








Kinetic energy Atomic stopping power in units of 10-15 ev Xcm?/atom 
(Mev) Al Cu Au 


0.944 see see 123 
2.74 112 166 208 











PHYSICAL REVIEW VOLUME 104, NUMBER 4 NOVEMBER 15, 1956 


Validity of the Assumption of Two-Body Interactions in Molecular Physics* 


LAURENS JANSEN AND RosEMARY T. McGrnniEst 
Institute of Molecular Physics, University of Maryland, College Park, Maryland 


(Received June 18, 1956) 


The treatment of three-body van der Waals forces between hydrogen or helium atoms, given in an earlier 
paper, is extended to the heavy rare gas atoms. Two of the three atoms are supposed to be close together 
(e.g., nearest neighbors in a crystal), whereas the third atom is considerably farther away. Expressions are 
given for the induced dipole-dipole and dipole-quadrupole components of the field. The electronic charges in 
the atoms are represented by Gaussian distribution functions. The results are applied to a determination of 
the most stable crystal structure of the heavy rare gases at absolute zero temperature (excluding zero-point 
energy) ; it is found that the face-centered cubic crystal is favored over the hexagonal close-packed by about 
one-tenth of one percent of the van der Waals cohesive energy, if the first and second shells of neighbors are 
excluded from the region of summation for the third atom. If this restriction is dropped, then the difference 
between the two structures vanishes, while the effect itself rises abruptly and very steeply. The effect of 
three-body interactions in general is to weaken the attractive forces in the crystalline state. Under the above 
restriction, the relative magnitude of these interactions is twenty percent of the van der Waals cohesive 
energy for xenon. The three-body forces vanish identically if the Gaussian goes over into a Dirac 6 function. 


INTRODUCTION 


HE evaluation of the partition function for a 

system of .V-interacting atoms or molecules is 
usually carried out in two steps. First, the eigenvalues 
of the energy are found for a system of two fixed atoms 
as a function of the distance between their centers of 
mass. Then these eigenvalues are used as pair-potential 
functions in the Hamiltonian for a simplified system of 
N point particles. Much of the empirical research in 
molecular physics has been based on this procedure 
and has concentrated on finding more and more ac- 
curate two-body potential functions to describe prop- 
erties of dense systems. There exists in the literature a 
variety of different potential functions with different 
numbers of parameters which have been obtained 
empirically from analyses of different physical phe- 
nomena (second and third virial coefficients, viscosity, 
and heat conductivity of gases, compressibility of 
molecular crystals; especially, argon, Debye character- 
istic temperatures, etc.). Moreover, an explanation of 
the stability of the cubic close-packed crystal structure 


* Supported by the Office of Naval Research. 

t This paper is based on part of a thesis to be presented to the 
Graduate School of the University of Maryland in partial fulfill- 
ment of the requirements for the degree of Doctor of Philosophy. 


of the heavy rare gases on the basis of any two-body 
potential function has been unsuccessful.'~* All the 
results of such calculations indicate the hexagonal 
close-packed lattice to be more stable, although it is 
favored over the cubic by only one hundredth of one 
percent of the cohesive energy. In addition to this 
problem, there may be other physical phenomena 
which cannot be explained qualitatively on the basis 
of two-body interactions. 

Deviations from the principle of two-body forces 
occur when the finite extension of the atomic charges 
is taken into account. It is logical to consider such 
many-body forces as a perturbation of the Hamiltonian 
for point particles; then the different corrections are 
obtained in the corresponding orders of perturbation 
theory.® The relative importance of these different- 
order corrections varies with the density of the system. 


1 T. Kihara and S. Koba, J. Phys. Soc. Japan 7, 348 (1952). 

2 T. Kihara, Revs. Modern Phys. 25, 831 (1953). 

3 Prins, Dumoré, and Tjoan, Physica 18, 307 (1952). 

‘T. H. K. Barron and C. Domb, Proc. Roy. Soc. (London) 
A227, 447 (1955). 

° The point-particle basis for a perturbation treatment implies 
that the expansion of many-body forces in terms of simultaneous 
interactions among increasing numbers of atoms converges rapidly, 
in which case interactions among clusters of more than three 
atoms may be neglected. 
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At low densities, where a simple-product type of zero- 
order wave function for the system of interacting atoms 
may be used, the first nonvanishing correction occurs 
in the third order; at very high densities the first order 
is predominant. The third-order dipole-dipole correc- 
tion has been found by Axilrod and Teller to favor the 
cubic crystal, but not sufficiently to insure its absolute 
stability.*.’ First-order forces are of such short range 
that they affect mainly the twelve nearest neighbors 
around a central atom. Comparing the two crystals, 
one finds that only three of the twelve nearest neighbors 
have different positions. Rosen’s first-order calculation® 
for three helium atoms may be shown to favor hexagonal 
structure by a very small amount.’ 

In a previous publication” (hereafter referred to as 
I), we have suggested that the stability of the cubic 
structure may arise from a three-body force in second- 
order perturbation theory. Two of the three atoms 
should be neighbors in the crystal and, therefore, repre- 
sented by an antisymmetric zero-order wave function ; 
otherwise there would be no triplet term in the second 
order. Numerical results were given for dipole-dipole 
interactions between three hydrogen atoms with parallel 
spins and three helium atoms. In this paper we will 
extend the calculations to include the heavy rare gases, 
using a Gaussian distribution function for the atomic 
charges. Since the results indicate that the triplet 
dipole forces constitute an appreciable portion of the 
cohesive energy of the crystals, the triplet dipole- 
quadrupole interactions are also evaluated. The result is 
summed over a finite portion of the cubic and hexagonal 
close-packed crystal structures. 


FORMALISM 


For the calculation of the second-order energy of 
interaction between three heavy rare gas atoms, we 
can use a procedure similar to that outlined in I. Con- 
sider two of the atoms A and B to be nearest neighbors 
while the third atom C is farther away. The second- 
order energy is given by 


W" =—(H")0/2Ew, (1) 


where Ew is a mean excitation energy of the atom and 
HA’ =Hac'+Hac’. The justification for using this par- 
tial Hamiltonian has been given in I. Since the distance 
from atom C to either A or B is large compared with the 
nearest-neighbor distance in the crystal, a multipole 
expansion may be used for Hac’ and Hgc’. The zero- 


6 B. M. Axilrod and E. Teller, J. Chem. Phys. 11, 299 (1943). 

7B. M. Axilrod, J. Chem. Phys. 17, 1349 (1949) ; 19, 719 (1951) ; 
19, 724 (1951). 

8 P, Rosen, J. Chem. Phys. 21, 1007 (1953). 

® Three-body forces in the first order of perturbation theory 
can be evaluated equivalently by the method of molecular orbitals; 
this was done for alkali metals by Léwdin [P. O. Léwdin, J. 
Chem. Phys. 19, 1570, 1579 (1951) ] and for a linear array of three 
helium atoms by A. Shostak [J. Chem. Phys. 23, 1808 Wie 

© R. McGinnies and L. Jansen, Phys. Rev. 101, 1301 (1956). 
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order wave function is 
Wo= {Xa(—1)*Prgags} ¢c. (2) 


Here ¢a is an antisymmetrized wave function ior atom 
A, etc., and P, is the permutation operator for ex- 
change of pairs of electrons between A and B. Even if 
the wave functions for the heavy atoms were known 
with sufficient accuracy, the evaluation of (H’)oo 
would be extremely complicated. However, the use of 
a much simpler representation of the charge distribu- 
tion in the atom may be justified. In I it was shown that 
the second-order energy for hydrogen or helium atoms 
is of the form 


W"=Wo"/(1—A*)+W" exch, (3) 


where A is the overlap integral for atoms A and B and 
W.” is the second-order energy summed pairwise. Since 
the contribution of three-body interactions is calculated 
as a relatively small difference between two large quan- 
tities (W”’ and Wo”), it seems as if using only approxi- 
mate wave functions might invalidate any conclusion 
about the sign and magnitude of the three-body effect. 
This is not true, however, because W” equals Wo’ 
plus a correction so that the use of approximate wave 
functions affects only the three-body term itself. The 
contribution W’’exch involves exchange of electrons 
between A and B. For hydrogen atoms only a single 
interatomic exchange is possible, in helium a double 
exchange also occurs, and in heavier atoms multiple 
exchanges are possible. An additional complication in 
the case of the heavy atoms is that the interatomic and 
intraatomic exchanges may be coupled. For example, 
if i4, ja, kp, lp represent four orbitals on atoms A and 
B, and 1, 2, 3, 4 are four electrons, then the matrix 
element for the single-exchange integral is given by 


(ia(1)ka(3)| H’*|i4(3)ke(1)). 
The coupled exchanges may have the following forms: 


(ia(1)ja(2)ke(3)| H| 4 (3)j4(1)ke(2)) 
and 


(ia (1)j4(2)ko(3)ba(4) | 1?| is (4)j.4(1)ke(2)la(3)), 


etc. We have determined the relative magnitude of 
such coupled exchange terms by calculating them for 
neon atoms using the wave functions of Brown" as 
modified by Bleick and Mayer.” We found that coupled 
exchange is an order of magnitude less important than 
single exchange contributions. Furthermore, the results 
for helium obtained in I indicate that a double ex- 
change process gives a negligibly small contribution 
compared with single exchange except at very small 
interatomic distances. We have verified that this is 
also true for neon; for helium and neon the ratio of 
double to single exchange is of the order of A’. 


4 F, W. Brown, Phys. Rev. 44, 214 (1933). 
1 W. E. Bleick and J. E. Mayer, J. Chem. Phys. 2,252 (1934). 





TWO-BODY INTERACTIONS IN 


By extrapolation of the results for helium and neon 
to the heavier rare gases, it seems reasonable to assume 
that also for heavier atoms only single interatomic 
exchange needs to be considered. This makes it possible 
to use a collective model for the negative charge dis- 
tribution of the atom, and we choose for convenience a 
Gaussian distribution function with adjustable width.f 
The three-body interactions for heavy atoms become 
then formally the same as the expressions for three 
hydrogen atoms, the dipole-dipole part of which was 
given in I. [See I, Eqs. (11) and (12).] An antisym- 
metric character is inserted in the Gaussian-type wave 
function by this analogy with the hydrogen-like wave 
functions. The various exchange integrals must be 
evaluated using a Gaussian distribution function: 


p(ra)= (B/m*)? exp(—f*r4’), (4) 


where r,4 is the distance from the nucleus at A. There 
are similar expressions for p(rg) and p(rc). 


EVALUATION OF THREE-BODY FORCES 
(a) Dipole-Dipole Interaction 


, 


The perturbation Hamiltonian Hac’ for dipole- 


dipole interactions is given by 
Hac'= pa: Tac: Pe, (5) 


where pu is the dipole vector > .e:r; of atom A, pc that 
of atom C, and Tc is a second-rank tensor defined by 


Tac= (6) 


1 RucRac 
ata 


Rac Rac’ 


The distance between the centers of mass is Rac, and 
U is the unit tensor. The second-order energy W”’ is 
evaluated using the same coordinate systems as in I, 
Fig. 2. The result can be taken directly from that for 
three hydrogen atoms; the integrals A, J, and J; [de- 
fined in Eq. (10) of I] have the following forms: 


A=exp(—.), I,=1;= 4/26", (7) 
where n=8R4p/2. 

We are interested in the relative deviation from the 
principle of two-body forces; ie., in the ratio 
(wW"— Wo")/Wo" (aBc), with 


Wo" (ape) =Wo" (apy t+Wo" (wey + Wo" (ac), 


the pairwise second-order dipole interaction between 
A, B, and C. As in I, the result depends on the par- 
ticular triangular configuration. A convenient way to 


t The fact that only single interatomic exchange has io be 
taken into account and that coupled exchanges may be neglected 
implies that the effect depends sensitively only on the general 
shape of the charge distribution of the atom and not on the 
precise form of the wave function. R. H. Tredgold and R. U. 
Ayres (private communication) have fitted the outer region of a 
Hartree-Fock wave function for argon with a Gaussian function 
and obtained a value for the width which agrees within 6% 
with our eimpirical value. 
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TABLE I. Characteristic parameters for heavy rare gases. 








«X1016 
(ergs) 


49.14 
165.3 
229.3 
317.2 
(14.11) 


Element a(A) 
2.749 
3.405 
3.652 
3.937 

(2.55) 


Ew (ev) 


21,56 
15.76 
14.00 
12.13 
(24.5) 


R(A) 8(A~) 


3.20 1.07 
3.84 
3.94 
4.37 
(3.60) 


4?/(1 — 4?) 





Neon 
Argon 
Krypton 
Xenon 
(Helium) 


2.71 X10-8 
0.0609 


; 0.125 
0.454 «0. 0.162 
(1.59) (2.87) 








express it is in terms of the interior angles 71, yz, and 
vs of the triangle A, B, C. The following final result is 
then obtained: 


= —W," 42d? 
Wo" tase) Jaa 3(1—A?) 
1 1 3 sin*y; sin*y2 
x{ + —(e ) 
Rac® Rac’ 4\Rac® Rac® 
(2—3 cos*y3+3 cosy: cosy2 cosy) | 


. (8) 


The parameter 6 in the Gaussian distribution func- 
tion may be determined by calculating the second-order 
dipole interaction between two atoms and equating the 
result to the London expression or, equivalently, to an 
empirical expression such as the Lennard-Jones po- 
tential. The second-order dipole energy between two 
atoms a distance R apart in terms of 8 is 


2Rac’Rec* 


1 1 1 
x| $+ 
Ras‘ Rac® Rzac® 


7 3e4 4eo® 
0. Ry RS ig 


where ¢ and o are the Lennard-Jones parameters. Then 
3¢ 


Dio, 10 

16e0°En, ( 
Table I gives the values for 1.=8R/2 for the rare gases, 
using the nearest-neighbor distance in the crystals for R. 

The values for 8 increase slowly from xenon to argon, 
but the value for neon is much larger than that for the 
heavier atoms. This indicates that a Gaussian dis- 
tribution function is not a good approximation for the 
charge distribution in neon atoms. 


(b) Dipole-Quadrupole Interactions 


The Hamiltonian Hc’ for dipole-quadrupole inter- 
actions between atoms A and C has the form 


(11) 


Here, T is the tensor already defined and q=> jeri; 
is the quadrupole tensor of an atom. The matrix ele- 


Hac’ =4pa: VT 4c: qe—4pe- VT ac: qa. 
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TABLE IT. Numbers of triangles with sides a=1, b, c occurring in 
f.c.c and hep lattices. 
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ments of (H’)oo are evaluated in the same way as for 
the dipole-dipole interactions. The calculations are 
straightforward and give the following result for a par- 
ticular triangle for the relative deviation: 


[-—} ( A? )| 1 1 1 )7 
os echientnaiae ot a e es 
Wo" (Bey Jaq 1—A?/ | Ras*® Rac® Rac*® 


1 
x| 
R 


ac® 





[3u2(1+2 cos*y:) 


+yout(1—2 cos*yi+5 cos*y:) ] 


1 
+—[§u?(1+2 cos*y2) 


Rac® 


+7you'(1—2 cos*y2+5 cos*ye) ] 
2 


a [2(1—2 cos*y3) siny: siny2 
ac’Rac 


+6 sin*y3 cos*y3—3(1—3 cos*y3) cosy: cosy2 
+ p?(cosys{1—3 cos*yi1—3 cos*y2 

—4 siny: cosy: siny2 cosy2+9 cos”y; cos*y2} 
—sinys{2 siny: cosyi+2 siny cosy2 


— 6 cosy1 Cosy: sinys}) ]}. 


In principle, higher multipole interactions can be found 
in a similar manner, but the calculations become very 
tedious. Since we are primarily interested in the order 
of magnitude of three-body forces, we shall not carry 
the computations further. 


SUMMATION OVER CRYSTAL STRUCTURES 


The expressions obtained for the three-body dipole- 
dipole and dipole-quadrupole forces must now be 
summed over the hexagonal and cubic close-packed 
lattices to determine which is more stable. We consider 
only triangles in which one side (Rag) is a nearest- 
neighbor distance in the crystals. We need a list of all 
such triangles appearing in the crystals and a count of 
how many of each kind there are in each lattice. 

The face-centered cubic and hexagonal close-packed 
lattices can be formed by stacking layers of hexagonally 
arrayed atoms. Consider a Cartesian coordinate system 
with the x-y plane in a hexagonal layer such that the 
x-axis passes through nearest neighbors. We will call 
this an A layer. We can construct layers B and C by 
shifting an A layer a distance ro/V3 and —ro/V3 in the 
y direction, respectively. The sequence of layers in the 
fcc lattice is then ABCABC: --, and in the hcp lattice 
it is ABABAB---. A convenient way to count tri- 
angles in these lattices has been devised by Axilrod.’ 
We will summarize the results briefly. The sides a, b, c 





TWO-BODY INTERACTIONS 


of a particular triangle in either lattice are given by 
a= (n,— 502)" +$ (m2t3N3)°+ §ne’, 
P= (m,— 3m2)*+4 (mot 3M 3)?-+3m3, 
=a +b—2(mi— 32) (m,— hme) 
—}(m2t+ZN 3) (m2t+3Ms3)— (4/3)nsms, 


(12) 


where each ; and m; assumes all integral values. The 
integers V; and M; are defined as follows: 

(1) In the hep lattice: V; is zero or one when nz; is 
even or odd with a similar dependence of M3; on m3. 

(2) For the f.c.c lattice: V3;=0 for ns=3s, N3=1 for 
n3=3s+1, and N3=—1 for ms=3s+2, where s is an 
integer; M; depends on ms; in a similar manner. 

The triangles are counted within a region distance 
ro\/15 from the origin. Table II gives the numbers of 
triangles of different types in each of the two lattices; 
a?=1 for all of the triangles. With the help of this table, 
we can calculate the ratio >} (W”—Wo")/S-Wo" for 
each lattice for both the three-body dipole-dipole and 
the three-body dipole-quadrupole interactions. Since 
the theory is not applicable if atom C is close to either 
A or B, we will discard triangles in which C is a nearest 
neighbor of either A or B (No. 1 through No. 6). The 
total number of triangles in the region of summation is 
approximately 3600, of which 141 are different (No. 7 
through No. 147). Since the sign of the difference be- 
tween the two lattices appears to be critically dependent 
on the distance of closest approach of atom C, we 
computed three different results. The first includes all 
the different kinds of triangles from 7 through 147. For 
the second sum we deleted the smallest triangle with 
sides squared 1, 2,3, and in the third case we deleted 
all triangles for which 0? or ¢’ is 2. Table III gives these 
results. Each partial summation extends over the same 
number of triangles in each lattice. Even after summing 
over 3600 triangles, the result is not converging rapidly ; 
however, it is found that after the first 39 different tri- 
angles (No. 7 through No. 46), the difference between 
the sums for the two lattices is practically constant. 

The total relative magnitude of the three-body forces 
is found from the following formula: 


XL (W"—Wo")a-at (fo/fr)L (W" — Wo") aa 


» (13) 
(X Wo")a—~a+ (f2/fi) (LE Wo"’)a-g 





where 
45e4 


fey 


3e4 


a, 
4E Biro? 
and, therefore, 
fo/ fr=15/8p?. (14) 
The nearest-neighbor distance in the crystal is ro, and 
u=ro/2. The values of f2/f, are 0.634, 1.31, 1.71, and 
1.90 for neon, argon, krypton, and xenon, respectively. 
If a three-dimensional harmonic-oscillator model with 
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TABLE III. Relative magnitude of three-body dipole-dipole 
and dipole-quadrupole interactions in the f.c.c. and hep lattices: 
2(W"—Wo')/2Wo". 








Region s 
of pore Ele- Dipole-quadrupole 


Diff. X10? 


—0.01 
—0.1 
—0.1 
—0.1 


Dipole-dipole 
mation ment f.c.c. hep Diff. X10? f.c.c. hep 


Ne 0,00886 0.00879 0.007 0.0134 0.0135 
7-147 A 0.0962 y J 0.126 0.127 

Kr 0. 0.151 0.193 0.194 

Xe 0. 0.175 0.221 0.222 


Ne 0. 0.00718 
A A 0.0780 
Kr 0. 0.123 
Xe 0. 0.143 


Ne 0: 0.00545 0.00747 0.001 
A f 0.0592 0.0702 0.01 
Kr 0. J J . 0.107 0 

Xe 0. , 0.123 0 





0.0108 
0.102 
0.157 
0.180 


—0.02 
—0.1 
—0.2 
—0.2 








a single charge is used for the atom, then f2//; is 5/4y2.§ 
Therefore, the Gaussian wave function emphasizes the 
higher multipole contributions more than does the 
harmonic oscillator model; this tendency continues in 
the case of quadrupole-quadrupole interactions. In 
either model, however, the quadrupole-quadrupole 
forces contribute less to the cohesive energy than the 
dipole-quadrupole forces. The numerical results for 
Eq. (13) are given in Table IV. 


DISCUSSION 


We conclude from this analysis that three-body long- 
range forces contribute significantly to the static lattice 
energy of crystals of the heavy rare gases. The use of 
two-body potentials to describe physical properties of 
dense media is based on the assumption of point mole- 
cules. In our formalism this means that 8 approaches 
infinity and the Gaussian becomes a Dirac 6 function. 
This assumption becomes more invalid the larger the 
molecules and the denser the medium. (The same con- 
clusion holds for Axilrod’s third-order effect in which 


TABLE IV. Relative total magnitude of three-body forces 
in the f.c.c. and hcp lattices. 








Ele- 
ment 


Region of 
summation 


f2/fr f.c.c. hep = (f.c.c.-hep) X10 





Ne 
A 

Kr 
Xe 


7-147 


Ne 
A 

Kr 
Xe 


Ne 


A 
Kr 
Xe 


0.0105 
0.112 
0.177 
0.205 


0.00836 
0.0900 
0.142 
0.164 


0.00620 
0.0653 
0.102 
0.118 


0.0105 
0.112 
0.177 
0.205 


0.00850 
0.0912 
0.143 
0.166 


0.00618 
0.0651 
0.102 
0.118 


0 
0 
0 








§ H. Margenau, Revs. Modern Phys. 11, 1 (1939). The reason 
that f2/f; is different in our model from that of harmonic oscillators 
is primarily that the energy levels of harmonic oscillators are 
equally spaced while we have used a centroid assumption. 
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the parameter determining the magnitude of the triple- 
dipole energy is a/ro*, with the polarizability a becom- 
ing larger for larger molecules.’) It is, therefore, not 
surprising that different forms for two-body potentials 
are found from analysis of different physical phe- 
nomena. It appears that in molecular physics the 
occurrence of many-body forces is a direct consequence 
of the fact that atoms and molecules are not “funda- 
mental” (or “point’’) particles. 

Some conclusions may also be drawn with respect to 
the stability of rare gas crystals. Since the calculations 
apply to the static lattice energy, we assume that the 
crystal structures are still cubic at 0°K. The data 
available at the lowest temperature are for neon which 
has been measured at 4°K."* The possibility of a thermal 
transition to the hexagonal structure below this tem- 
perature can be eliminated on the basis of Domb and 
Barron’s analysis.‘ We also assume that the difference 
in zero-point energy between the two crystal structures 
is negligible; this has been verified theoretically for 
pair-potential functions.** However, in view of the 
importance of three-body forces, this conclusion should 
be substantiated by extending the Born-von Ka4r- 
man lattice dynamics theory to include many-body 
interactions.’® 

The results in Tables III and IV indicate that the 
difference in three-body forces between the two lattices 
depends markedly on the distance of closest approach 
of atom C. If all the triangles 1 through 147 are in- 
cluded in the summation, the result is a very large 
repulsive energy. The theory, however, is not strictly 
valid for triangles with two or three nearest neighbors; 
so, these results have not been listed in the tables. 


183 de Smedt, Keesom, and Mooy, Proc. Acad. Sci. Amsterdam 
33, 255 (1930). 

4 L, Jansen and J. M. Dawson, J. Chem. Phys. 23, 482 (1955). 

16 An additional condition, of course, is that the cubic crystal 
structure is really the equilibrium configuration and not a frozen-in 
unstable state. 
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Nevertheless, their size shows how sensitive three-body 
forces are to the exact nature of the model used, and 
this in turn implies that using an approximate model 
(e.g., harmonic oscillators) and extending the calcula- 
tions to nearest neighbors in the crystal is unjustified. 
It may be remarked that for Axilrod’s third-order 
dipole-dipole energy the: triangles with two or three 
nearest neighbors contribute more than half of the 
three-body interactions and half of the difference be- 
tween the two crystal structures.’ Summing over tri- 
angles 8 through 147 gives a result which is definitely 
in favor of the fcc lattice both for dipole-dipole and 
dipole-quadrupole interactions, the difference being of 
the order of one tenth of one percent of the van der 
Waals energy of the crystal. This difference is an order 
of magnitude larger than that obtained on the basis of 
pair potentials, and it is of opposite sign. If the three- 
body forces do not affect the sign of the difference 
between the Debye characteristic temperatures of the 
two crystals, then this would mean that the cubic 
structure is stable at all temperatures. However, the 
difference between the two crystals becomes indecisive 
if the summations are carried out over triangles 7 
through 147 or 11 through 147. Even if atom C is 
restricted to a region which is relatively far from a 
central atom, multipoles of still higher order should be 
included in the calculation. In addition, one would 
have to account for triangular configurations with two 
or three nearest neighbors to which the present theory 
does not apply. We have shown that three-body forces 
in second-order perturbation theory may increase the 
difference in lattice energy between the two crystal 
structures by an order of magnitude compared with 
that based on the assumption of two-body forces. 
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Coulomb Excitation of Medium-Weight Nuclei 
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We have studied gamma-ray transitions in nuclei from titanium to cesium which are Coulomb-excited 
by alpha particles of energy up to 7 Mev. We obtained energies and reduced transition probabilities for most 
2* first excited states of the even-even nuclei, using isotopically enriched targets. A number of these states 
had not been observed previously. Agreement is obtained with the lifetime values from resonance fluores- 
cence in the two cases where such a comparison is possible at present (Ge’ and Ge”). All even-even transi- 
tions are found to be systematically faster than the single-proton estimate by a factor ranging from 10 to 50, 
being always slowest near closed shells. Their interpretation as vibrational excitations of nuclei with spherical 
equilibrium shapes leads to values for the inertial parameters B2 and surface tensions C2 (in the vibrational 
Hamiltonian) showing strong shell structure effects. A number of thick-target excitation functions between 
3 and 7 Mev are in excellent accord with semiclassical E2 theory. No obvious systematic behavior is en- 
countered in the odd-A nuclei, although most transitions contain considerably enhanced E2 components. 
Coincidence and angular distribution measurements were performed for Se”? and Ru"! to establish decay 
schemes and spins of excited states. The 17.5-second E3 isomer in Se”’ was excited indirectly via a higher state. 


We encountered no rotational spectra with the possible exception of Se7’. 





I. INTRODUCTION 


HE well-known systematic trend in the positions 

of first excited states of even-even nuclei? con- 
fined our early Coulomb excitation efforts to those 
regions of the nuclear chart where these energy levels 
could be effectively excited with our alpha-particle 
(Het) beam of up to about 3.5 Mev.*-5 Because of the 
almost exponential decrease of the Coulomb excitation 
cross section with an increase of the adiabatic parameter 


Z1Z2€ (AE 
= ( ), (1) 


hv \2E 


where Z; and Z, are charges of projectile and target 
nuclei, respectively, AE is the level energy, and E and v 
are the energy and velocity of the incident particle, re- 
spectively, we were then limited to states lying below 
about 250 kev for Z2>60, and to states below 500 kev 
for lighter nuclei. Since the lowest known state of an 
even-even nucleus with Z2<60 lies at 362 kev (44Ru™), 
most even-even nuclei in that region were then inac- 
cessible to us. A number of the lighter odd-mass nuclei, 
however, having excited states below about 400 kev, 
were the subject of an earlier study.® Our success in 
obtaining substantial currents of doubly-charged helium 
ions (at twice the energy) from our electrostatic genera- 
tor effectively doubled the region of excitation energies 
AE which could now be reached [see Eq. (1) ]. Some 
results on Rh and Ag,® and Pd and Cd’ using this beam 
1G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 
2 P, Stahelin and P. Preiswerk, Nuovo cimento 10, 1219 (1953). 
3G. M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 
ENP. Heydenburg and G. M. Temmer, Phys. Rev. 93, 906 
a "M. Temmer and N. P. Heydenburg, Phys. Rev. 96, 426 
(1954). Values of transition probabilities B(£2) in Table II of this 
reference have been revised (see Table II of this article). 
*N. P. Heydenburg and G. M. Temmer, Phys. Rev. 95, 861 
ar ‘M. Temmer and N. P. Heydenburg, Phys. Rev. 98, 1308 
1955). 


were the subject of earlier publications. For intensity 
reasons, this beam was also used in our work on the 
rare-earth region, where a brief description of our gas 
stripper for the production of He** ions may be found.® 

In this article we shall give a complete account of a 
more or less systematic investigation of both even and 
odd-mass nuclei extending from titanium (Z=22) to 
Cs (Z=55), using a beam of Het* ions with energy 
between 6 and 7 Mev, and targets containing enriched 
isotopes’ whenever possible. We have had the use of 52 
of these isotopes, without which most of this work 
would not have been possible. Our measurements for 
most of the even-even nuclei have been presented in 
the form of a plot! (see Sec. IV-A and Fig. 9). These 
measurements consist mainly in the determination of 
gamma-ray energies, and the evaluation of absolute 
gamma-ray yields from thick targets. We have made 
use of some angular distributions to restrict the spin 
assignments for excited states. In two cases of odd-A 
nuclei (Se’’, Ru’) we made coincidence measurements 
to establish decay schemes. 

Because of the negligible contribution of the internal 
conversion process to the de-excitation of most of the 
states observed, as well as of the above-mentioned 
excellent agreement with the semiclassical Coulomb- 
excitation formalism," we can obtain rather reliable 
values for the reduced electric-quadrupole (£2) transi- 
tion probabilities B(#2). Measurements of these 
transition probabilities are equivalent to lifetime deter- 


8 N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
(1955). Table I of this reference contains a numerical error; the 
value of y() for §)=0.1 should read 0.332. 

* Obtained from the Stable Isotopes Division, Oak Ridge 
National Laboratory. 

1G. M. Temmer and N. P. Heydenburg, Phys. Rev. 99, 1609 
(1955). Revised versions of Figs. 1 and 2 of this reference are 
given in N. P. Heydenburg and G. M. Temmer, Annual Review of 
Nuclear Science | Annual Reviews, Inc., Stanford (to be pub- 
lished) ], Vol. 6. 

1K, Alder and A. Winther, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 29, Nos. 18 and 19 (1955). 
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minations lying in the region of 10" second or less, 
where few (if any) reliable electronic measurements 
have been carried out to date.” Information on the 
transition probabilities in this mass-number region 
must therefore come either from Coulomb excitation, 
or from resonance fluorescence of gamma rays, a method 
whose scope has also been greatly expanded recently,'*“ 
yet is inherently limited by source strength require- 
ments. In fact, there are only two cases so far in which 
the two methods are susceptible of comparison (Ge” 
and Ge”) and the results are in good agreement. This 
satisfactory check on the absolute magnitude of the 
Coulomb excitation cross section, coupled with our 
extensive excitation curves for thin targets in lighter 
elements up to 3.8 Mev,® as well as some thick target 
curves up to 7-Mev alpha-particle energy (see Figs. 7 
and 9) lead us to trust the essential reliability of the 
Coulomb excitation process for the determination of 
electromagnetic properties of low-lying nuclear states. 
An even more stringent test of the simple theory is 
provided by the excellent agreement of theory and 
experiment on the angular distribution of gamma radia- 
tion following Coulomb excitation.’® 

In some of the lightest nuclei, the possibility of 
course always exists that some of the gamma radiation 
originated in a nuclear inelastic scattering encounter, 
ie., in compound-nucleus formation. Evidence of this 
type of contribution was found earlier®:'* and is quite 
in evidence when using protons as projectiles.!’7 From 
the shape of the excitation curve it is usually possible to 
infer the presence of gamma-ray yield over and above 
that demanded by Coulomb excitation proper, although 
confusion might conceivably arise on occasion. In the 
very light elements, the lifetimes deduced from Coulomb 
excitation could then represent lower limits rather than 
actual values. 


II. EXPERIMENTAL METHOD 


We have previously described most of the experi- 
mental features of this work.’* Our doubly-charged He 
beam is used exclusively, as is a 2 in.X1? in. NaI(T]) 
crystal mounted on a DuMont 6292 photomultiplier 
tube, located so as to intercept a solid angle of almost 
2m behind the target. As was already stated, a number of 
isotopically enriched targets served to assign energy 
levels and to obtain more reliable yield data. We 
were able to operate with as little as 8 milligrams of 
total target substance. The absolute efficiency of our 
system is accurately known from the calibration with 
411-kev gamma radiation from Au’. Appropriate 
corrections for photopeak efficiencies relative to 411 

12 See, e.g., C. F. Coleman, Phil. Mag. 46, 1135 (1955). 

8 See, e.g., F. R. Metzger, Phys. Rev. 101, 286 (1956). 

4 F, R. Metzger, J. Franklin Inst. 261, 219 (1956). 

16 F. K. McGowan and P. H. Stelson, Phys. Rev. 99, 127 (1955). 

16N. P. Heydenburg and G. M. Temmer, Phys. Rev. 94, 1254 
Ce Mark, McClelland, and Goodman, Phys. Rev. 98, 1245 (1955). 


18 Calibrated sources through the courtesy of L. Cavallo and 
H. H. Seliger of the National Bureau of Standards. 
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kev are made in accordance with semiempirical pro- 
cedures” as well as some computed efficiencies.” We 
believe our gamma-ray energies to be generally accurate 
to +1%. The transition probabilities for the stronger 
transitions are estimated to be known to +15%; the 
relative probabilities of sequences of isotopes of the 
same element are undoubtedly known to greater 
accuracy, whereas weak transitions (usually of high- 
lying states) are not known quite as well. 

No correction was necessary for bremsstrahlung 
from the targets, whose contribution is negligible com- 
pared to that found under proton bombardment.”! 
Background conditions are particularly favorable with 
our generator, which has been used exclusively with 
an alpha-particle beam for about five years, and no 
subtraction was necessary other than of the contribu- 
tions from the O'8(a,ny)Ne# reaction®"” in the few 
cases where oxide targets had to be used, and of the 
Compton distributions due to any higher energy gamma 
rays from the target. For elements with atomic number 
above 40, we inserted a 10-mil copper absorber which 
almost eliminated the K x-rays resulting from K-shell 
ionization while it has a negligible effect on most 
gamma rays observed. 

For a detailed discussion of the process by which 
we obtain the transition probabilities from thick- 
target yields, we refer to our article on rare-earth nuclei.® 

For our coincidence studies we used an additional 
and essentially identical single-channel analyzing 
system with a 1 in.X1 in. crystal, whose output was 
put in coincidence with the output from our regular 
channel in a circuit whose resolving time was ~0.5 
microsecond. The two crystals were located about one 
inch from the target and were shielded from each other 
by a one-eighth inch lead plate to eliminate Compton- 
recoil coincidences. The counting rate was kept low 
enough to limit the accidental coincidence rate to less 
than 20% of the total counting rate. Since no quantita- 
tive information was sought in these coincidence experi- 
ments, the absolute efficiencies of the counters in this 
geometry were of no interest. 

Our angular distribution measurements consisted 
of readings at 0° and 90° to the beam axis; any spurious 
anisotropies were eliminated by placing a gamma-ray 
source at the target position. 


Ill. RESULTS 
A. Even-Even Nuclei 


Because of their more systematic behavior as to 
position, spin and parity (2+), and transition prob- 
ability to their first excited states, we shall discuss the 
even-even nuclei separately. Only one gamma ray was 
observed from each nucleus, without exception. In 
Table I we have collected our experimental results for 


a Macder, Miiller, and Wintersteiger, Helv. Phys. Acta 27, 3 


”M. J. Berger and J. Doggett, Rev. Sci. Instr. 27, 269 (1956). 
21 P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955). 
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even-even nuclei from titanium through tellurium. 
Results for palladium and cadmium were previously 
reported,’ but have been revised, as have most values 
of the transition probabilities used in Fig. 2 of reference 
10. A more complete and revised plot is given in Fig. 9. 
We list, in turn: the element ; mass number A ; gamma- 
ray energy in kev (always equal to the excitation 
energy AE in even-even nuclei) ; the reduced (upward) 
transition probability (divided by e?) B(E2) in 10~* 
cm‘; the equivalent mean radiative lifetime for the 
downward quadrupole transition, 7,(E£2), in seconds; 
the latter was obtained from the expression for E2 


TABLE I. Summary of Coulomb excitation results for even-even 
nuclei of intermediate mass. We list: element, mass number A, 
transition energy E+ in kev, the reduced £2 transition probability 
B(E2) in barns’, the mean lifetime for decay r,(E2) in 10~” sec, 
the favored factor F, and the vibrational parameters B2/B.* 
(dimensionless) and C2(Mev). For the definition of the last three 
quantities, see Eqs. (10), (11), and (12), and text. Enriched 
isotopes used in all cases except Zn®, Ru™, Ru!®, 








Ty (E2) 
(10712 sec) F 


Ex+ B(E2) 


Cc 
Element A (kev) (1074 cm‘) B:/Bo* (Mev) 





22Ti 46 890 
48 .990 


oFe 56 854 


30oZN 1000 
1040 


0.056 13 11 19 37 
0.031 14 60 32 77 


0.10 8.7 36 


0.11 3.7 
0.087 4.0 


1020 0.098 
830" 0.16 
593 0.25 
566 = 0.23 


635 0.21 
567 0.43 
615 0.36 
654 = 0.23 
880 =: 0.056 


0.29 
778 ~=— 0.31 
786 = 0.27 
0.66 


540 
473 0.63 
1.04 


550 0.46 
0.59 
0.78 
1.04 


0.41 
0.46 
0.55 
0.62 


0.55 
0.47 
124 0.39 
126 0.32 
128 0.28 
130 0.26 








® This represents the second excited state; first excited state 0*. 
> Values for B(E2) for this nucleus have been revised and supersede 
those in reference 7. 


transitions” (neglecting internal conversion) : 


1 _4n AE she ™ (2 
eT ee, prea 


B(E2))=}B(E2)t (3) 


where 


for the case of the 0*— 2+ transitions encountered in all 
even-even nuclei observed. In the next column we list 
the so-called favored factor F, which provides a con- 
venient measure of the departure from single-particle 
strength of these transitions, and is simply the ratio of 
observed B(E2) to the single-particle estimate of that 
quantity given by™.™4 


45 
B(E2)s.p.4= 
1007 


Ro'S=3X10-°A4/8S barn*, (4) 


where the value of Ro used is given by 
Ro=1.20A!X 10-* cm, (5) 


and § is a statistical factor depending on the initial 
and final spins™; if we assume two particles to be re- 
sponsible for the transition in this estimate, S differs 
from unity by less than 20% regardless of particle 
configuration, and we take S to be equal to unity. 
Finally, the last two columns show two parameters, 
B: and C2, derived from the experimental results using 
the unified model as applied to vibrational quadrupole 
excitations.” By is an inertial parameter measuring 
the mass transport in the quadrupole vibration, and is 
given in units of the parameter which would obtain 
for irrotational motion, B,*; it is therefore a dimension- 
less quantity. C2 is a measure of the nuclear surface 
tension, expressed in Mev, and represents the effective 
restoring force in the vibrational motion. We postpone 
until later a discussion of the significance of the quanti- 
ties, B, and C2, and merely list below convenient 
numerical relations connecting theory and experiment: 
B, 7.14X10-°Z? = 242C 2 


<a ~ ’ (6) 
B* E,+B(E2)A" EA‘! 





Ex, 
B(E2) 


E>, is the energy of the first-excited state, in Mev, and 
B(E2) is expressed in units of 10~** cm‘ (barn?) ; C2 is 
then given in Mev, while B,/B,* is dimensionless. 


B. Odd-A Nuclei 


Some results on odd-A nuclei were published pre- 
viously*~’; we have obtained some detailed information 


2A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

%V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

“4S. A. Moszkowski, Phys. Rev. 89, 474 (1953); Sharp, 
Kennedy, Sears, and Hoyle, Chalk River Report CRT-556, 1954 
(unpublished). 

26 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. (to be published). 


C2=2.95X10-*27A4/8 (7) 
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on a number of additional nuclei, establishing decay 
schemes and determining the partial E2 lifetimes of 
their excited states. The decay of excited states differing 
in spin by one unit from the ground state spin will 
generally take place by a mixture of magnetic dipole 
(M1) and £2 radiation, of which only the E2 part is 
excited. We detected coincidences in some cases where 
two or more excited states were reached. Because of the 
more complicated nature of the ground-state configura- 
tions in odd-A nuclei, as well as of the lack of informa- 
tion concerning the spins of many excited states, they 
are not susceptible of systematic discussion such as is 
possible for even-even nuclei. Each nucleus is essentially 
a separate problem, and even though our method of 
examining these nuclei is extremely uniform and views 
all nuclei in exactly the same manner, nuclei differing 
from each other by no more than by the addition of two 
neutrons are sometimes found to exhibit completely 
different spectra. The transition probabilities seem to 
vary considerably, usually being several times larger 
than for single-particle transitions, although some 
are found to be comparable to this natural unit. No 
correlation of these properties with the odd or even 
character of the proton number is apparent. We sum- 
marize in Table II, in a manner analogous to Table I 
for the even-even nuclei, our experimental results for 
odd-A nuclei. No values for B, or C2 are presented, 
since no clearly vibrational states have been identified. 
A column has been inserted giving the ground-state 
spins and parities (the latter as assigned from the shell 
model), as well as the spins and parities of the excited 
states if known; probable but unconfirmed values are 
given in parentheses. The values for the partial E2 
lifetimes for decay are dependent upon the values of 
the spins in the initial and final states, because Eq. (3) 
for odd nuclei becomes 


2o+1 
B(E2)}=—-B(E2)t, (8) 
2I*+1 


where J is the ground state spin, and /* is the spin 
of the excited state in question. The range of values for 
7y(£Z2) indicated in some cases then correspond to 
the range of spins /* a priori allowed by E2 selection 
rules. As indicated in Sec. II, a few measurements of 
gamma-ray anisotropies served to restrict the excited- 
state spins, using the general arguments based on the 
extensive systematic investigations of angular dis- 
tribution by Stelson and McGowan.!® 

Where more than one state is excited, the values of 
B(E2) shown have been corrected for cascade decay 
in the lower states (reduction), and for branching 
decay in the upper state (increase). Cascade radiation 
is not listed; for complete branching information in 
these cases, we refer to the detailed discussion of indi- 
vidual elements below. In no case did we correct for 
internal conversion; in a few of the very low-lying 
states this correction could be appreciable, Knowing 
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the total internal conversion coefficient a, our values 
of B(E2) should be multiplied by (1+), while our 
values of r,(#2) should be divided by the same factor. 

The “favored factor” F was computed using the 
single-particle estimate in Eq. (4). We used the appro- 
priate statistical factors S for the spins listed in Table II, 
assuming one-particle configurations. S may differ ap- 
preciably from unity in some cases. 


C. Odd-Odd Nucleus 


We have excited a state in the only available, stable 
odd-odd nucleus V™.® The results are given at the end 
of Table IT. 

We shall now discuss individual nuclei in some detail. 


TABLE ITI. Summary of Coulomb excitation results for odd-A 
(and odd-odd) nuclei or intermediate mass. We list: element, 
mass number A, transition energy AZ in kev, ground state spin 
and parity Jo, excited state spin and parity J* (tentative values in 
parentheses), the reduced £2 transition probability «B(E2) in 
barns? (uncorrected for internal conversion), the partial mean 
lifetime for decay 7r,(E2) in sec (power of ten multipliers in 
parentheses), and the favored factor F. The latter is computed 
using the appropriate single-particle statistical factors S (see 
text). This is inadequate for the many-particle configurations 
(e.g., Na*). Enriched isotopes used in all cases except Mo*. 








Ele- AE «B(E2) Ty (E2) 
ment A (kev) I* (10-48 cm‘) (sec) 





A. Odd-A 
uNa 5/2* 
2Ti (7/2)- 
2aV (S/2)- 
2sMn 7/2- 
2wFe §/2- 
2Cu a 
(5/2)- 
3/2” 
(11/2)* 
+ 


0.0087 
0.027 
0.032 


0.084 
0.062 


“2 3(—12) 
1.3(—8) 
6.6(—7) 


1,4(—9) 
4.9(—11) 


2.2(—9) 
oe: 8(—7) 


(3/2)- 
(S/2)~ 


(3/2)* 
1/2+, 3/2* 


5/2* 
5/2* 
5/2* 
5/2* 
5/2* 
1/2- 
1/2- 


5/2* 
5/2* 


2.9( —10) 
1,1(—10) 


id 


uf 


eS Ss99 SS © 
Ree t 
new _ 


&S 


«Cd 


2V 50 (7)* 0.011 





* Values for B(E2) for this nucleus have been revised and supersede those 
in references 6 and 7, 

> Value corrected (decreased) a cascade decay from upper state. 

¢ Value corrected (increased) for cascade decay through lower state. 

4 Value very sensitive to J* (statistical factor S). 

Statistical factor S in two-particle estimate equals 100/273. 
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(1) Titanium (Z=22).—We have previously re- 
ported results on the excitation of the odd-A nucleus 
Ti‘? (160-kev level) with 3-Mev alpha particles.> We 
examined enriched metallic targets of all Ti isotopes. 
Ti** shows the known first excited state at 890 kev’*; 
Ti** reveals two gamma-ray transitions, one of which 
(990 kev) is associated with the known first excited 
state at 990 kev.”* The line at 750 kev shows an excita- 
tion function which is steeper than that of the 990-kev 
transition, indicating that it must arise from a nuclear 
reaction. We believe that it originates in the reaction 
Ti*8(a,ny)Cr®!; this belief is supported by the fact that 
we observed a gamma-ray transition of precisely the 
same energy when bombarding a target of V®™ with 
3-Mev protons. The neutron groups from the reaction 
V®!(p,n)Cr®! have been observed,”’ and we undoubtedly 
see the 750-kev transition from the V®"(p,ny)Cr®! 
reaction. 

After bombarding the Ti target for a few hours 
with 6-Mev alpha particles, we found a positron activity 
with a half-life of 42 minutes, which was evidently Cr® 
resulting from the Ti**(a,n)Cr® reaction. 

An enriched target of Ti‘? showed gamma transitions 
at 730 kev and 1.02 Mev; there was considerable 
neutron background present, and it was not possible to 
establish Coulomb excitation behavior in these lines. 
It is a priori possible that they arise in one or more of 
the following processes: Ti*’(a,vy)Cr®; Tit’(a,py)V®; 
Ti’ (a,a’y)Ti*’. All of these product nuclei are stable 
species, and cannot be identified by radioactivity. The 
first excited state of even-even Cr®™ is not known, but is 
expected to lie higher than 730 kev from the systematics ; 
the 1.02-Mev gamma ray may come from that state. 
No excited states are known in V™ other than the 225- 
kev state reported below, and none are known in Ti” 
between 160 kev and 1.40 Mev.”® 

We observed a transition at 1.44 Mev in an enriched 
Ti® target, which probably corresponds to the first 
excited state of this nucleus.”® 

No excited state was found in enriched Ti, which 
has no known state below 1.5 Mev.” 

(2) Vanadium (Z=23).—We have previously studied 
the odd-A nucleus V*™ (320 kev). Figure 1 shows the 
gamma spectrum observed from the odd-odd nucleus 
V® under 3-Mev alpha bombardment, along with the 
spectrum for ordinary vanadium.”* The enrichment of 
the target in V® was 22% (natural abundance 0.24%). 
The 320-kev transition from V®™ is of course also in 
evidence, as is the 342-kev line from O'8(a,ny)Ne# 
which is always found in oxide targets.5 (The target 
material was V2O;.) A thick-target excitation function 


26 Way, King, McGinnis, and van Lieshout, Nuclear Level 
Schemes (A=40—A=92) (U. S. Atomic Energy Commission, 
Washington, D. C., 1955). We should like to record our apprecia- 
tion to the Nuclear Data group for producing this invaluable 
compilation. 

27Stelson, Preston, and Goodman, Phys. Rev. 80, 287 (1950). 

*8 Similar results were reported simultaneously by Fagg, Geer, 
and Wolicki, reference 36. 
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Fic. 1. Pulse-height spectra obtained for targets of V2.0; with 
3-Mev alpha particles. Open circles are for ordinary vanadium 
showing the 320-kev state of V*!; full circles are for V enriched 
to 22% showing additional line at 225 kev. The intensity of the 
342-kev line associated with O'8 is indicated. 


showed that the 225-kev radiation was emitted from a 
level whose excitation energy AE was considerably less 
than 320 kev, so that it is safe to conclude that there 
is an excited state of V™ at 225 kev. 

The high ground-state spin of V® (Jo>=6*) allows 
spin values for the excited state at 225 kev between 4+ 
and 8+. It is not unlikely that the spin of the state 
be 7+ in view of the fact that the configuration of 
23V 27 might be (f7/2)* (fr 2) vs according to the shell 
model. The transition strength seems to be several 
times that expected for a two-particle transition; the 
statistical factor S was computed for a [(f7/2)*}z/2 
—[(fr/2)*]1/2 E2 transition, the other particle remaining 
in the same state. Since this nucleus has stable isobars 
(Ti®, Cr) to either side, only Coulomb excitation or 
scattering experiments can give information on its 
excited states. 

Upon bombarding V* with 6-Mev alpha particles, a 
strong 154-kev transition appeared, whose excitation 
function was considerably steeper than that of the 
Coulomb-excited 320-kev transition. We ascribe this 
line to the V"(a,ny)Mn* reaction, the 154-kev transi- 
tion coming from the first-excited state of Mn™ (odd- 
odd). The only other possible reaction, V°'(a,py)Cr™ 
leads to an even-even nucleus, whose first-excited state 
is known to lie at 0.84 Mev.”® 

(3) Chromium (Z=24).—Six-Mev alpha-particle 
bombardment of ordinary metallic chromium produced 
gamma rays at 150, 511, 420, 940, and 1360 kev, of 
which only the last three remained (slightly enhanced) 
in an enriched target of Cr. We believe that the latter 
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Fic. 2. Pulse-height spectrum for Fe®*. 854-kev line represents 
the gamma ray from the well-known first-excited state of this 
nucleus. Obtained with 6-Mev alpha particles. Steep rise at low 
energy is due to Fe®7(123 kev). 


originate, in the Cr®(a,ny)Fe®® reaction, where they 
correspond to the first three known states in Fe®®. The 
latter nucleus has a K-capture decay of 2.9-year half- 
life, and was therefore not observed. We do not think 
it likely that the two gamma rays of highest energy 
come from the Cr®(a,py)Mn* reaction, where levels of 
similar energy exist, because (a) (a,m) reactions seem 
to be greatly favored over (a,p) reactions at our energies 
in this region of Z (see also Ti, V, Mn, and Co); (b) we 
should certainly have observed the first excited state 
of Mn® at 128 kev in preference to the higher states. 
The first excited state of Cr® is not known, but was 
probably not observed because of the low abundance of 
this nucleus (4.4%) in ordinary Cr. 

The 511-kev annihilation line belonged to Fe®, a 9- 
minute positron emitter produced by the Cr(a,ny) Fe® 
reaction. This leaves the 150-kev transition, which may 
only come from an excited state of Fe* (none 
are known), if we omit (a@,p) reactions from our 
consideration. 

(4) Manganese (Z=25).—We have previously re- 
ported extensive studies on the 128-kev level in Mn*®.5 
We have found no definite evidence for Coulomb excita- 
tion of higher states, mainly because of the considerable 
amount of compound-nucleus formation at the higher 
bombarding energies necessary to reach higher states. 
We have observed a prominent 150-kev gamma ray with 
steep excitation which we ascribe to an excited state of 
Co**, formed by the Mn**(a,ny)Co** reaction; the only 
other possible reaction, Mn**(a,py)Fe®® leads to an 
even-even nucleus with a first excited state at 805 kev.”® 

(5) Iron (Z=26).—We have previously studied the 
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radiations from Fe*’ in an enriched target. Figure 2 
shows the well-known first excited state of Fe®® at 850 
kev, observed from a natural Fe target (abundance of 
Fe®*: 91.7%). Our value for the mean lifetime of the 
transition (8.7X10-" sec) is in agreement with the 
lower limit obtained by Ilakovac from the resonance 
fluorescence of this transition” (7r,>6X10-" sec). We 
obtained a thick-target excitation curve between 4.0 
and 6.5 Mev in excellent agreement with E2 theory. 
Radiation from the 2+ states in Fe and Fe®* was not 
observed, but could undoubtedly be excited with en- 
riched targets. 

(6) Cobalt (Z=27).—Upon bombarding monoiso- 
topic Co® with 6.5-Mev alpha particles, we observed 
gamma rays at 350, 511, and 1150 kev; the 350-kev line 
may either be due to a slight amount of oxygen in the 
metallic target, or may represent a transition in Cu®, 
excited by the Co*®(a,ny)Cu® reaction; the latter 
nucleus was detected by its known positron decay with 
9.7-minute half-life*® (accounting for the 511-kev line). 
The 1150-kev transition could represent either the 
(Coulomb) excitation of the known first level of Co 76 
or the de-excitation of the first excited state (?) of Ni®, 
which is produced in the Co*(a,py)Ni® reaction. In 
view of the prevalence of the (a,m) reaction over the 
(a,p) reaction in this region of the periodic table at our 
bombarding energies, we believe the former possibility 
to be the more likely one. A continuous background, 


593 KEV Ge’4 Ge’° (91.4%) 6.5 
Ge’? (949%) su 
Ge’4 (95.8%) 6.0 


Ge’ (81.0%) " 


566 KEV Ge 
Se 


830 KEV 


1.02 MEV Ge?° 
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Fic. 3. Composite pulse-height distributions for the even-even 
isotopes of germanium. Enrichment of individual targets and 
bombarding energies used are given in the insert. 


2K. Ilakovac, Proc. Phys. Soc. (London) A67, 607 (1954). 





COULOMB EXCITATION OF 


presumably due to the neutron reaction, prevented us 
from determining a reliable cross-section value. 

(7) Nickel (Z=28).—A weak indication of 1.4-Mev 
radiation was detected from an enriched target of 
metallic Ni**, which probably comes from the first- 
excited state.?® We examined no other isotopes of this 
element. 

(8) Copper (Z=29).—Enriched targets of Cu® and 
Cu® revealed quite similar spectra consisting of two 
transitions each: 690 kev and 990 kev in Cu®, and 815 
kev and 1.15 Mev in Cu®. Inelastic proton groups lead- 
ing to these states have also been found at the Rice 
Institute. Only the higher energy transitions were 
known from previous beta decay studies. Re-examina- 
tion of the decay of Zn® revealed the line at 690 kev,*! 
and further search for the lower-energy transition in 
Cu® is in progress.” Our partial decay lifetime 7, (£2) 
for the 990-kev state in Cu® lies between 1.5 and 
5.9X10-” sec (for allowed spins 1/2 to 7/2); resonance 
fluorescence yields ~ 4X 10~" sec.” This shows that the 
decay must take place predominantly by M1 radiation, 
the ratio of E2 to M1 radiation lying between ~0.10 
and 0.36. The mixture eliminates the possibility of 
spin 7/2 for this state, and reduces the upper limit of 
tTy(E2) to 4.5X10-" sec. After bombardment of Cu® 
with 6.5-Mev alpha particles we detected the 68-minute 
positron activity of Ga®*, resulting from the Cu(a,n)Ga® 
reaction. 

(9) Zinc (Z=30).—We have already reported our 
findings in the odd-A isotope Zn*’.’ We have observed 
transitions in the even-even nuclei Zn™ (1.00 Mev, 
enriched target) and Zn® (1.04 Mev). 

(10) Gallium (Z=31).—No further study.’ 

(11) Germanium (Z=32).—We have previously re- 
ported work on the surprising low-energy transition at 
68 kev in Ge™.® We have been able to observe the 0+—-2+ 
transitions in the even-even nuclei Ge” (1020 kev), 
Ge” (830 kev), Ge™ (593 kev), and Ge’® (566 kev) 
using enriched metallic targets. The first and last of 
these represent previously unknown first excited states. 
The pulse-height distributions are shown in Fig. 3. It 
should be recalled that the first excited state of Ge” has 
character 0* 2° and was therefore not observed in Cou- 
lomb excitation. In Table III we compare our results for 
the mean lives of the transitions in Ge” and Ge” with 
those obtained by Metzger from resonance fluorescence 


TABLE III. Comparison of lifetimes obtained by Coulomb ex- 
citation and resonance fluorescence for Ge” and Ge”. Metzger’s 
fluorescence data from reference 13 and private communication. 
ty(£2) is the mean life. 








Ty (E2) (10712 sec) 
Coulomb exc. Res. fluor. 


6.2+0.5 4.641.2 
2.30.2 1.9+0.3 


E:2* (kev) 


830 
593 


Nucleus 


3 2Ge72 
32Ge"™4 











® Reference 26 and J. P. Schiffer (private communication). 
31 R. van Lieshout (private communication). 
® R. H. Nussbaum (private communication, May, 1956). 
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Fic. 4. Comparison of level schemes of As’ as obtained from 
radioactivity measurements and Coulomb excitation by 6-Mev 
alpha particles. To the left is shown the scheme proposed by 
Schardt and Welker (reference 33); to the right is our level 
scheme. Resolution does not permit identification with given level 
or levels in the triplet at about 280 kev. 


experiments. The agreement between these two entirely 
different approaches is satisfactory. A_ thick-target 
excitation curve was obtained for Ge7®, between 4.0 and 
6.5 Mev, in good agreement with £2 theory. 

(12) Arsenic (Z2=33).—Arsenic consists of only one 
isotope, As’®. We observed four gamma-ray transitions, 
which from their excitation functions seem to corre- 
spond to states of the corresponding energies. Figure 4 
shows a comparison of the level scheme observed by us 
with that found by Schardt and Welker* from decay of 
Ge” and Se’. Because of the limited resolution avail- 
able with Nal crystals, we are not able to decide the 
exact correspondence of levels at around 280 kev. 

(13) Selenium (Z=34).—We were able to study all 
stable isotopes of Se with enriched targets. The even- 
even nuclei each yielded one state, several of which had 
not been observed previously. The trend in both their 
excitation energies and transition probabilities is very 
pronounced and can be seen in Figs. 11, 12, and 13. An 
excitation curve for Se’ between 4.5 Mev and 6.8 Mev 
showed good agreement with £2 theory. 

The odd-A nucleus Se’’ turned out to be one of the 
most interesting cases we studied. Figure 5 shows the 
pulse-height distribution observed, as well as the coin- 
cidence peak we obtained when one channel was kept 
fixed on the line at 244 kev. This established the 
cascade nature of the 211-kev and 244-kev transitions. 
From the identical shapes of the excitation curves for 
the 457-kev and 211-kev transitions we can conclude 
that both originate from a state at 457 kev. 

In addition to these major features, we found that we 
excited the known isomeric 160-kev transition. With the 
beam turned off, we were able to obtain the decay curve 
shown in Fig. 6. The half-life of 17.5 seconds agrees 
well with previous determinations. Since this transition 
is known to be of the £3 type, it was of interest to as- 
certain whether it was excited directly from the ground 
state, or indirectly via some higher excited state. The 
latter alternative was confirmed by determining the 


33 A, W. Schardt and J. P. Welker, Phys. Rev. 99, 810 (1955). 





G. M. TEMMER AND 


34 KEV Se’’+ 6.5 MEV OL 
211 KEV 


al 


~~ 
°o 


COUNTS PER VOLT 
ro) 


10 20 30 40 
PULSE HEIGHT (VOLTS) 


Fic. 5. Pulse-height spectrum for Se” excited by 6.5-Mev alpha 
particles. Circles indicate the singles spectrum ; squares represent 
the coincidence spectrum obtained when one channel was kept 
fixed on the 244-kev peak. Peak at 34 kev was shown to be an 
impurity x-ray. 86-kev peak is doubtful and not likely to be the 
cascade feeding the isomeric transition (see Fig. 6). 


excitation curve of the delayed activity, and finding it 
to have a shape similar to the excitation curve for the 
244-kev transition, and not at all the shape of E3 
Coulomb excitation. Both the 244-kev and 457-kev 
transitions yielded excitation curves in very good 


agreement with £2 theory between 4.5 and 6.5 Mev. 
The small peak at 86 kev shown in Fig. 5 may be the 
cascade transition feeding the isomeric state. Only a 
little over 1% of the de-excitation of the 244-kev 
state* (or 2% when including internal conversion) takes 
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Fic. 6. Decay scheme of Se” states excited in Coulomb excita- 
tion with 6-Mev alpha particles. The decay curve for the 17.5-sec 
isomer indirectly excited is shown at the bottom. Spin assign- 
ments in parentheses are based on angular distribution measure- 
ments and are tentative. The isomer is probably fed from the 457- 
kev state by a slow E1 transition (not shown) rather than by the 
86-kev transition from the 244-kev state (see discussion of Se?’ 
in text). No evidence for direct £3 excitation was found. 


* There is some question as to whether the isomer is fed from 
the 244-kev or the 457-kev state; see the following. 
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place via the isomeric state. From the known lifetime 
of the 160-kev transition we can compute the reduced 
E3 transition probability to be 


B(E3)t= 1.03 10~ barn’. 


Using the semiclassical expression for E3 Coulomb 
excitation given by Alder and Winther" we find a cross 
section of 4.7 microbarns; our observed cross sections for 
E2 excitation of the 244-kev and the 457-kev states are 
9 and 11 millibarn, respectively; hence we see that 
even the 1% cascade feeding of the isomeric state still 
exceeds any possible direct E3 Coulomb excitation by 
a factor of 20, so that there is no evidence for the direct 
process in Se?’, 

Since the ground-state spin of Se”’ is 1/2-, only states 
of 3/2- and 5/2- can be excited by E2 transition. We 
have investigated the angular distribution of the 244- 
kev and 457-kev gamma rays in the hope of selecting 
between these two possibilities. We measured the 
relative intensities at 0° and 90° to the beam, and found 
the anisotropies given in Table IV. We also show the 
anisotropy for the pure £2 transition from the 2* state 
of Se”*. These measurements support the tentative spin 


TABLE IV. Angular distribution of gamma radiation from Se?’ 
and Se’’, A is the anisotropy defined by A =[W (0)/W (x/2) ]—1. 
Bombarding energy Eo in Mev. 








Transition 
£2 
E2* 

M1-—E2* 


Eo (Mev) 


6.00 
6.00 
5.00 


AE (kev) A 


615 +0.50+0.03 
457 +0.50+0.03 
244 —0.03+0.03 


Nucleus 


34Se78 
sage”? 
3Se77 











* Tentative assignment. 


assignments shown in the insert of Fig. 6. They are 
similar to the spin sequences in Rh’, Ag", and Ag™ as 
determined by McGowan and Stelson.!® Since the 
isomeric state has character 7/2*, it is hardly conceiv- 
able that an M2 transition from the 3/2- state at 
244 kev can compete with the M1+ 2 decay to the 
ground state, even to the extent of 1%. However, the 
very small anisotropy of the 244-kev radiation was 
measured at 5 Mev, where (1) the adiabatic parameter 
é is larger and the a priori angular effects are enhanced, 
and (2) the cascade effects from the 457-kev state are 
reduced. This low anisotropy favors mixed radiation 
and hence a spin of 3/2-. If the spin were 5/2-, the cas- 
cade to the isomeric state would be electric dipole as 
is found in the case of silver*® for the second Coulomb- 
excited state. The branching ratio (cross-over/cascade) 
is found to be 0.92, which also speaks in favor of the 
(1/2, 3/2, 5/2) sequence of spins, since we would expect 
an excess of crossover radiation if M1-E2 mixtures 
were allowed in both decay paths. We are thus forced 
to the conclusion that our excitation function for the 
isomeric activity is probably in error, and that the 
isomer must be fed by an £1 transition from the state 


~ 8° 'T. Huus and A. Lundén, Phil. Mag. 45, 966 (1954). 
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at 457 kev. Assuming that this occurs via a 300-kev 
cascade (not detected because of its very low intensity), 
we can estimate the reduced electric dipole matrix 
element B(£1) from the branching ratio. We find that 
B(E1)=2.3X10-* barn, which is about 2X10~ times 
the single-particle estimate. This in keeping with 
the observations of most low-energy electric dipole 
transitions.** 

The eB(E2) values given in Table II have been 
corrected for the decrease of the first-excited-state 
excitation due to cascade feeding, as well as for the 
increase in second state excitation due to the same 
effect. The factor « merely reflects the fact that the 
small internal conversion corrections were not made. 
The peak seen at about 30 kev in Fig. 5 was found to 
be an impurity x-ray, probably of barium. 

(14) Bromine (Z=35).—No further study; see 
reference 26. 

(15) Krypton (Z=36).—By using a gas cell separated 
from the main vacuum by a thin nickel foil (~300 kev 
thick) we were able to examine the gamma spectra of 
krypton and xenon. In Table V we list the gamma-ray 
transitions observed, as well as the probable isotopic 


TABLE V. Coulomb excitation of natural krypton. Isotopic 
assignments are based on systematics and relative abundances, 
and are tentative. Jo is ground state spin; /* is excited state spin. 








E 


Relative abundance ¥ 
(kev) I* 


A (percent) 





2 610 an 
1. 775 2° 
1. 457  S6 
7 880 a 


80 
82 
83 
84 








assignments based on abundance considerations, as 
well as existing decay schemes. One point of interest was 
the observation of a 770-kev transition, probably 
associated with Kr®. From the decay studies of Rb® 
and Br®* no conclusion could be drawn concerning 
certain level orders near the ground state, and we 
were able to rule out the possibility of a first excited 
state at 550 kev in Kr®. We hope to be able to carry on 
further measurements on this noble gas with enriched 
target material. 

(16) Rubidium (Z=37).—We re-examined ordinary 
rubidium in the form of RbCl with 3-Mev alpha 
particles and confirmed our previously reported gamma 
ray at 155 kev’; this gamma ray has recently been 
assigned to the isotope Rb*,** and is associated with a 
known level in that nucleus.”* A transition at 163 kev 
was found in Cs (see the following), and we took care to 


36 See Fig. 3 of M. Goldhaber and J. Weneser, Annual Review 
of Nuclear Science (Annual Reviews, Inc., Stanford, 1955), Vol. 


5. p. 1. 

37 N. Benczer and C. S. Wu, Bull. Am. Phys. Soc. Ser. II, 1, 41 
(1956). 

38 Fagg, Geer, and Wolicki, Bull. Am. Phys. Soc. Ser. II, 1, 165 
(1956). 
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Fic. 7. Pulse-height spectrum for ordinary ruthenium bom- 
barded with 6.0-Mev alpha particles. Transitions to the first- 
excited 2* states in the more abundant even-even isotopes can be 
seen, as well as some low-energy lines associated with the odd-A 
isotopes Ru” and Ru™, as assigned with isotopically enriched 
targets. Peak BS represents backscattering. Insert shows level 
scheme for Ru”, spin assignments being based on £2 excitation, 
and long life and no gamma radiation in the decay of Tc”. 


eliminate the possibility of cesium contamination in 
rubidium and vice versa. 

No further results are reported for the elements 
strontium (Z= 38) through niobium (Z=41). 

(17) Molybdenum (Z=42).—We studied separated 
isotopes of Mo“, Mo, Mo%’, and Mo™, yielding first- 
excited 2+ states at 871, 778, 786, and 528 kev, respec- 
tively. Anomalous behavior in the position of these 
states can be seen between Mo and Mo%’, where the 
energy increases although we are going in the direction 
of larger neutron numbers. The transition probabilities 
seem to show the same “kink” (see Fig. 11). We 
measured the anisotropy of the 528-kev gamma radi- 
ation from Mo™ with 6-Mev alphas and found it to be 
0.72+0.05, which agrees with the thick-target sys- 
tematics!® for pure £2 transitions. The excitation curve 
for this transition showed the theoretical shape from 3 
to 7 Mev. The 205-kev transition associated with Mo” 
was previously reported.* Several of the even-even 
transitions had not been observed previously. 

(18) Ruthenium (Z=44).—Figure 7 shows the spec- 
trum obtained from a target of natural ruthenium. We 
examined separated targets of Ru™, Ru”, Ru, 
Figure 8 shows an excitation curve for the 362-kev 
transition in Ru™, the lowest 2+ state of any medium- 
weight nucleus. Because of the great strength of this 
transition, we were able to follow the yield over a factor 
of over 20000. The agreement with E2 theory is seen 
to be excellent. The assignments of transitions to the 
other even isotopes Ru’ and Ru’™ were made on the 
basis of abundance, and systematics.”® The odd nuclei 
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Fic. 8. Thick-target excitation curve for Ru™ with alpha 
particles. The curve is the theoretical, semiclassical (except for 
WKB correction) E2 curve modified for thick target by the 
procedure outlined in reference 8. Normalized at 5.5 Mev. Ex- 
treme yields differ by a factor of about 20 000. Statistical errors 
are represented by the size of the circles. 


of Ru showed low-lying levels, only one of which is 
associated with Ru® (89.5 kev). (See insert of Fig. 7.) 
It is clear that since the well-known, long-lived beta- 
emitter Tc” (210° years) shows no gamma rays,” 
the spin of the excited state of Ru” is limited to the 
values 1/2 and 3/2. 

The spectrum obtained from Ru™ is shown in Fig. 9, 
with the decay scheme given in the insert. The figure 
also shows the coincidence spectrum obtained when one 
channel was fixed on the 180-kev peak. The high state 
at 522 kev was also found to belong to Ru™. The 
B values given in Table II have been corrected for 
cascade decay as described for Se’’ above. The branch- 
ing ratio (crossover/cascade) was found to be 1.43. The 
tentative spin assignments given in the figure are based 
on measurements of the anisotropies for the 127-kev 
and 303-kev transition listed in Table VI.“ No anisot- 


TABLE VI. Angular distribution of gamma radiation from Ru®, 
and Ru", A is the anisotropy defined by A =[W (0)/W (x/2) ]—1. 
Bombarding energy Ep in Mev. 








Transition 


M1—E2* 
E2* 
M1—E2* 


Eo (Mev) AE (kev) A 


+0.03 +0.03 
+0.22 +0.04 
—0.04;+0.03 


Nucleus 


«Ru® 
wRu™™ 
wRu™ 





2.50 
2.50 
6.50 








* Tentative assignment. 


® Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

“ F. K. McGowan and P. H. Stelson (private communication) 
have observed a number of additional transitions in Ru™, most of 
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ropy was observed for the 89.5-kev radiation in Ru, 
which still allows the two possible spin values mentioned 
above. The large branching ratio, favoring crossover 
radiation, seems to speak in favor of mixed M1— E2 
radiation in both decay paths from the 307-kev state, 
and supports the spin assignments.” 

Recently the 89.5-, 127-, and 180-kev transitions may 
have been observed in the decay of some long-lived 
radioactivities in rhodium. 

(19) Rhodium, Palladium, Silver, Cadmium (Z=45, 
46, 47, 48).—We have previously published results for 
these elements based on enriched isotopes.®:? The values 
given in Tables I and II for the transition probabilities 
are revised and supersede our previous values. Further 
work on these isotopes has also been reported.!®:! In 
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Fic. 9. Pulse-height spectra for Ru! bombarded with 6-Mev 
alpha particles. Open circles represent singles spectrum; triangles 
show coincidence spectrum obtained when one channel was kept 
fixed on the 180-kev peak. Line at 522 kev also belongs to this 
isotope. Level scheme is shown in the insert. There is evidence 
that the level at 307 kev is a doublet, one member of which gives 
rise to the cascade, the other to crossover radiation only (see 
reference 40). Branching information holds if only one level exists 
at 307 kev. Spin assignments are based on angular distribution 
measurements and are tentative. 


them only by coincidence detection. They also have evidence that 
the state at 307 kev is really a doublet, one member of which decays 
by direct ground state transition only, the other only by cascade 
via the 127-kev state. This would of course vitiate our results for 
branching ratio and transition probability for the higher state. 
These authors also find additional transitions in Pd. We are 
indebted to Dr. McGowan for informing us of these results prior 
to publication. 

41 Hisatake, Jones, and Kurbatov, Bull. Am. Phys. Soc. Ser. II, 
1, 271 (1956). 
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Fig. 10 we show one more excitation curve, for the 
370-kev transition in Pd", showing excellent agreement 
with E2 theory over a large energy interval. 

(20) Indium, Tin (Z=49, 50).—No lines observed. 

(21) Antimony (Z=51).—Upon bombarding natural 
antimony metal with 6.5-Mev alpha particles, which 
consists of two odd isotopes, Sb’ and Sb”, we detected 
a line at 154 kev, and a broad unresolved peak at 564 
kev. The former corresponds to a known level in Sb ®; 
the broad peak showing about twice the width of the 
511-kev annihilation line from Na”, can be accounted 
for by two gamma rays at 506 kev and 575 kev, coming 
from known levels at these energies in Sb’. 

(22) Tellurium (Z=52).—We had available all six 
even-even isotopes of this element in enriched metallic 
form, and observed all first-excited states as listed in 
Table I. The odd isotopes Te’ and Te were studied 
elsewhere.” 

(23) Iodine (Z=53).—This monoisotopic element, 
[?’, was briefly re-examined‘ in the form of Cals, PbI2, 
and KI, with both 3-Mev and 6-Mev alpha particles 
and transitions at 58, 200, 365, and 480 kev were 
observed. They are not listed in Table I. Other work on 
iodine* revealed many more lines under proton bom- 
bardment, of which only the ones at 58 and 200 kev 
seem to correspond with our results. Mathur’s decay 
scheme of Xe!’ “ shows the first three levels of I?’ at 
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Fic. 10. Thick-target excitation curve for Pd"° with alpha 
particles. The curve is the theoretical, semiclassical (except for 
WKB correction) E2 curve modified for a thick target by the 
procedure outlined in reference 8, normalized at 5.0 Mev. Extreme 
yields differ by a factor of about 5000. Statistical errors are repre- 
sented by the size of the circles. 


42 Fagg, Wolicki, Bondelid, and Snyder, Phys. Rev. 100, 1299 
(1955). 

48D. A. Lind (private communication). 

“H. B. Mathur, Phys. Rev. 97, 707 (1955). 
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Fic. 11. Systematics of level energies and transition probabilities 
for even-even nuclei between Ti and Te. This is a revised and more 
complete version of Fig. 2 of reference 10. For definition of the 
deformation parameters 8g (open circles) and Bg (full circles) 
see Eqs. (9). Numbers in the figure are atomic numbers Z for the 
various nuclei. 


56, 200, and 368 kev, in good agreement with our 
findings. 

(24) Xenon (Z=54).—Using the gas-cell technique 
described for krypton above, we obtained the Coulomb 
excitation spectrum from natural xenon. Table VII 
shows the transitions along with tentative isotopic 
assignments based on systematics, abundance, and 
known levels.” 

(25) Cesium (Z=55).—We re-examined this mono- 
isotopic element, Cs'**, in the form of CsCl with 3-Mev 
alpha particles, and found two lines at 81 kev’ and 163 
kev, the first of which corresponds to a level known from 
the beta decay of Xe’ and Ba, 

(26) Barium (Z=56).—We did not re-examine this 
element.‘ 

Elements beyond barium have been previously 
discussed. 


IV. DISCUSSION 
A. Even-Even Nuclei 


In Fig. 11, which is a revised and expanded version 
of Fig. 2 in reference 10, we have plotted the quantities 
Bz’ and 82’, defined as follows (for even-even nuclei)”: 


,_8.48X10'B(E2) 
os Z2AAls ; 


2.43 X 10° 
g=—————_; 
A5BAE 


where AE is given in kev, and B(£2) in 10~ cm‘. 
Irrespective of the detailed interpretation of these so- 
called deformation parameters, they constitute a useful 
means of presenting the information on both level 
positions AE and reduced transition probabilities 
B(E2), removing rather general effects of nuclear size, 


TABLE VII. Coulomb excitation of natural xenon. Isotopic 
assignments are based on systematics and relative abundances, 
and are tentative. Jo is ground state spin; /* is excited state spin. 








Relative abundance Ey 
(percent) (kev) Io 


130 4.1 
129, 131 47.6 
132 26.9 
134 10.4 





+ 


1/2*, 3/2+ 
Or 


530 
286, 364 
670 

870 or 











978 


mass, and charge. We used the electromagnetic nuclear 
radius given by Eq. (5) above. A striking degree of 
correlation is seen to exist between the two quantities 
8, extending throughout the region of medium-weight 
even-even nuclei. 

The relations (9) above hold rigorously only for 
strongly deformed nuclei according to the unified 
model,” i.e., for nuclei having axially symmetric 
equilibrium deformations leading to rotational states. 
This so-called strong-coupling approximation has been 
found to be remarkably successful in certain rather 
sharply-defined regions of the nuclear chart, mainly for 
neutron numbers between 90 and 112, and again 
greater than 136. In those regions a plot of the type 
given in Fig. 11 above is directly meaningful in terms 
of the unified model, the quantities 6 representing 
nuclear deformation parameters interpretable in terms 
of the nuclear ellipsoidal shape.”'** 

For even-even nuclei of the medium-heavy elements, 
convincing evidence has been presented“ for the exist- 
ence of a spherical equilibrium shape for these nuclei, 
and the consequent applicability of the formalism of the 
unified model bearing on vibrational excitations. The 
main empirical points here are the spins of second 
excited states (0+, 2+, 4*), their location at roughly 
2.2 times the energy of the first excited states, the ab- 
sence or weakness of M1 radiation in 2+—2* transitions 
between second and first excited states, the absence or 
retardation of crossover radiation from the second states 
to the ground states, and the enhanced nature of the £2 
transitions to the first-excited states.“® A glance at 
Table I and the quantity F, the favored factor, reveals 
that the reduced transition probabilities are from 10 to 
40 times larger than for a single-proton transition, 
attesting to a considerable amount of cooperative 
motion of the quadrupole type in these nuclei. All these 
facts point to the occurrence of E2 surface excitations 
(phonons) having angular momentum 2, and obeying 
the usual selection rules for a harmonic oscillator. 
Attempts have been made to introduce higher-order 
terms in 6 in the collective Hamiltonian to account 
for the departure from the expected 2.0 energy ratio 
of second- to first-excited state, without sacrificing the 
benefit of the above-mentioned selection rules.**:” 

The parameters which are appropriate to a descrip- 
tion of vibrational states occur in the collective 
Hamiltonian” : 


Heou=} Ld (Br|em|?+Crlan,|?), 


where the summation is extended over all orders of 
excitation, the a, and da, are the amplitudes of de- 
formation and their time derivatives, respectively, and 
the quantities B, and C, are mass transport and 

46 A. Bohr and B. Mottelson, Kgl. Danske Videnskab Selskab» 
Mat.-fys. Medd. 30, No. 1 (1955). 

#6 G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 

‘7 L. Wilets and M. Jean, Phys. Rev. 102, 788 (1956). 
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surface tension parameters, respectively, associated 
with the vibration of order \. We limit ourselves to 
quadrupole excitations (A=2). For the excitation 
probability of the first vibrational 2+ state (one-phonon 
excitation), Bohr and Mottelson® have given the 
expression 


B(ED) 0-29) =5( —2eRe) (——) (10) 


Rather than obtain the surface tension parameter C2 
from the surface energy term appearing in the semi- 
empirical mass formula,” it is preferable to obtain it 
empirically along with B, from relation (10) and the 
one for the frequency of the quadrupole vibration”: 


@2> (C2/B2)'. (11) 


The first-excited state energy E.+* is simply associated 
with w2.2® Note that no assumption as to the detailed 
collective mass flow has been made. A useful limiting 
case is represented by the irrotational flow of an in- 
compressible liquid drop, for which the parameter By 
is given by” 


B:*= (3/8r) AMR¢?, (12) 


where M is the nucleon mass, and Ro is given by Eq. (5). 
The empirical values B; are conveniently expressed as 
the ratios B,/B,*. The solutions of Eqs. (10) and 
(11) for Cz and B2/B,* in the form of simple numerical 
relationships have already been given in Sec. III-A, 
Eqs. (6) and (7); our empirical values for these quanti- 
ties are listed in the last two columns of Table I. It is 
noteworthy that the effective surface tension C2 is a 
strong function of neutron number, and decreases 
monotonically as we move away from closed shells, 
reaching values much lower than estimated from the 
liquid-drop model. Values in excess of this estimate can 
be found near closed shells. Figure 12 shows a plot on 
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Fic. 12. Summary plot of surface tension parameters C2 for 
even-even nuclei between Ti and Te. The logarithm of C2 is plotted 
against neutron number WN. Also shown is the estimate for C2 
derived from the liquid drop model and the semiempirical mass 
formula (see text). Numbers in the figure are atomic numbers 
Z for the various nuclei. Note strong shell structure effects. For 
definition of C2, see Eqs. (7), (10), (11), and (13). 
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our empirical values of C2 vs neutron number, along 
with the estimate furnished for C2 by the liquid drop 
model”: 


(13) 


z 
C1=4.904'—0.114-— Mev, 


where use has been made of the empirical surface energy 
term 42R,?S = 15.4A! Mev derived from nuclear binding 
energies by Rosenfeld.“* The inertial parameters B; 
everywhere exceed the values corresponding to irrota- 
tional flow, the factor being smallest far from closed 
shells. Figure 13 shows a plot of B:/B,.*. 

The occurrence of the sharply defined transitions 
between “strong coupling” and “weak coupling” regions 
points to the existence of a critical variable; Bohr and 
Mottelson* give an estimate in terms of the critical 
moment of inertia J.rit, defined empirically by the 
familiar relation for the first rotational state of an 
even-even nucleus 


E.+* = 3h?/ Grit. (14) 


Their latest estimate for Jorit iS Jcrit=0.239rig, Where 
Srig= IMAR?(1+0.318?+---) (15) 


is the moment of inertia of a rigid ellipsoid of constant 
density. Only for values of E+ appreciably less than 
E,* should we expect rotational spectra. A numerical 
estimate of this critical first-excited-state energy is 


E,**= (922/.45/%) Mev. (16) 


It is interesting to examine this limit in various regions 
of the nuclear chart ; a number of the observed 2* states 
in the medium-heavy nuclei fall somewhat below this 
limit. However, in all the cases where the information 
is available, the typical symptoms of vibrational rather 
than rotational excitation are found (see above). (Mg* 
represents an exception, with an energy ratio E,+/E2* 
=3.0, but there 2+ is less than one third the critical 
value E,+*.) 

We shall briefly mention below the possibility of 
rotational behavior in some odd mass nuclei of this 
region. 

Finally, the excitation of higher excited states of 
known spin 2+ in even-even nuclei is of great interest in 
connection with the various theoretical attempts*®.”” at 
an understanding of the low-lying level system. This is 
rendered difficult experimentally because the ratio of 
second- to first-excited state energies in these nuclei is 
found to be very nearly 2.2‘; it is further known that 
the cascade between second and first excited states is 
usually much more intense than the direct crossover to 
the ground state, so that the problem is one of detecting 
a very weak gamma-ray (cascade) in the presence of a 
very strong one (first-excited state transition) from 
which it differs in energy by only about 20% at best. 


48L. Rosenfeld, Nuclear Forces (North-Holland Publishing 
Company, Amsterdam, 1948), p. 24. 
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Fic. 13. Summary plot of inertial parameters Bz for even-even 
nuclei between Ti and Te. B:/B,* is plotted against neutron 
number WN. B,* is the inertial parameter for irrotational flow 
[defined in Eq. (12)]. Note considerable deviations from unity, 
as well as shell structure effects. Numbers in the figure are atomic 
numbers Z for the various nuclei. For definition of Bz, see Eqs. 


(6), (10), and (11). 


Disturbing first-excited-state radiation from neighbor- 
ing even-even nuclei (even in highly enriched targets) 
will usually contribute to obscuring that energy region. 
The predicted first-order transition probability to such 
a second state of course vanishes, since according to the 
vibrational interpretation a two-phonon absorption is 
involved. It might, however, be possible to detect the 
excitation by coincidence measurements provided that 
rather large bombarding currents at fairly high energy 
are available. 


B. Odd-A Nuclei 


There is very little we can say in a general way con- 
cerning the nuclei of odd mass in this region. Because of 
the great variation of ground-state configurations, it is 
not surprising that each odd-A nucleus seems to require 
separate description. Many of the £2 transitions ob- 
served are much stronger than the single-particle 
strength. This usually manifests itself in terms of an 
enhanced admixture of £2 radiation to the usually 
predominant M1 radiation occurring in many of these 
transitions between states of equal parity, differing in 
spin by less than two units. 
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The vibrational interpretation of these enhanced 
transitions is rather complicated, since one must now 
take into account the coupling of the phonons to the 
ground state configuration™; this is possible for the 
limiting cases of weak and strong coupling, but rather 
poorly understood for the case of intermediate coupling, 
which unfortunately seems to be the rule rather than the 
exception. An empirical way to decide what régime of 
coupling prevails for any particular case is to evaluate 
a dimensionless coupling parameter g in terms of the 
quantities hws [see Eq. (11) ] and C, for a neighboring 
even-even nucleus: 


(—) (<=): 


where K is ~40 Mev, and to compare its value to 1. 

We have already discussed the existence of an 
effective critical first excited state energy in even-even 
nuclei; although we saw that no rotational spectra are 
known to exist even in the nuclei where the criterion 
(16) is just satisfied, it is possible that the addition of an 
odd nucleon may provide enough additional polarizing 
force to distort the nuclear core into a nonspherical 
equilibrium shape. Between mass numbers 100 and 110 
definite strong-coupling symptoms have been reported 
for three nuclei of character 1/2-, Rh’, Ag", and 
Ag'.® The case of spin 1/2 is slightly anomalous,” and 
in the fitting of the rotational spectrum there occurs an 
additional constant, the decoupling parameter a. Since 
only two transitions are excited in these nuclei, the test 
of their rotational nature (in the sense of strongly 
deformed nuclei) is not too stringent, as far as level 
positions are concerned. Nevertheless, both the absolute 
magnitudes and ratios of transition probabilities point 
toward possible rotational behavior. 

In our present work, we have encountered another 
odd nucleus with spin 1/2- having properties similar to 
the three nuclei mentioned above, including an E3 
isomeric transition and two prominently excited states. 
Since three of the even-even nuclei of selenium satisfy 
criterion (15), and the coupling parameter g>>1 [see 
Eq. (17) ], it may not be unreasonable to expect some 
rotational behavior in Se’. If we accept the spin 
sequence (1/2, 3/2, 5/2) as supported by our angular 
distribution measurements, we can solve for the 
quantities a and #?/29 from the level energies at 244 
and 457 kev: 

a=0.31; h?/29=61.9 kev. 


(17) 
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The latter splitting constant corresponds to a first- 
excited 2+ state in a neighboring even-even nucleus of 
370 kev. The lowest observed 2* state is in Se” at 567 
kev; this seems to indicate an increased effective 
moment of inertia due to the odd neutron contribution. 
The ratio of excitation probabilities is 1.8 which is not 
too far from the expected ratio of 1.50. The very small 
E1 matrix element connecting the 5/2- and 7/2* states 
could be ascribed to the operation of the selection rule 
applying to the quantum number K,” there being a 
change of 3 units between the 5/2- member of the 
ground state rotational band (K=1/2) and the 7/2+ 
state (K=7/2). 

If we carry this analysis a step further, assuming that 
the mixed cascade radiation from the 5/2 to the 3/2 
state at 211 kev contains the theoretically predicted 
amount of Z2 component, we can compute the mixture 
ratio 6°=Int(E£2)/Int(M1) as well as the reduced 
magnetic-dipole transition probability B(M1), ex- 
pressed in units of the square of the nuclear magneton: 


eh \? 
#=0.055; pan) /(—) =0.013. 
2Mc 


The latter quantity can be compared to the single- 
particle M1 estimate, ascribing the transition entirely 
to the odd neutron, and we obtain 


B(M1)/B(M1)s.».=9.6X 107, 


We have found no case of ground state spin Ip>1/2 
where any indication of a simple rotational spectrum 
exists, for A<153. In fact, we have found a non- 
rotational spectrum in Eu! (V=88) and a perfectly 
developed rotational band for Eu'®* (V=90),® although 
both have Jp>=5/2. 
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We have observed the gamma radiation from the first two excited states, as well as the cascade transition 
between them, by bombarding the following odd-mass rare-earth nuclei with 6-Mev alpha particles: Eu’, 
Eu!’, Gd!55, Gd!®7, Tb!*, Ho!®, Lu!75, Hf!??, Hf!”, and Ta!*. All of these nuclei were available as enriched 
targets. We also detected x-x, x-y, and y-y coincidences from these nuclei, establishing their previously 
suggested level schemes. All of them show rotational spectra except Eu’! (= 88), which was found to 
have an excitation spectrum very different from that of Eu’** (V=90) in both the intensity and position 
of the excited states. From the measured branching ratios of the second rotational states we determined 
the M1—£2 mixture ratios for the cascade radiation, using the theoretical value for the E2 component. 
This is reasonable because within the experimental uncertainties, mainly caused by our lack of information 
on total internal conversion coefficients, the ratios of £2 transition probabilities from ground state to the 
two rotational states are in agreement with the theory. Combining the mixture ratio with the values of the 
ground state magnetic moments, we computed the so-called intrinsic and collective g factors from the 
strong-coupling approximation of the Bohr-Mottelson theory. Two pairs of values are obtained because 
of the ambiguity in the phase of the mixture ratio. Appreciable deviations from the irrotational value 
Z/A are observed for the collective g factors. The mixtures we determine also agree with those known from 


radioactive decay for first-excited state transitions as predicted by the unified model. 


I. INTRODUCTION 


HE existence of rotational energy levels in nuclei 
with large static quadrupole moments is by now 

well established.* We have previously reported a 
detailed study of such nuclei in the rare-earth region 
by Coulomb excitation.‘ As is to be expected from the 
predominant electric quadrupole nature of the excita- 
tion process on the one hand, and the characteristic 
spin sequence of successive states in rotational bands 
on the other hand, one can excite but the first excited 
state in even-even nuclei having character 2+, while it 
is possible to populate the first two excited states in 
nuclei of odd mass, having spins J)+1 and J +2, re- 
spectively, and the same parity as the ground state J». 
We should then observe three transitions in general, 
two of which originate from the second excited state, 
and one from the first. The cascade transition from the 
second to the first excited state has been observed 
only in a few instances so far, mainly because its 
energy lies rather close to that of the first-excited state 
transition [differing from it by 100/(Jo+1)%], and 
is always considerably weaker than the latter. Experi- 
ments using internal conversion electron detection 
were found to be particularly well suited for the direct 
detection of the cascade transitions because of their 


* Preliminary accounts of this work were presented at the 1956 
New York and Washington meetings of the American Physical 
Society [N. P. Heydenburg and G. M. Temmer, Bull. Am. Phys. 
Soc. Ser. IT, 1, 43 (1956) ; Ser. II, 1, 164 (1956) ]. 

1A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

2A. Bohr, doctoral dissertation, Copenhagen, 1954 (unpub- 


lished) ; also A. Bohr and B. R. Mottelson in Beta- and Gamma- 
Ray Spectroscopy, edited by K. Siegbahn (North-Holland Pub- 
lishing Company, Amsterdam, 1955), Chap. XVII. 

?Huus, Bjerregaard, and Elbek, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, No. 16 (1956). 

4N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
(1955). 


intrinsically higher energy resolution. However, coin- 
cidences between the two cascade events must 
be detected using scintillation counters, and have 
previously been reported for Ta'*'*® and Eu'®.4 In 
addition to establishing the correctness of decay 
schemes inferred from the single gamma-ray spectra, 
such experiments permit a rather detailed study of the 
consequences of the so-called “strong coupling” approxi- 
mation of the Bohr-Mottelson model of the nucleus.! 
When combined with a knowledge of the ground-state 
magnetic moments, the transition probabilities derived 
from Coulomb excitation and branching ratios from 
second excited states can be used to evaluate the 
relative contributions of the odd-particle motion (gg) 
and the collective motion of the entire nucleus (gz) to 
the nuclear gyromagnetic ratio. 

We have studied all odd-A nuclei between europium 
and tantalum which are available as enriched targets 
or occur naturally as single isotopes. This criterion 
then excludes the five odd-neutron nuclei of dysprosium, 
erbium, and ytterbium. We have previously given some 
tentative conclusions obtained from the spectra of 
these five nuclei with natural targets.‘ 


II. EXPERIMENTAL DETAILS 


As in previously published work, we used the He** 
beam at 6.0 or 6.5 Mev from our electrostatic generator. 
The detection arrangement was identical to the one 
previously used®; for the coincidence experiments we 
added another single-channel scintillation detector 
with a 1 in.X1 in. Nal crystal, whose output was put 
in slow coincidence (7~0.5 microsecond) with the 
output from our usual 2 in.X2 in. Nal crystal. The 
target was inclined at 45° to the beam axis, and the 

5 Class, Cook, and Eisinger, Phys. Rev. 94, 747 (1954). 


6G. M. Temmer and N. P. Heydenburg, Phys. Rev. 96, 426 
(1954). 
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two crystals viewed the target from a distance of about 
one inch, through the 10-mil aluminum backing, one 
at 0° and one at right angles to the beam; they were 
shielded from each other by a one-eighth inch thick 
lead plate to prevent spurious Compton-recoil coin- 
cidences. Each crystal was shielded by 10 mils of copper 
when examining x-x or x-y coincidences, and by 25 
mils of copper when observing y-y coincidences. Because 
of the high internal conversion of these low-energy 
transitions, it is convenient to observe the K x-rays 
following internal conversion of one of the cascade 
transitions in coincidence either with another K x-ray 
following the conversion of the daughter cascade (x-x), 
or with the unconverted gamma radiation of the latter 
(x~y). The former is particularly helpful if the energies 
of either or both of the successive gamma rays are not 
well known, and we are only interested in establishing 
their cascade nature. Some of the figures below will 
illustrate these various types of coincidences. 

In order to find the relative intensities of cascade and 
crossover gamma rays from the second rotational 
states, we found it more reliable to analyze carefully 
the single-counter spectra. The coincidences served 
only to establish the correctness of the predicted decay 
schemes.‘ We kept the beam intensity low enough to 
limit the accidental coincidence rate to less than 20% 
of the true rate at the photoelectric peaks. The acci- 
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Fic. 1. Pulse-height distributions for Eu"! and Eu"* Coulomb- 
excited by 6-Mev alpha particles. Full circles refer to Eu 
(N =88), having lines at 110, 195, and 304kev. The first two 
of these are in coincidence. Open circles refer to Eu! (V=90), 
having lines at 82, 105, and 187 kev, the first two of which are in 
coincidence. Only Eu'® has a rotational spectrum (see level 
schemes in Fig. 2). The usual 342-kev line due to O"8 may be seen. 
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dental rate was checked in the usual manner by inserting 
delay cable. Our coincidence detection efficiency was of 
the order of one count per several hundred singles counts 
in the channel with the lower counting rate. As we said 
above we did not need to know the absolute coincidence 
efficiency. The availability of enriched targets was 
essential; we were, for instance, unable to detect coin- 
cidences with a natural target of dysprosium because 
of the high singles rate produced in one channel by 
the composite peak due to the 2+—0* transitions from 
all even-even nuclei in the target. The same is of course 
true of the K x-ray peak. 


III. RESULTS 


Our results consist of a series of carefully determined 
pulse-height spectra, all of which reveal the presence 
of cascade radiation in addition to the previously ob- 
served direct ground-state transitions from the first 
two rotational states.‘ We have also determined x-x, 
x~y, and y-y coincidence spectra by maintaining one 
channel on the photopeak of one transition (or K x-ray) 
and moving the other channel over the spectrum. We 
used a window width of 2 volts for these measurements. 
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Fic. 2. Level schemes of Coulomb-excited transitions in nuclei 
straddling the gap between neutron number 88 and 90. In the 
even-even nuclei we can see a strong decrease in the energy of the 
first-excited states, and a corresponding increase in the reduced 
(upward) transition probabilities B(£2), given in the diagram as 
B in units of 10-** cm‘, (Gd!® has not been excited.) Note increase 
of B with increasing atomic number Z. Branching percentages 
given for Eu nuclei refer to gamma transitions only; for further 
data on these nuclei, see Table I. 
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TaBLE I. Transition from nonrotational to rotational behavior 
in europium between N=88 and N=90. ¢B(E2)=reduced 
gamma transition probability as defined in reference 15; B(E2) 
=reduced transition probability, corrected for branching and 
internal conversion. ry(£2)=mean life for partial Z2 decay. 
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® Transition from second excited state to first excited state. 


We shall now discuss the various nuclei individually. 

(1) Europium (Z=63).—Separated isotopes of the 
two stable species of europium, Eu’ and Eu'®, have 
recently become available and have yielded rather 
striking results.’ We had previously studied the singles 
spectrum of a natural europium (oxide) target and 
established the existence of coincidences between the 
105-kev and 82-kev radiations. Figure 1 shows the 
pulse-height distributions obtained from the two highly 
enriched isotopic samples.* We see that transitions at 
195 kev, 110 kev, and 304 kev occur in Eu’; we also 
detected coincidences between the first two gamma-ray 
lines whose energies add to 304 kev. A transition of 
~300 kev had been tentatively assigned to Eu'® 
previously.‘ From a study of the yield as a function of 
bombarding energy we could establish that the 195-kev 
transition leads to the ground state. Note that the 
energies of the two cascade gamma rays nearly coincide 
with the energies of the cascade and cross over transi- 
tions in Eu'®*; hence all previous measurements based 
on natural targets gave wrong relative as well as 
absolute intensities.*4 Figure 2 shows the decay schemes 
and branching ratios for the two Eu isotopes, along 
with the 0*-2+ transitions in even-even nuclei (all 
Coulomb excited except Gd'®”), all of which straddle 
the gap between neutron number 88 and 90. One can 
see the abrupt change from rotational to nonrotational 
spectra, as well as a sudden drop in excitation energies, 
as we cross the gap. Not only do the positions of the 
levels show this pronounced break, but their transition 
probabilities as well, as can be seen in Fig. 2 for the 
even nuclei and in Table I for Eu.’ The complete dis- 
appearance of rotational characteristics in Eu'®!, in 
spite of a 5/2 ground state spin, identical to Eu'® 
(which has a well-developed rotational band) represents 
convincing evidence for the existence of the 88-90 
break from odd-A nuclear spectra. The great difference 
in spectroscopic quadrupole moments between the two 


7 Similar results on Eu’! have been obtained independently by 
C. M. Class and U. Meyer-Berkhout using internal conversion 
electron detection (private communication). 

® Kindly lent to us by L. Grodzins, Brookhaven National 
Laboratory. 

® For a plot illustrating this break in transition probabilities 
for even-even nuclei, see Fig. 9 of reference 14. 
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Fic. 3. Pulse-height spectrum from enriched Gd!*> under 6-Mev 
alpha bombardment. Contributions from even-even isotopes 
Gd!*4, Gd!**, and Gd!®8 are shown as dashed parabolas, and were 
evaluated in turn from targets enriched in these nuclei. Parabolas 
in solid line at 61, 84, and 145 kev belong to Gd"*5; their positions 
in the rotational level scheme are shown in the insert. Coincidences 
between x-rays and gamma rays were also observed (not shown). 
Analogous results were obtained for enriched Gd'*7. For a sum- 
mary of these results, see Table IT. 


europium isotopes has long been known, the ratio of 
the quadrupole moments being 2.1." Recent evidence 
from the decay of Eu'® seems to indicate" that the 
break really occurs between neutron numbers 89 and 90. 

(2) Gadolinium (Z=64).—We had previously found 
excited states in Gd'®> and Gd!’ at 145 kev and 131 kev, 
respectively, and had predicted, from their positions 
and transition probabilities, that they represented the 
second rotational states.‘ In the meantime two groups, 
following up this prediction, independently: found 
the first excited state as well as cascade transitions by 
internal conversion electron detection. Figure 3 shows 
our gamma-ray spectrum for one of these nuclei (Gd!*), 
showing some indication of this highly-converted transi- 
tion. A similar spectrum was obtained for Gd'*’. We 
have also found x-x and x-y coincidences for both odd 
Gd nuclei, confirming the level scheme shown in the 
insert of Fig. 3. We also have found evidence for the 
cascade transitions in the Gd nuclei, using Gd'® as an 
example, the large peak at 88 kev in Fig. 3 cannot 
entirely be accounted for by the presence of the even- 


1H. Kopfermann, Kernmomente (Akademische Verlagshand- 
lung, Frankfurt am Main, 1955), second edition, p. 441. 

1 L. Grodzins, Bull. Am. Phys. Soc. Ser. II, 1, 163 (1956), and 
private communication. 

12 J. H. Bjerregaard and U. Meyer-Berkhout, Z. Naturforsch. 
La, 273 (1956). 

13 E. M. Bernstein and H. W. Lewis, Bull. Am. Phys. Soc. Ser. 
II, 1, 41 (1956), and private communication. 
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Fic. 4. Gamma-ray obtained from Tb'®*® with 6-Mev alpha 

rticles. Open circles denote singles spectrum, showing K x-ray, 
9-kev cascade and 136-kev second-excited state radiation. 
Crosses denote coincidence spectrum obtained with one channel 
fixed at A (x-x coincidences); full circles denote coincidence 
spectrum with one channel fixed at B (x-y coincidences). First- 
excited state radiation at 57 kev is not resolved. Insert shows the 
rotational level scheme of Tb’. 


even nuclei Gd'®*, Gd'®8, and Gd'®. We recently ob- 
tained enriched targets of the latter three isotopes and 
found that we could account for only about 47% of the 
peak height by the even-even contributions, as may be 
seen from the analysis in Fig. 3; the rest must come 
from Gd'®, Analogous results were found in Gd!*’, 
Incidentally, this explains the obviously discordant 


TABLE II. Summary of results on even and odd gadolinium 
nuclei. Jp and J/* are spins of ground state and excited states, re- 
spectively; E,=transition energy in kev; ¢«B(E£2)=reduced 
gamma transition probability, as defined in reference 15 (not 
corrected for branching), in 10-8 cm‘. Abundances are given for 
enriched isotopes (except Gd!**). 83=square of the nuclear de- 
formation parameter (for definition, see reference 14; note that 
points in Fig. 1 for Gd isotopes now follow the general trend). 
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* Natural target. 
» Transition not resolved; see references 12 and 13. 
* Cascade transition. 


points in Fig. 1 of a previous publication" for even- 
even nuclei. Since we used the odd-A enriched targets 
(which are also somewhat enriched in adjacent even- 
even isotopes) to determine transition probabilities, we 
erroneously ascribed the entire photopeaks at around 
88 kev and 78 kev to the even-even nuclei. (See also 
Fig. 5 of reference 4.) 

In Table II we summarize the information obtained 
with both odd and even enriched isotopes of Gd. The 
values given there supersede those in Table II of 
reference 4. 

(3) Terbium (Z=65).—Our previous results on Tb! 
showing the cascade and crossover transitions from 
the second rotational state at 136 kev‘ were extended 
to include both x-x and x-y coincidences, as shown in 
Fig. 4. The first-excited state has been observed both 
by internal conversion detection*® and by inelastic 
proton detection.'®.!* The cascade radiation is the most 
clearly resolved such transition we have observed. 
The level scheme shown in the insert of Fig. 4 is firmly 
established‘ (excepting spins of excited states). 

(4) Holmium (Z=67).—Figure 5 shows the spectrum 
obtained from Ho'®,* showing the three transitions we 
expect. x-x, x~y, and y-y coincidence spectra were also 
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Fic. 5. Gamma-ray spectrum obtained from Ho!® under 6-Mev 
alpha bombardment. Cascade radiation at 114 kev can be seen, 
in addition to previously observed direct ground-state transitions 
at 94 and 208 kev. x-x, x-y, and y-y coincidences were observed 
but are not illustrated. Insert shows rotational level scheme 
established for Ho'®., 


1G. M. Temmer and N. P. Heydenburg, Phys. Rev. 98, 1609 
(1955). Most of the data displayed in Figs. 1 and 2 of this reference 
have been revised. For revised plots, see N. P. Heydenburg and 
G. M. Temmer, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1956), Vol. 5, Figs. 9 and 10. 

15 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. (to be published). 

16 R, D. Sharp (private communication). 
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observed (not shown). The ratio of x-y to y-y coinci- 
dences was about 8, reflecting the K-conversion coeffi- 
cient of the 94-kev transition (fluorescence yield ~1). 
The cascade transitions have also been observed by 
means of their conversion electrons.’ The level scheme 
shown in the insert is now established (excepting spins 
of excited states). 

(5) Thulium (Z=69).—Because of the ground state 
spin Jo=3 of Tm'®, an anomalous rotational spectrum 
obtains.** This spectrum has been observed in the 
decay of Yb', showing a first-excited state at about 
10 kev."” As previously reported,‘ we see only a 110-kev 
(cascade) transition from the second rotational state. 
A detailed theoretical discussion for this nucleus has 
been given by Mottelson and Nilsson.'* 

(6) Lutetium (Z=71).—Figure 6 shows the spectrum 
obtained from Lu'”, showing evidence for a cascade 
at 136 kev in addition to previously observed transi- 
tions.‘ We also show the x-y and y-y coincidence spectra 
in Fig. 7. This establishes the level scheme in the 
insert (except for spins of excited states) as observed in 
Coulomb excitation.‘ Internal conversion electrons 
associated with some of these transitions have also 
been seen.® 

(7) Hafnium (Z=72).—Figure 8 illustrates the 
singles spectrum obtained from an enriched target of 
Hf'’’,* revealing the cascade radiation at 138 kev. An 
analogous spectrum was found for Hf'”. We again 
observed x-y and y-y coincidences in both nuclei. Note 
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Fic. 6. Gamma-ray spectrum obtained from Lu!” under 6-Mev 
alpha bombardment. Cascade radiation at 136 kev can be seen, 
in addition to previously observed direct ground-state transitions 
at 114 and 250 kev. Line at 180 kev is assigned to odd-odd Lu!”* 
until further notice. 342-kev line due to O'8 is again present for 
this oxide target. Rotational level scheme shown in the insert. 


“at See, e.g., S. A. E. Johansson, Phys. Rev. 100, 835 (1955). 
'8 B. R. Mottelson and S. G. Nilsson, Z. Physik 141, 217 (1955). 
McClelland, Mark, and Goodman, Phys. Rev. 97 ,1191 (1955). 
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Fic. 7. Coincidence spectra from Lu!”*. Open circles denote 
portion of the singles spectrum containing the K x-ray and two 
cascade lines. Coincidences obtained with one channel fixed as 
indicated ; crosses denote x-y coincidences; full circles denote y-7 
coincidences. Rotational level scheme established by these 
measurements is shown in the insert. 


the considerable difference in the branching ratios of 
these two nuclei (Table III). Internal conversion 
electron detection of some of these transitions has also 
been successful.’ 

(8) Tantalum (Z=73).—Much work has been re- 
ported on the cascade decay of Ta!*!,3-°2! and the 
decay scheme of rotational states is well known. We 
have determined the branching ratio for the 303-kev 
state mainly for the sake of comparison with other 
workers.” 


IV. DISCUSSION 


In Table III we summarize our results for the cascade 
decay of strongly deformed odd-A nuclei. We shall 
presently describe how we obtained the quantities in 
Table ITI. 

It is relatively straightforward to determine the 
experimental reduced transition probabilities «B(E2) » 


(1988). I. Goldburg and R. M. Williamson, Phys. Rev. 95, 767 
21 P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955). 
2 y~y coincidences in some of the rare-earth nuclei discussed 
above have recently also been observed under proton bom- 
bardment by G. Goldring and G. T. Paulissen (private 
communication). 
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Hf,0,+ 6 MEV O’s 
Hf'7759.1 % 


SOKEV 112 
He'7® 
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PULSE HEIGHT - VOLTS 


Fic. 8. Gamma-ray spectrum obtained from enriched Hf!” 
under 6-Mev alpha bombardment. Cascade radiation at 138 kev 
can be seen, in addition to previously observed direct ground- 
state transitions at 112 and 250 kev. 90-kev transition is due to 
even-even contaminant (Hf!”8). 342-kev line is the usual O" line 
due to oxide target. x-x, x-y and y-y coincidences were also ob- 
served (not shown). Analogous results were obtained with en- 
riched Hf!”*. Rotational level scheme established by these meas- 
urements are shown in the insert. 


for the two rotational states excited in most cases, in 
the manner described previously.‘ Since all gamma 
rays lie below 260 kev, the photopeak efficiency of our 
crystal is high and can be determined reliably from 
semiempirical procedures. However, to remove the 
factor ¢ in front of the transition probabilities we must 
know the total population of each state. This involves 
a knowledge of the total internal conversion coefficients 
for all transitions. In the absence of experimental 
results on these coefficients, we are forced to use 
theoretical values.* Now the transitions between the 
rotational states differing by one unit of angular 
momentum take place by magnetic dipole-electric 
quadrupole mixtures. These mixtures must be known 
in order to be able to interpolate properly between 
the total internal conversion coefficients for pure M1 
and pure £2 radiation. Fortunately, it turns out that 
most transitions are predominantly of the M1 type, 
the exact amount of E2 admixture then being of little 
consequence in the determination of the total internal 
conversion coefficient. However, there is recent experi- 
mental™ and theoretical**.** evidence to the effect that 
the available theoretical values for M1 internal con- 
version coefficients, computed for a point nuclear 
charge,” may be inadequate in the heavier elements, 


* Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 93, 79 
(1951) ; Rose, Goertzel, and Swift (privately circulated tables). 

* A. H. Wapstra and G. J. Nijgh, Nuclear Phys. 1, 245 (1956). 

*L. A. Sliv, J. Exptl. Theoret. Phys. (U.S.S.R.) 21, 770 (1951). 

*L. A. Sliv and M. A. Listengarten, J. Explt. Theoret. Phys. 
(U.S.S.R.) 22, 29 (1952). 
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the discrepancy being possibly as high as 40% for 
high Z. Because of lack of better information, we have 
used Rose’s values in the rare-earth region, making an 
arbitrary (downward) correction varying from 15 to 
25%. Since only some K and L coefficients are available, 
rather uncertain interpolation and extrapolation pro- 
cedures must be followed to obtain the coefficients; 
furthermore, the conversion in the M shell may become 
quite important for the very low-energy transitions, and 
only calculations for unscreened nuclei are available 
for that shell. Following Sunyar,”” we have added 
about 30% of the L-shell coefficient to allow for M 
conversion. Admittedly, the final values for B(E2) 
contain considerable uncertainties for these various 
reasons. 

There are several independent means for the deter- 
mination of the mixture ratios in the cascade transitions, 
such as angular distribution measurements®”?* and 
the determination of empirical K to L to M conversion 
ratios.*** No results are presently available from the 
former method for the rare earths. Experimenters at 
Copenhagen® and at Duke University” have deduced 
some M1—E2 mixtures from K/L conversion ratios, 
obtained in Coulomb excitation. For some of the first- 
excited transitions of interest, information is available 
from measurements with radioactive sources, (Lu!”®,3°:*! 
Hf!"" 2 Ta!#!) 8 

We have derived values of the E2/M1 mixture ratios 
for the cascade transitions from the observed branching 
ratio A, coupled with the theoretically predicted amount 
of £2 radiation in the cascade transition. A check on how 
justifiable this assumption might be is obtained by 
comparing the quadrupole moments (> derived from 
the first and second rotational states. If they are in 
reasonable agreement, it is not unlikely that the same 
theoretical expressions’? used in this case should yield 
the correct £2 transition probabilities for the cascades. 
Any excess of cascade radiation over the predicted £2 
amount is then ascribed to M1 radiation, and a ratio 
can readily be obtained from the expression 


6=}/(A*—d), (1) 


where A* is the theoretically predicted branching ratio 
which would obtain if no magnetic dipole cascade 
radiation occurred. \* is given by 


“i (—=") ...) 
eke 272(2%o+3) J” 


where we have used the theoretical (and empirically 


*7 A. W. Sunyar, Phys. Rev. 98, 653 (1955). 

28 F. K. McGowan and P. H. Stelson, Phys. Rev. 99, 127 (1955). 

*”E. M. Bernstein and H. W. Lewis, Phys. Rev. 100, 1345 
(1955). 

%® Mize, Bunker, and Starner, Phys. Rev. 100, 1390 (1955). 

8t Boehm, Hatch, Marmier, and Dumond, Bull. Am. Phys. Soc 
Ser. IT, 1, 170 (1956). 

* P, Marmier and F. Boehm, Phys. Rev. 97, 103 (1955). 

3% See, e.g., F. Boehm and P. Marmier, Phys. Rey. 103, 342 
(1956). 
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TABLE III. Summary of results on cascade decay of rotational states populated by Coulomb excitation. uo=static magnetic moment 
of the ground state in nuclear magnetons; £,/E»_,/E2=first rotational state/cascade transition/second rotational state, all in kev; 
A=branching ratio (crossover cascade) ; 6’?=intensity ratio E2/M1; a:=assumed total internal conversion coefficient ; B (E2) = reduced 
upward £2 transition probability in barns® (corrected for cascade decays) ; Qo intrinsic quadrupole moment (in barns) deduced from 
B(E2); go=intrinsic g factor; gr=collective g factor. Because of the uncertainty in the sign of 4’, two pairs of values are given for 
the last two quantities. For relations used to obtain these values, see text. 








Nucleus E1/ E2-1/E2 6"? (1 +ax) 


eEu 5/2 11.5! 82 5.1 
105) 2.7\ ’ 0.79 
187) 12 B 

Gass ~0,30° (61) 


84 
145 


().027 —0.78 


(55) anti 
= bon 
m4 0.028 > ; : 0.066 0.72 


0.01 


0.013 


0.039 


0.06 


—0.40 —0.17 


0.36 





* H. Hopfermann, reference 10, p. 438. 

+ D. R. Speck, Phys. Rev. 101, 1725 (1956). 

¢ J. M. Baker and B. Bleaney, Proc. Phys. Soc. (London) A68, 257 (1955). 

4 J. M. Baker and B. Bleaney, Proc. Phys. Soc. (London) A68, 1090 (1955). 

* D. R. Speck and F. A. Jenkins, Phys. Rev. 101, 1831 (1956), and private communication. 


confirmed) energy ratios of rotational states. The For the cascade from the second rotational state, the 

theoretically predicted mixture ratios for the first theoretical expression for the downward reduced 

excited state (6) and second excited state cascades (6’) magnetic dipole transition probability, B(M1), for a 

are very nearly the same. In Table IV we give the nucleus of ground state spin Jp>} is given by’? 

quantities \* as well as p=6°/6” for all ground state ee §1¢(Iot1) 

=1y7 1 . . ‘ en \~ 0 Lo 

spins J)>4 encountered : aimry=—(—) (so—g0?(- o” ), (5) 
4n\2Mc (To+2)(22o+5) 


Tot1\? /Lo+3 
7 ) ) (3) i 
To+2 To where e#/2Mc is the nuclear Bohr magneton, and go 
: r E b y and gr are the intrinsic and collective g factors, re- 

We also list the factors, K1o+1 and K1o+2, by which the spectively. Combining this expression with that for 
quantities [B(E2) } of the first rotational state(Biy+1)}, B(E2), we obtain a convenient expression of the 
and second rotational state (Bz) +2)’, must be multiplied amplitude mixture ratio 4’ of the cascade: 
to obtain the intrinsic quadrupole moments Qo: 


16m (Jo+1)(Jo+2) ; 
eS | Gos 
15] 





0.933EQo 
Ft a. (6) 
(go—gr)L(Zo+1) (To+3) } 


(4) where E is the energy of the cascade transition in Mev, 


8m (2794+-3)(Lo+2) \! ; 
Qo= uch, che Mist *) (Bro+2)!. and Qp is expressed in barns. Since we have no informa- 


tion on the sign of 6’ (only angular correlation experi- 


15 
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TABLE IV. Summary of numerical factors derived from the 
unified model for strongly deformed nuclei with J>>1/2. \* = theo- 
retical branching ratio (crossover/cascade) if cascade were pure 
E2 [see Eq. (2)_]; o=ratio of mixture ratios for upper and lower 
cascade transitions, 5*/5, where 5*=Int.(£2)/Int.(M1) [see Eq. 
(3)]; for definitions of KJo+1 and KIo+2, see Eqs. (4) and text. 








Ground state 


spin Kig+t 


4.42 
4.59 
4.87 
5.16 


Kigs2 


5.94 
7.76 
9.60 
11.42 











ments can yield the sign), we can determine only the 
absolute value of |go—gr|. According to the strong- 
coupling approximation of the unified model.'? on 
which all the above relations are based, the ground- 
state static magnetic moment is given by 


To 
: (golo+gr). 


(7) 


Ho= 
0 


Upon solving Eqs. (6) and (7) explicitly for go and gr, 
we obtain 
0.933EQo Ho 


+ +—, 
C(To+1) (Io+3)}(To+1)8" To 
Mo 0.933EQol o 


—- , 
Ty ((Zo+1)(To+3) }(To+1)8' 








where the upper sign applies for 6’>0, and the lower 
sign for 6’<0. Since we do not know the sign of 3’, 
two pairs of solutions will be obtained and are given 
in Table III. The values for the g factors are in general 
not very sensitive to the values of Qo and 4’, since the 
quantity yo/Jo is usually considerably larger than the 
other terms in Eqs. (8). 

From Table III we can see that the values Q» derived 
for the two rotational states are in fair agreement, 
considering the uncertainties involved in the internal 
conversion corrections discussed earlier. We have used 
the average of the two values for Qo in Eqs. (8). Our 
values for 6” agree rather well with this quantity for 
the first rotational transition as obtained from radio- 
activity and Coulomb excitation. Table V compares 
these values; some experimentally somewhat uncertain 
values are also available” for the upper cascade from 
K/L ratios in Coulomb excitation; they seem to be 
somewhat smaller than ours. On the whole the agree- 
ment with the theoretically predicted values is quite 
satisfactory. This indicates (a) that the amount of E2 
radiation in the upper cascade is correctly given in 
terms of the same intrinsic quadrupole moment (> as 
the other two transitions and (b) that the amounts of 
M1 radiation in both cascades are quite comparable, 
as seen from Eq. (3) and Table IV. 

It is in principle possible to calculate ge theoretically 
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TABLE V. Comparison of mixture ratios for odd-A cascade 
transitions where other methods are available. &=Int.(E2)/ 
Int.(M1) for Jo+1->J transition; 6*=same quantity for 
Io+2-Iy+1 cascade transition (J)>=ground state spin). IC. by 
internal conversion electron ratio measurement (K/L or 
L/Lu1/Lm) ; A.D. by angular distribution measurement ; B.R. by 
gamma-branching ratio for second excited state (see text). 








6/2 


Nucleus A.D. 


6sEu!ss 
esGd56 ~0.05 
eiGd®? ~0.04 
67H! 0.044 
7Lu!?® 0.11 
7H f!77 ise 


wTal® 


1.C.s 
~0.08 





0.48 >1> 


~0.06> 
eee ~0 
0.18° ~0.08 
~od 


0.05 0.11° 


~0 0.26! 








*From K/L ratio measured in Coulomb excitation. Gd nuclei from 
reference 12, all others from reference 13, 
b mre Church, Bull. Am. Phys. Soc. Ser. II, 1, 180 (1956) (radioactive 
decay). 

© References 30 and 31 (radioactive decay). 

4 Reference 32 (radioactive decay). 

¢ Reference 33 (radioactive decay). 

! Reference 28 (Coulomb excitation). 


from the ground-state wave functions for spheroidal 
nuclei*:** so that the correct pair of values of go and gr 
could then be selected. One of the main factors limiting 
the accuracy of these quantities is our knowledge of yo 
(from optical spectroscopy or paramagnetic resonance). 

For irrotational flow of uniformly charged nuclear 
matter we expect that ge=Z/A~0.4; it is well estab- 
lished, however, that the flow is far from irrotational,**® 
and it is not surprising to find deviations of gr from 
this value. The interpretation of the observed values 
of go and gr is uncertain at present; attempts have 
been made to correlate these quantities with the 
effective moments of inertia®’; the odd particle plays 
an essential role in these considerations (as do the other 
particles outside of closed shells) since it seems to 
contribute considerably more than its proportionate 
share of moment of inertia to the motion of deformed 
nuclei. Within the accuracy of available measurements 
it is not clear whether a correlation exists between the 
nature of the odd particle and the direction of the 
deviation of gr from Z/A. 

To sum up, then, we have put the level sequences in 
seven rare-earth nuclei of odd mass on a firm basis by 
various coincidence experiments. We have also deter- 
mined the gamma-ray branching ratios in the decay 
of second rotational states; using estimates of the total 
internal conversion coefficients, we determined the 
total reduced E2 transition probabilities to the first 
two rotational states, as well as the M1 contribution 
to the cascade de-excitation of the second state, using 
the strong-coupling Bohr-Mottelson model. Within the 


%S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

3% K. Gottfried, Phys. Rev. 103, 1017 (1956). 

868A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, No. 1 (1955). 

87§. A. Moszkowski, Phys. Rev. 103, 1328 (1956), and private 
communication. 
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rather large experimenta! uncertainties we found no 
departures from the predictions of this model. 

Further evidence was obtained for the drastic change 
in the type of nuclear excitation spectra as we move 
from neutron number 88 to 90 in the odd europium 
isotopes. These last two neutrons are presumably just 
sufficient to induce a nonspherical equilibrium defor- 
mation in Eu'®, 
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Contribution of Coulomb Excitation to Inelastic Scattering 
between Nuclear Resonances* 


G. M. TEmMMeER AND N. P. HeypEnsBuRG 
Carnegie Institution of Washington, Department of Terrestrial Magnetism, Washington, D. C. 


(Received August 3, 1956) 


Using the comparison method of Bjerregaard and Huus, we have determined the relative gamma-ray 
yields for thin targets (~10 kev) of F¥ (198-kev state) and Na® (446-kev state), with protons and alpha 
particles over energy intervals corresponding to the same values of £, the adiabatic parameter in Coulomb 
excitation. Between the proton resonances we found that the yield ratios agreed closely with those predicted 


for E2 Coulomb excitation, and differed by about 50% from E1 (or E3) excitation. Thus the nonresonant 


inelastic scattering yield between proton resonances in these light nuclei can be entirely accounted for by 
Coulomb excitation of the E2 type. We determined a slight, negative anisotropy in the angular distribution 
of the 446-kev gamma ray following Coulomb excitation of Na*, fixing the spin of that state at 5/2t. 


I. INTRODUCTION 


JERREGAARD and Huus,! following a suggestion 

of Bohr and Mottelson, have shown that it is 
possible to determine the (electric) multipolarity of a 
given Coulomb-excited transition by a simple compari- 
son of yields obtained with particles of different charge- 
to-mass ratios. By choosing the bombarding energies 
judiciously, it is possible to eliminate the usually com- 
plicated functions fz(n,&),?* \ being the order of the 
multipolarity, »=Z,Z2e?/hv, and & the well-known 
adiabatic parameter of Coulomb excitation. The ratio 
will then only contain known quantities, and will be 
“quantized” in terms of the parameter \. Bjerregaard 
and Huus confirmed the usefulness of this method for the 
known 0+-2+ pure electric quadrupole transitions in the 
even-even isotopes of wolfram, using protons, deuterons 
and alpha particles.' We have previously reported the 
use of this method in establishing the #2 nature of the 
excitation of the 128-kev excited state in Mn®*®* The 
spin of this state has recently been determined as 7/2* 


* A preliminary report of the results in this note can be found 
in Phys. Rev. 98, 1198 (1955). 

1 J. H. Bjerregaard and T. Huus, Phys. Rev. 94, 204 (1954). 

2K. Alder and A. Winther, Kgl. Danske Videnskab. Selskab,. 
Mat.-fys. Medd. 29, No. 19 (1955). 

3 Biedenharn, Goldstein, McHale, and Thaler, Phys. Rev. 101, 
662 (1956). 

4G. M. Temmer and N. P. Heydenburg, Phys. Rev. 96, 426 
(1954). 


by internal conversion and angular distribution meas- 
urements under Coulomb excitation.® 

It has been shown that for a value of 7 as low as 2 the 
semiclassical expression (y—>*) for the total Coulomb 
excitation cross section falls only about 10% below the 
exact quantum-mechanical value,?* as long as the 
semiclassical expression is slightly modified in accord- 
ance with the WKB approximation.® We shall therefore 
assume that the functions fz,( ,£)? are adequate for 
our purposes, since the smallest value of » encountered 
in any case was 1.63 (0.76-Mev protons of F"). » was 
always greater than 4 for alpha particles, and the 
deviations from the semiclassical expression amounted 
to less than 2%. 

For the sake of illustration, let us assume the case of 
negligible energy transfer, i.e., AEE, where E is the 
bombarding energy. Let us also neglect the center-of- 
mass motion. If we now choose bombarding energies 
for protons and alpha particles such that the parameter 
£ has the same value £* in both cases, we obtain the fol- 
lowing simple expression for the ratio of Coulomb 
excitation cross sections : 


Oa(&*)/op(&*) = 229+, (1) 
’E. M. Bernstein and H. W. Lewis, Phys. Rev. 100, 1367 


(1955). 
6K. Alder and A. Winther, Phys. Rev. 96, 237 (1954). 
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Fic. 1. Excitation function of 198-kev gamma radiation by 
protons on F”. Thin target of CaF, on nickel. Resonances are 
identical with those observed by Barnes (reference 8). Theoretical 
E2 curve fits the data between resonances (as would £1), but is 
meaningful only in the light of results shown in Fig. 2. 


where 
E.(§*)=2.52E,(&). (2) 


This ratio is 6.35 for A\=1(£1), 10.1 for \=2(£2), and 
16.0 for \=3(E3). That is to say, the ratios for succes- 
sive electric multipoles differ by about 60%. 

If we give up the assumption of negligible energy loss 
AE and also take center-of-mass effects into account, 
we obtain a slightly more complicated relation for the 
ratio (1), the numerical factor in (2) is changed and also 
becomes slightly energy dependent. However, the main 
property of strong multipole discrimination is not 
changed, as we shall see below. In Table I we give a 
summary of the ratios of alpha to proton yicids expected 
for the 198-kev transition in F"’ and the 446-kev tran- 
sition in Na* over the energy ranges actually used in 
our experiments, and for the cases of £1 and £2 excita- 
tion. We also list the proton and alpha energies corre- 
sponding to the same value of £* over these intervals. 

We have investigated these two transitions in light 
elements with a twofold purpose in mind: (a) to deter- 
mine the multipolarity of the excitation, (b) to see 
whether the gamma-ray yield between the known 
strong proton resonances could be accounted for by 
Coulomb excitation. We shall limit ourselves to the 
cases of El and E2 Coulomb excitation, since the 
previously determined shape of the excitation curves 
for these transitions*’” already rule out higher multi- 


7N. P. Heydenburg and G. M. Temmer, Phys. Rev. 94, 1252 
(1954). 
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polarities. Finally, we shall discuss the evidence for the 
spin and parity of the excited state of Na® at 446 kev. 


II. EXPERIMENTAL RESULTS 


Our experimental method has been previously dis- 
cussed.’ We used thin targets of Cal’, and NaCl, 
evaporated onto nickel or niobium backing foils. (The 
presence of Ca and Cl did not cause any appreciable 
effect.) The only requirements for these experiments 
are that the targets be sufficiently thin (as can be 
ascertained from the width of the proton resonances) 
and that their relative gamma yields under proton and 
alpha bombardment can be accurately measured. 

An angular distribution experiment was performed 
for Na*, consisting of the relative measurements of 
gamma intensity at 0° and 90° to the beam direction. 
Spurious anisotropies were eliminated by placing a 
source of Na” at the target position, and normalizing 
the results accordingly. We shall now discuss the 
individual transitions. 


A. 198-kev Transition in F'’ 


The 198-kev second excited state gamma ray of F” 
has been previously excited by protons® and alpha 
particles.7* The (pure) £2 nature of this transition 
was inferred from its measured lifetime coupled with the 
E2 Coulomb excitation cross section, and the 5/2* 
character of this state seems quite certain.? We have 
independently established the £2 nature of the excita- 
tion process, but could not distinguish between assign- 


TABLE I. Table of +5 Es alpha and proton energies and 
predicted yield ratios for Z1 and £2 excitation in F® and Na”. 
All energies are given in the lab system. p(£1)=¢a(E1)/op(E1) 
for energies corresponding to equal values of the parameter £*; 
p(E2)=04(E2)/op(E2) for equal ¢*. Note slight departures from 
the values predicted by Eqs. (1) and (2) which neglect energy 
transfer and center-of-mass motion. 








i Eq 


Eq/Ep p(E1) p(E2) 





(a) 198-kev transition in F™ 
0.336 2.495 
0.328 2.500 
0.319 2.503 
0.311 2.509 
0.303 2.515 
0.296 518 
0.289 520 
0.282 522 


(b) 466-kev transition in Na* 
0.801 2.223 
0.782 
0.763 
0.745 
0.728 
0.711 
0.695 
0.679 
0.664 


6.41 
6.40 
6.39 
6.38 
6.37 
6.36 
6.35 
6.34 


9.31 
9.30 
9.29 
9.28 
9.26 
9.24 
9.22 
9.21 


fin De ped fest pe pn peu pe 
Oo Sa 
SSRELSaR 


© © & 


10.75 
10.71 
10.68 
10.65 
10.62 
10.59 
10.56 
10.53 
10.50 


Ns sss ss 


8 C. A. Barnes, Phys. Rev. 97, 1226 (1955). 
® Sherr, Li, and Christy, Phys. Rev. 96, 1258 (1954). 
” G. A. Jones and D. H. Wilkinson, Phil. Mag. 45, 230 (1954). 
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ments of 3/2+ and 5,/2* for the state without angular 
distribution measurements. 

We have previously reported an alpha-particle 
excitation curve‘ for the energy region of interest, 
namely, 1.72 Mev to 1.92 Mev. In that interval no 
resonances are apparent (see Fig. 4 of reference 7), and 
the excitation is undoubtedly purely electric. The 
conjugate energy interval for protons, i.e., the region 
of equal ~ values, ranges between 0.69 and 0.76 Mev. 
Figure 1 shows the thin-target excitation curve for F” 
under proton bombardment; the strong resonances to 
either side of the interval of interest show the target 
thickness (~10 kev). These resonances have been 
previously observed.® 

In Fig. 2 we have displayed the relative yields for 
198-kev radiation under alpha-particle and proton 
bombardment. All curves are plotted on a common 
abscissa of £; the gamma yields are meaningful on a 
relative scale. Note that bombarding energies increase 
toward the left. Theoretical £1 and £2 excitation curves 
are plotted, ali four curves being normalized as shown. 
We cannot attach any significance to the small dif- 
ference in shape in the #1 and £2 theoretical curves 
shown in the upper half of the diagram (alpha yield) ; 
what is significant, however, is that the experimental 
points for the proton yield between resonances fall very 
close to the £2 curve. Any proton yield over and above 
Coulomb excitation due to possible compound-nucleus 
formation would tend to move the experimental points 
up toward the £1 curve in the lower half of Fig. 2. This 
of course happens on the strong resonances (points not 
shown). There are six independent pairs of points 
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Fic. 3. Excitation function of 446-kev gamma radiation by 
protons on Na*, Thin target of NaCl on niobium. Resonances are 
identical with those observed by Burling (867 kev, reference 13) 
and, e.g., Newton (1.008 and 1.017 Mev, reference 12). Theoretical 
E2 curve fits the data between resonances (as would F1), but is 
meaningful only in the light of results shown in Fig. 4. 


plotted, each of which confirms the £2 nature of the 
excitation of the 198-kev state in F'*. Furthermore, we 
have shown that the nonresonant yield produced by 
protons between resonances is just the amount expected 
for proton Coulomb excitation. 

We were unfortunately unable to find an energy 
region suitably free of resonances over which to test the 
F1 nature of the 109-kev transition to the first excited 
state of F', 


B. 446-kev Transition in Na** 


Most of what we said above for F* applies to Na*® as 
well. Figure 3 shows the inelastic proton excitation 
between 0.83 and 1.07 Mev, again showing resonant 
structure. The unresolved doublet of states at about 
1.02 Mev has been previously observed by Stelson and 
Preston" and by Newton,” while the weak resonance 
at 867 kev was discovered by Burling.” The useful 
proton energy range for comparison purposes extended 
between 0.90 and 0.98 Mev. The corresponding energy 
interval for alpha particles lies between 2.00 and 2.23 
Mev. We have previously studied thin-target excitation 
functions covering this range (see Figs. 3 and 4 of refer- 
ence 4) and found the smooth behavior characteristic 
of Coulomb excitation. Figure 4 summarizes all informa- 
tion obtained with protons and alpha particles on Na” 
consisting of six independent thin-target ratio deter- 
minations. We again claim no discrimination between 
F1 and £2 shapes in the upper portion of the figure ; the 
only significant result consists, as in the case of F", in the 
location of the experimental points in the lower half of 
Fig. 4 with respect to the theoretical £1 and £2 curves, 
establishing without question the £2 nature of the ex- 

4 P. H. Stelson and W. M. Preston, Phys. Rev. 95, 974 (1954). 

2 J. O. Newton, Phys. Rev. 96, 241 (1954), and private com- 


munication. 
3 R.L. Burling, Phys. Rev. 60, 340 (1941). 
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Fic. 4. Comparison of thin-target yields of 446-kev radiation 
from Na* under alpha-particle and proton bombardment. All 
curves plotted on a common scale of £; note that energies E, and 
E, increase from right to left. All four theoretical curves are 
normalized as shown. All yields are plotted on the same relative 
scale. Note gap in the ordinate values. Small differences between 
F1 and E2 shapes for one type of projectile are not experimentally 
distinguishable; however, the seven experimental points in the 
lower part of the figure prove the E2 nature of the excitation. 


citation of the 446-kev state. As we shall see below, 
this state has spin 5/2*, so that it decays predominantly 
by M1 radiation. Once again, we have shown that the 
nonresonant yield between proton resonances is satis- 
factorily ascribed to E2 Coulomb excitation. 


C. Spin Parity of the 446-kev State of Na* 


The £2 nature of the transition connecting the ground 
state (I9>=3/2+) with the 446-kev state still allows 
spins 1/2+, 3/2+, 5/2+, and 7/2* for this state. 

Krone and Read“ have found an anisotropic dis- 
tribution for this gamma ray when bombarding Na”™ 
with protons at 1.288 Mev, which is a strong resonance 
corresponding to a 1~ state in Mg™."® This immediately 
rules out spin 1/2* for the 446-kev state. These authors 
are able to account for their angular distribution by 
assignments of either 3/2* or 5/2*, but not by 7/2+. 
The latter possibility is definitely ruled out by a 
comparison of the partial mean lifetime for E2 decay 
of this state, found from our Coulomb excitation cross 
section [r,(E2)=4.3X10-" sec!*] and the upper limit 

4 R. W. Krone and W. G. Read, Bull. Am. Phys. Soc. Ser. IT, 1, 


212 (1956). 
15 P. H. Stelson, Phys. Rev. 96, 1584 (1954). 
16 G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 981 


(1956), preceding paper. 
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placed on the total lifetime by a recoil experiment under 
proton bombardment [7 <2.5X 10" sec!” ]. This shows 
that the decay must take place by at least 95% of M1 
radiation, and rules out spin 7/2+. This now leaves us 
with only 3/2* and 5/2* as possible choices. In order to 
see if we could eliminate 3/2+, we performed an angular 
distribution measurement of the 446-kev gamma radi- 
ation following Coulomb excitation with 2.5-Mev alpha 
particles. Now the angular distribution following 
Coulomb excitation has the character of a gamma- 
gamma angular correlation which in our case is given 
by the sequence 3/2+(£2)J*(M1+£2)3/2+. It fortu- 
nately turns out that the anisotropy accidentally 
vanishes for the case /*=3/2+,!8 while it may take on 
positive or negative values for /*=5/2+, depending on 
the amount of £2 admixture in the deexcitation, and 
the relative phase of M1 and £2 components. 

We obtained the following value for the anisotropy 
at 2.5 Mev: 


W (0)—W (4/2) 
A=——_——- = —0.0784.0.040. 
W (2/2) 


This rules out the possibility of J*=3/2+, and estab- 
lishes the spin of the 446-kev state as 5/2+. This is in 
keeping with the predictions of the shell model and 
probably represents the spin which the ground state 
of this nucleus with a (ds/z)* configuration was expected 
to have. The negative sign of the slight anisotropy once 
again eliminates the possibility of a pure £2 transition 
and J*=7/2t. 


III. CONCLUSIONS 


The method of Bjerregaard and Huus was found to 
be very useful to establish the £2 excitation for the case 
of pure £2 (F"*) as well as mixed M1-E2 transitions in 
odd-mass nuclei (Mn**, Na**). A by-product of these 
measurements was the discovery that the nonresonant 
yield of inelastic proton scattering could be entirely 
accounted for by Coulomb excitation. The £2 excitation 
in the case of mixtures containing a preponderant 
amount of magnetic dipole radiation illustrates the 
intrinsic smallness of M1 Coulomb excitation. 

Existing evidence coupled with our angular distribu- 
“on measurements following Coulomb excitation in 
Na* uniquely assigns a spin of 5/2+ to the 446-kev 
excited state of that nucleus. 

No evidence for any major interference effects 
between compound-nucleus formation and Coulomb 
excitation is apparent within our accuracy; this is not 
unexpected in view of the fact that only one out of the 
large number of partial waves participating in the Cou- 
lomb excitation process can contribute to the formation 
of a given compound state. 


'7 C. P. Swann and W. C. Porter, Bull. Am. Phys. Soc. Ser. IT, 1, 
29 (1956). 

18 L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 
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Symmetric saddle point shapes and threshold energies of a uniformly charged drop are studied for values 
of the fissionability parameter x in the range 0.6 to 1.0. The method used is a modification of a conventional 
expansion about a prolate ellipsoid of revolution, which provides some control over the reliability of the 
approximations made. The electronic machine calculations of Frankel and Metropolis for «= 0.9, 0.81, 0.77, 
and 0.74 are consistent with the present work, but their result at x=0.65 would appear to be in error. 

The calculations with an ellipsoid are preceded by a summary of formulas referring to expansions about 


a sphere. 





1. INTRODUCTION 


N part I' certain qualitative features of the deforma- 
tion energy of a charged drop were considered. In 
the present paper we shall present quantitative results 
concerning the threshold energies and symmetric saddle 
point shapes? of incompressible, uniformly charged 
drops possessing a sharp surface. Such calculations have 
been made in the past, among others, by Bohr and 
Wheeler,” Present and Knipp,’ Frankel and Metropolis‘ 
and, more recently, by Businaro and Gallone®® and 
Nossoff.? 

The problem of calculating the surface and electro- 
static energies of a strongly deformed drop, though 
straightforward, involves a considerable amount of 
labor and, as a rule, approximations have to be intro- 
duced. In this respect the present calculations are no 
exception, but, by using a certain modification of 
standard methods, it was found possible to throw some 
light on the difficult question of the validity of the 
approximations made. As will appear, this turns out 
to be of some importance for the question of the relia- 
bility of some of the calculations referred to above. 

The saddle point shapes studied in this paper refer 
to charged drops with the fissionability parameter x 
(equal to the electrostatic energy of the spherical con- 
figuration over twice the surface energy) in the range 
0.6 to 1.0. They are shapes possessing axial and re- 
flection symmetry and tending to the spherical con- 
figuration for «—1. In the next section we shall consider 
the case 1—x<1, for which an expansion about the 
spherical shape is possible. All the results of that sec- 
tion can be deduced from the existing literature, but, 
in view of the absence of a comprehensive summary on 
the one hand, and, on the other, of differences in nota- 
tion and one or two misprints in the published formulas, 


*Now at the Institute of Physics, University of Aarhus, 
Denmark. 

1 W. J. Swiatecki, Phys. Rev. 101, 651 (1956). 

2 N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 

3 R. D. Present and J. K. Knipp, Phys. Rev. 57, 751 (1940). 

4S. Frankel and N. Metropolis, Phys. Rev. 72, 914 (1947). 

5 U. L. Businaro and S. Gallone, Nuovo cimento 1, 629 (1955). 

6 U. L. Businaro and S. Gallone, Nuovo cimento 1, 1277 (1955). 

7V. G. Nossoff, Report A/CONF.8/P/653 U.S.S.R. from the 
1955 Geneva Conference on the Peaceful Uses of Atomic Energy 
(United Nations, New York, 1956). 


we shall begin by collecting the equations relevant to 
the calculation of electrostatic and surface energies of 
a slightly distorted drop. 


2. SMALL DISTORTIONS OF A SPHERICAL DROP 


The equation of the surface of the distorted drop, 
assumed axially symmetric, may be specified in spherical 
polar coordinates by 


R(@)=rA*R[L1+>, anP,,(cos6) 1}, (1) 


n=1 
or by 
LJ 
R(6)=RolL1+¥0 anPn(coss) ]. (2) 
n=O 
If the two alternative expansions are to represent one 
and the same shape, we must have 1+a9=A~ and, for 
n> 1, an=Ddn. 
The constancy of the volume of the drop, assumed 
incompressible, is ensured by the condition 


1 7 ~ 
‘= + (1+¥ anP,)*d(cosé). 
Zz 1 n=1 
This gives, without approximation, 
; ~ 3 20 
§=14+) ——a,2+4 ¥ (Pgr a pet (,, 
1 2n+1 P.qr=l 
where 


1 
(oor) = f P,P ,P (cos) 
—1 
( 2 )\") 
p+qtr+1 2:4-+-(p+q—r) 


«(> eee "(= irr”) 
2:4---(p+r—q) 2-4---(r-+q—p) 


x( 2-4---(p+qt+r) ) 
1:3---(ptgtr—1)]° 


(Consult the work of Hobson,’ p. 87.) 


8 E. W. Hobson, The Theory of Spherical and Ellipsoidal Har- 
monics (Cambridge University Press, Cambridge, 1931). 
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TaBLE I. The coefficients (par) = f° P »P gPrd (cos). The constancy of the position of the center of mass 
— . Be requires that 





(223) =4/38 (112) =4/15 (352) =20/231 1 x 

(224) =4/35 31 (132) =6/35 (354) =40/1001 / 4 a 
(244) =40/693 (134) =8/63 (552) =20/429 (1+. anPn)* cosdd(cosd) =0, 
(246) =10/143 (488) =72/4199 (154) =10/99 (554) =4/143 a n=l 

(266) =28/715 (666) =800/46 189 (332) =8/105 (336) =200/3003 

(268) =56/1105 (668) =700/46 189 (334) =4/77 (572) =42/715 : , 

(288) =48/1615 (688) =1200/96 577 which gives 

(444) =36/1001 (888) =980/96 $77 

(446) =40/1287 n+1 


an 


es = —= as a — = ay= -—9> -_—_ 


a 
: ; n=2 (2n+1)(2n+3) 
Some of the more frequently occurring of these co- 
efficients are listed in Table I. +terms of order ajama,. (3) 


n@n+1 





The surface and electrostatic energies of the deformed drop, £, and £,, in units of their values for a sphere, 
Ek, and E,, can be shown to be given by 
E. , ‘ 
B,= om OS 1+ (2/5)ae?— (4, 105)a.*— (66 175)a.*— (4, 35)as*agt+ay+ (5 7)a3"— (8 105)aca;?— ( 156 77)as*a;? 


E (0) 
48 


— (4/77 )agars?— (40/231 arragas+ (14/11 )as?— (12/35) araeas— (4/15) ar2ar— (68/105)a;?a2" 
— (20/429) csas?— (2976/1001 )as*as?— (4/143 ass? — (36/35) aras’ar3— (16/63) ara3a4+ (72/77) ayastas 


—_ (20 '99)cxyor4ar5— (324/1001)as*a3a5— (80/1001 )agagas-+ fe (4) 
anc 


B.= ie 1— (1/5)a2*— (4/105)ao*+ (51/245)ao*— (6/35)as*ag— (5/27) ag? — (10/49) a3?— (92/735) aves? 
E, (0 
+ (47522/88935)ac*a3?— (60/539) as;* — (5960/17787 )asasa5— (20/121) as?— (48/245) arava; 


+ (2/15)aya2+ (442/735)aras?+---. (5) 


In the above formulas, only some of the more important coefficients in the infinite expansions have been re- 
tained. The scale factor A, given by the next formula, has been taken into account: 


N= 1+ (3/5)as?+ (2/35)as?+0Xa2'+ (6/35)os%aa+ (1/3)ae+ (3/7)as*+ (4/35)a203+0Xa2%a;” 
+ (6 /T7T)ayas?+ (20/77 )asaza5+ (3/1 1)as?+ (18 35)aya203+a+ (2/5)ay2a2+ (10/143 arses” 
“ (6/143)asas?+ (8/21 )ayago4+ (10, ‘33 )ayayas+ (120 ‘1001 )arsersers ia 
If the coefficient a; is eliminated by means of Eq. (3) [ai1= — (27/35)aea3+ --- ] and, in addition, we use an=Adn, 
the following formulas result: 
~— (38, 175)ao*— (4 35)araqt+a? 
)— (8 /105)a2— (18346/13475)as*— (4/77)ay]— (40/231) azagas+ (14/11)ag2+---, (5a) 


B,=1+(2/5)ae— (4/105)a 
+a;[ (5 7 


and 


B,=1—(1/5)ae?— (4/105) as*+ (157/1225)as'— (6/35) ae?a4— (5/27) ag?+a"[ — (10/49) — (92/735) az 
+ (1701748/3112725)as*— (60/539)aq ]— (5960/17787)azazas— (20/121)as?+---. (5b) 


Again only certain terms have been retained. These expressions agree with reference 3. 
Recently Nossoff’ has given formulas for B, and B, which enable one to write down all the terms up to order 
@p@qa,a,. For the sake of completeness we reproduce here Nossoff’s formulas in the notation of Eq. (2): 


x (n— 1)(m+2) “ bed On Om” 
B,=1+3 > —— a,°—4 > (lmn)aa,a,.+ > ————— 
n=2 2n+1 i,m,n=2 m,n=2 (2n+1)(2m+1) 


2 (m+1)(n+1) x vin 
+36 > Om Om41OnOngi— (1/128) > [k(k+1)+/(1+1)—i(t+1)] 
m,n=2 (2m+1)(2m+3) (2n+1)(2n+3) k,L.mn=2 





X Lm (m+ 1) +n (n+1)—i(i+1) ]- (2i+1) (thl) (imn)axaidndn, 
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and 

o n—l 2 iIn—10 
B,=1-5>, 2 (5/12) - 
tmn=2 2n+-1 


a0 (4n—7)(n+1)(m+1) 
+45 a 


~~ —— ~ ———a, 
m,n=2 (2m+1)(2m+3) (2n+1)?(2n+3) 


- 
2n+1 


The coefficients a and a;, which do not appear, have 
been eliminated by means of the constant volume and 
center-of-mass conditions. 

Nossoff’s formulas were found to reproduce Egs. 
(5a) and (Sb) except for the coefficient of a;’a2* in B., 
which we find would be given as 1 437 121/3 122 725 
instead of the 1 701 748/3 112 725 in Eq. (5b). The 
reason for the discrepancy has not yet been cleared 
up, but if it is Nossoff’s formula which is incorrect, 
then there is evidence that the mistake may be in the 
fourth-order term with @m@mi1@n@n41- 

The distortion energy of the drop (surface plus 
electrostatic energies), in units of £,, is given by 
t= (£,—E,9+E,—E,)/E,© 

= (B,—1)+2x(B,.—1), (6) 
where += EF, /2E,. 

Using Eqs. (4), (5), and (3), we find 
g= A ae + Bav+ Cas+ Das?as+ Ea? 

+a;(F+Gae+ Ha?+ Tas) + Jaoax05+ Las?+ Poe? (7) 
where the coefficients A to L (linear functions of x) are 
listed in Table II. 

In Eq. (7) all terms with a, with n>5 have been 
omitted. The reason for the particular selection from 
among the remaining terms will appear presently. 

To determine the saddle point shape which makes £ 
in Eq. (7) stationary, we first use 


d¢/dax=0 and d€/das=0, 
which gives 
ay=—(D/2E)ae® and as=—(J/2L)a2a;. (8) 


This leads to an expression for — which is a function of 
a» and a; only (compare part I): 


£= f(a2)+a3'g(a2), (9) 
where ; 
f(@2)= Aaz?+ Baz+Cas', 


“ 10 
g(a2)= F+Gas+ Has‘, il 


C=C—(D*/4E), 
H=H-(ID/2E)—(J°/41). 
Putting a;=0, the condition d£/da2=0 gives a2*-?- for 


the symmetric saddle point shape, and substitution in 
Eq. (9) gives the corresponding threshold energy én. 


———(Imn)a1ana,+5 > 


“ n—4 
An2Am- 
m,n=2 (2n-+-1)?(2m+1) 


0 


—OmOm41OnOnei tre p» [i(i+1)—m(m+1)+4(2?—n+1) | 
k,l,m,n=2 


i=0 


2i+1 
X———+ (2/9) [2m(m+1) — (9/4)i(i+1) +n (n+1) ](2i+1) —4(i—1) (G42) } (GRD) (imn)ayarandn. 





If the term with C is neglected, we find, to lowest order 
in (1—x): 
a8-P-= —24/3B= (7/3)(1—2), 
En = (4/27) (A8/B?) = (98/135) (1—2)*. 
The inclusion of € gives instead: 
a5-P-= 2,3333(1—a«)—1.2261(1—)?, 
a45-P-= (168/85) (1—2)’, 
fn=0.7259(1—«)'—0.3302(1—2)!. 


(11) 


(12) 


The function g(a) in Eq. (9) is a measure of the 
stability of the symmetric shapes against asymmetry. 
The symmetric shape in question is that specified by 
a2 and a4 [a= — (D/2E)a:* |, and the asymmetric dis- 
tortion contemplated is given by az and asl (as 
= — (J/2L)aza3) ]. Inserting into Eq. (10) the expres- 
sion for a@25:?: from Eq. (12), we find the following ex- 
pansion for g(a25--), which now measures the stability 
of saddle point shapes against the most favorable 


TABLE IT. Coefficients in the expansion of the 
deformation energy £. 
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Fic. 1. Stability against asymmetry of saddle point shapes as 
function of x. The lower curve is g(a28-P:) from Eq. (13). The 
calculation is based on an expansion about a sphere and becomes 
more and more unreliable as x decreases below about 0.9. The 
intersection with the x axis at x=0.72 is, therefore, a very un- 
certain estimate of the critical x, at which instability of the sym- 
metric saddle point shape against asymmetry first appears. In 
particular, a value of x, considerably lower than 0.72 could not be 
ruled out by the trend of g for x20.9, the region where the calcu- 
lation is reliable. The upper curve refers to the case when a; is 
put equal to zero. 


asymmetry : 
g(a2®-?-) = 0.3061 — 0.3571 (1— x) — 2.7118(1—x)*, 


valid for (1—«)<1. 

The reason for retaining the 11 terms in Eq. (7) is 
now clear. The lowest order formula for £ requires 
the terms in A and B, whereas the correction in (1—x)* 
makes use of C, D, and E. Similarly, F gives the first 
term in Eq. (13), G is needed for the second, and H, /, 
J, and L are required for the third term. 

If higher even harmonics Ps, Ps, etc., were included 
in Eq. (1), the coefficients ag, ag, etc., would, like ay, be of 
order (1—x)*. [Contrast reference 7 which implies that, 
for n> 1, a2, is of order (1—x)". The unique position of 
ag, which is of order (1—«), is associated with the fact 
that P» is the special distortion for which stability is 
lost at «= 1]. The effect of P, with n>4 on &, would, 
therefore, start with the term in (1—«)*. The coefficient 
—0.3302 in Eq. (12) is thus only an approximation to 
the correct term in (1—«)*. The inclusion of the higher 
even harmonics should always lower the estimate of 
ém for a given x, since, with more degrees of freedom 
available, the passage over the potential barrier can 
be made in a more economical way. 

Similarly, the inclusion of odd harmonics P, with 
n> 5 would affect the last term in Eq. (13). The effect 
would be always to decrease g, since there would be 
greater freedom in choosing the asymmetric distortion 
most likely to lower the energy. This is illustrated by a 


(13) 


comparison of Eq. (13) with an analogous expansion in ' 


which, however, the coefficient as is taken as zero 
instead of that function of a2 and a3 which minimizes 
the energy [Eq. (8) ]. The last term in Eq. (13) is then 
replaced by — 1.6844(1—-x)*. The two cases are shown 
in Fig. 1. 

Information concerning the range of validity of the 
formulas discussed so far, considered as functions of 
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1—x, will be provided by a comparison with the more 
exact calculations of the following sections. 


3. LARGE DEFORMATIONS 


The formulas of the preceding section were derived 
under the assumption that the deviations from the 
spherical shape are small, which is not the case in 
applications to nuclear fission (when values of x around 
0.7 are of interest). In reference 4, electronic machine 
calculations were carried out which, in principle, should 
be accurate also for large distortions. In this and the 
following sections, we shall report some results of 
studies of this problem using analytical methods. 

Figure 2(c) compares the saddle point shape for 
x=0.699 with an ellipse whose axes are in the ratio 
1:2.4004. In so far as the saddle point shape can be 
regarded as a small distortion of the ellipse, an expan- 
sion of the surface and electrostatic energies in powers 
of the distortion should be useful. One could proceed 
in analogy with the case of the distorted sphere and 
write down E, and E, to (at least) the second power of 
the distortion and, by differentiation, determine the 
configuration which makes the total energy stationary. 
(This is the procedure followed in references 6 and 7.) 
In practice, an alternative method was found to possess 
several advantages, which turned out to be of decisive 
importance in making practicable an accurate deter- 
mination of the thresholds and saddle point shapes. The 
method makes use of the general equation for the sur- 
face of a liquid in equilibrium under the action of a 
surface tension and of electrostatic forces, viz. : 


vp+Sx=constant=k. (14) 


Here »v is the electrostatic potential at a point on the 
surface of the liquid, x is the total curvature at that 
point, p is the (uniform) charge density, and S is the 
constant surface energy per unit area. 

The above relation results from equating to zero 
the first-order change in the total energy associated 
with a small volume-preserving deformation of the 
surface. If the deformation is specified by a normal dis- 
placement of the surface, 6”, then the change in the 
energy is 


e=a( f Lop+ s) 
volume surface 


= J vpdn+ Sdn, 
surface surface 


Subtracting Sfurface du times a Lagrange multiplier 
k to ensure conservation of volume and equating to 
zero the integrand leads to Eq. (14). The Lagrange 
multiplier & is determined by considering the effect of 
a uniform change of scale on a shape satisfying Eq. 
(14). The associated change in the total energy can be 
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Fic. 2. Three ellipses, given in spheroidal coordinates by no= 1.4, 1.2, and 1.1, and the saddle point shapes for 
x=0.876, 0.792, and 0.699. Each of the three sets represents an optimum adjustment of the saddle point shape 
and the initial ellipse which minimizes the residual in the least squares fit. The values of the expansion coefficients 
e, defining the saddle point shapes [Eq. (17)] are as follows: (a) €2=0.03777, «¢= —0.02859, «,=0.00347; (b) e 
=().03393, «,= —0.03693, ¢¢=0.00687; (c) «2 =0.03040, «,= —0.04100, «5 =0.01019, 
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written in two ways. On the one hand, 


B= f 


urface 


(o9+Se)in=k f bin=kiV, 


surface 


where 6” is now the non-volume-preserving displace- 
ment of the surface associated with the change of scale 
and 6V is the corresponding volume change. On the 
other hand, from a dimensional argument, 


V+8V\i V+5V\%° 
i=08 +8E.=B,(——) +£,(— +) 
V V 


5V 
[E+ (5/3)E1(—). 


Hence k=([(3)E,+(5/3)E.|/V, where V, E,, and E, 
are the volume, and the surface and electrostatic 
energies of the equilibrium shape, respectively. Ex- 
pressing all quantities in units of their values for a 
spherical configuration, Eq. (14) can be written in the 


form 
v 1/x 
.(-- B.)+-(~- b.) =0, 
Vo 5 Ko 


where v and xo are the surface potential and total 
curvature of the original sphere and B, and B, are as 
defined in Sec. 2. 

To determine the distortion of an ellipsoid which will 
ensure the validity of Eq. (15), one may now write 
down the surface potential and curvature as functions 
of position on the surface, expand in powers of the 
distortion, and satisfy Eq. (15) by, for example, a 
least-squares fit. The disadvantage, that in this method 
one has to calculate the expansion of a function of 
position on the surface of the drop rather than of a 
number (the total energy) as in the conventional treat- 
ment, is offset by several factors. Firstly, since Eq. (15) 
represents the stage after the differentiation of the 
total energy which determines the equilibrium shape, 
an approximation equivalent to calculating the energy 
to second power in the distortion is obtained by writing 
down v and « in Eq. (15) only to first power. This avoids 
the necessity of deriving the complicated formulas for 
second-order effects. Secondly, if, as is usually done, 
the distortion of the ellipse is written as a superposition 
of several harmonic distortions, analogous to }-o%anPp 
in the case of a sphere, the number of coefficients in the 
expansion of the energy to second order is proportional 
to N°, whereas, using Eq. (15), only one new function 
has to be calculated for each additional harmonic (see 
below). Moreover, since one is dealing with first-order 
formulas, general expressions for any m are readily 
written down. As will appear presently, this made 
practicable the inclusion of an adequate number of 
harmonics and the demonstration of the virtual inde- 
pendence of the results of additional terms. Thirdly, 


(15) 


SWIATECKI 


and most important, the last step in the present pro- 
cedure, the reduction to zero by least squares of a 
certain expression claimed to be an approximation to 
vp+Sx—k on the surface of a distorted ellipsoid (ob- 
tained by expanding in powers of the distortion), 
provides a check for the absence of accidental computa- 
tional errors as well as for the validity of the assumed 
expansion. Thus, a computational error will, as a rule, 
show up in the impossibility of satisfying Eq. (15). 
Similarly it was found that the expected breaking down 
of the expansion in powers of the distortion, which 
results from attempting to use a given ellipse as a 
starting point for saddle point shapes differing from the 
ellipse by too great an amount, could be followed quan- 
titatively by a study, as function of x, of the residual in 
the least-squares method. The minimum in the residual 
corresponds to an optimum adjustment of the starting 
ellipse and the saddle point shape which it is supposed 
to approximate. By always working at this optimum, 
an objective way of picking out the most accurate and 
reliable solutions was achieved. No corresponding 
method is available in the conventional approach in 
which the energy is expanded to second order. 

In order to represent the distorted ellipsoids, prolate 
spheroidal coordinates n, ,@ were used,® related to 
cylindrical polar coordinates p, 2, @ by 


p=cx(1- 2)? 1)}, 
2= cokn, 


where ¢2 is a constant. (The above ~ must not be con- 
fused with the deformation energy denoted by the 
same symbol.) 

The equation of an ellipse in these coordinates is 
given by n($)=constant= mo (c2 is then the z-coordinate 
of the focus of the ellipse). The coordinates , &, 
correspond to 7,6, in the case of spherical polar 
coordinates, with & specifying the position on the 
surface of an ellipsoid (defined by »=constant) in 
analogy to @ specifying the position on the surface of 
a sphere (defined by r=constant). 

The equation of an arbitrary axially symmetric 
surface was usually taken in the form 


n=n(£) 
= nl t+ (nt 8) E exP ol) 


(16) 


(17) 


Constancy of volume and center of mass is then ensured 
to first order by e9=€:=0. 

The surface potential and curvature [or rather the 
two parts of Eq. (15) ] will, to first order in en, have the 
form: (function of £)+ 30,» (function of &)neén, Le., 


v x 
—B.=A()+D, nA al), (18) 
vo n=2 

*W. R. Smythe, Static and Dynamic Electricity (McGraw-Hill 
Book Company, Inc., New York, 1939). 
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with!” 
(19) 
Similarly, 


(“-2.) - B)+E €nB, (8), 


5 Ko 


B,=b+D bnen. 


Here A(é), A,(é), B(E), and B,(£) are functions of 
position on the surface of the ellipsoid. Together with 
the constants a, d2,6b,b, they are defined in the 
Appendix. 

By using Eqs. (18) and (20), the condition (15) can 
be written as 


f=G(O+E. eGa(8)=0, (22) 


n=2 


where G=xA+B and G,=*xA,+B, are functions of & 
depending linearly on «. The least squares condition, 
taken in the form 


5 J f'do=0, 
urface of 


si 
ellipsoid 


where 6 means independent variations of the ¢, in f’, 
then leads to the following two sets of simultaneous 
linear equations for the optimum values of e, specifying 
an equilibrium shape : 


(22)€2+ (24) e+ (26)es+ -- > +(2)=0, 
(24)€o+ (44)es+ (46)e6+ ---+(4)=0, 
(26) €2+ (46) €,+ (66)eg+ ---+(6)=0, 
and 
(33)est+ (35)es+---=0, 
(35)es+ (S5)es+---=0. 


(rs) «f G,G,do 
surface of 


ellipse 


(r) x f GG,do. 
surface of 


ellipse 


In practice the functions G,(&) were calculated for 
eleven values of £, at &;=0, 0.15, 0.30, 0.45, 0.60, 0.70, 
0.80, 0.85, 0.90, 0.95 and, 1.00 (¢=1, 2, 3, ---11) and 
the integrals in Eq. (25) were replaced by sums. The 
smaller intervals in £; near £=1 are designed to give a 


better representation near the tips of the ellipse (see 


below). Because of the symmetry of the integrands in 


For the reason why coefficients a, with »>2 do not appear 
in (19), see Appendix. 
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Eq. (25), only positive values of — need be considered. 
[Note that G(é) and G,,(&) with even are even func- 
tions of £, and G,(£) with 2 odd are odd functions. | 


Explicitly, the sums for (rs) and (r) were taken as 


il 
(rs) => G,(1)G.(7) (no? — &7) ?AE;, 
i=l 


11 
(r)=¥ G()G,(i) (ne — €2) 56. 
i=1 


The factor (no’—£,)*Aé; is proportional to the surface 
element do associated with &;. [Thus A£;= 0.075, 0.15, 
0.15, 0.15, 0.125, 0.1, 0.075, 0.05, 0.05, 0.05, 0.025 for 
i=1,2,---11. The factor (m?—é?)! represents the 
result of integrating over the azimuth @. | 

The solution of Eqs. (23) gives the symmetric saddle 
point shape, specified by a set of ¢,5-?-. The threshold 
energy follows from using Eqs. (6), (19), and (21). 
Note that Eqs. (19) and (21) give only the linear terms 
in ~ considered as function of e€,. The derivation of the 
quadratic terms in B, and B, can be avoided by re- 
membering that the value of a quadratic expression 
y=a+bx+ cx’, calculated at the point «; where the first 
derivative y’ vanishes, is given by y(a%1)=a+(«1/2), 
which does not require a knowledge of c. Hence, with 
the values of e,°:-?- available, the threshold energy is 
given by Eq. (6), but with B, and B, in Eqs. (19) and 
(21) evaluated at en=}en5-?. 

The other set of simultaneous linear equations, Eqs. 
(24), is always satisfied by €n oaa=9, corresponding to 
symmetric shapes. If, however, the determinant of the 
coefficients in Eq. (24) should happen to vanish, the 
set of equations can also be satisfied by finite values of 
€nodd. This corresponds to the appearance of asym- 
metric saddle point shapes. (See part I.) Asymmetric 
shapes will not, however, be discussed further in the 
present paper. 


4. RESULTS 


Calculations were carried out with three different 
ellipses as starting points, specified by no= 1.4, 1.2, and 
1.1. The ratios of the major axis to the minor axis, given 
by (1—10?)-*, are 1.4289, 1.8091, and 2.4004, respec- 
tively. The ellipses are shown in Figs. 2(a), 2(b), and 
2(c). Up to 4 even harmonics €2, €4, €s, and €s3 were used 
in the expansion (17), but the term in es was found to 
have a negligible effect and was later omitted. With 
any given no, saddle point shapes were calculated for a 
range of values of x. [The calculations of (rs) and (r) 
for several values of « are simplified if one notes that 
these coefficients are quadratic functions of x.] Each 
solution was checked by plotting f=G(E)+) p2€nGn(E) 
as function of £. With all e, put equal to zero, the quan- 
tity fo=G(E) is equal to x[(v/v)—B. J+ 3[ (k/Ko)—B, | 
evaluated on the surface of an undistorted ellipse. The 
deviation of fo from zero, for example its root-mean- 
square value, is a measure of the inadequacy of an 
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Fic. 3. The thresholds &,, calculated using the starting point . 


ellipsoids no=1.1, 1.2, and 1.4. For each ellipsoid a range of 
values of x was investigated (reaching beyond the range of 
validity of the expansions used) and the results are shown by the 
three curves in the figure. The dots represent the trend of the 
lowest order formula &,=0.726(1—x)’. 


ellipse as a representation of a saddle point shape. The 
rms value of f is similarly a measure of the residual 
deviations for the deformed ellipse. We have used the 
ratio 


r 


¥ (6(1)+ ¥ Galen” P(me— E2) 10, 


#=1 n=2 


11 
> [G(i) P(ne— &7) AE; 
i=1 

J 








as a measure of the relative accuracy of the method for 
a given mo and different values of x. (The main variation 
of x with « comes from the numerator.) 

The result of the threshold energy calculations is 
shown in Fig. 3. The rapid increase of &, with (1—2) 
[for 1—x<1, &,« (1—2x)*] is seen to continue down to 
x~0.65. It will be noted that the calculations with 
no= 1.1, 1.2, and 1.4 do not give identical results in the 
regions where the « values investigated with the three 
different starting point ellipses overlap. This is to be 
expected, since an expansion about one of the ellipses 
will be approximately valid only in the neighborhood of 
a certain x. As one goes away from this neighborhood the 
results will become more and more inaccurate. This 
can be seen more clearly in Fig. 4, where £n, divided 
by (1—.)’, has been plotted. As mentioned above, the 
breaking down of the expansions is apparent also in a 
study of the residuals f(£) or the ratios x (the latter 
plotted in the upper part of Fig. 4). Two typical cases 
are analyzed in detail in Figs. 5(a) and 5(b), corre- 
sponding to calculations with +=0.699 and x=0.74, 
respectively (both using the ellipse no=1.1). The re- 
sidual /(£) in Fig. 5(a) is such that x is only 23%, and 
part of the remaining rapid oscillation in f(&) would, 


presumably, be removed by introducing esPs and higher 
harmonics in the expansions. On the other hand in 
Fig. 5(b), the residual x is 83% and the long period 
deviation of f() from zero was found to be practically 
unaffected by the introduction of ¢sPs, and must be 
taken as an indication of the breaking down of the 
expansions. 

It so happened that the initial applications of the 
present method were made precisely with «=0.74. The 
reason for the residual deviation of f(€) from zero was, 
at that time, not clear, and considerable effort went 
into searching for suspected errors, thereby checking 
the correctness of all formulas. A by-product of the 
search was the localization on the surface of the ellipsoid 
of the region where the greatest inaccuracy in the ex- 
pansion (22) arises. It was found, namely, that if (with 
«=0.74) the least squares condition is relaxed by leav- 
ing out, in turn, the points at £;= 1.0, 0.95, 0.90, 0.85, 
and 0.80, then at first the nature of the solution changes 
rather rapidly and the residual /(£) over the remaining 
region of £ values decreases quickly. With £&=1.0, 
0.95, and 0.90 left out, however, the residual is prac- 
tically zero and the neglect of further points has a small 
effect. This was taken as a confirmation of an impres- 
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Fic. 4. The lower part of the figure shows the values of &n/ 
(1—x)8, calculated using the three ellipsoids no=1.1, 1.2, and 1.4. 
In the upper part the residuals x in the least squares method are 
plotted against x. The minima in x pick out the most reliable 
solutions. The corresponding values of f»/(1—x)* are shown 
circled and the interpolation-extrapolation curve (27), passing 
through these points is shown by the thicker line. The results of 
the electronic machine calculations of Frankel and Metropolis‘ 
are indicated by triangles and those of Businaro and Gallone® by 
squares. 
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sion, formed on more indirect evidence, that the 
greatest error in the expansion occurs near the tips of 
the ellipsoid. Note that the large value of fy for §>0.9 
(Fig. 5) suggests the relative poorness of the ellipse as a 
representation of the saddle-point shape in that region. 

In the same connection it was found that the eleven 
points £; on the surface of the ellipsoid were sufficiently 
closely spaced to make the results virtually independent 
of taking a finer subdivision in the summations over 1. 
Thus, the inclusion of four additional points at £;= 0.88, 
0.93, 0.97, and 0.99 had a negligible effect on the 
solution. 

The minima in the curves for x in Fig. 4 pick out the 
most reliable sets of calculations at the three optimum 
x values, x«=0.699, 0.792, and 0.876, associated with 
the ellipses no=1.1, 1.2, and 1.4, respectively. The 
corresponding values of £&/(1—.x)* are 0.800, 0.733, 
and 0.707, and the residual rms values of f(#) are 2.5%, 
1.8%, and 0.9% of their values for the undistorted 
ellipses. 

The relatively accurate solutions at the above values 
of « may be used, together with the limiting solution 
for 1—«<1, to construct an interpolation-extrapolation 
formula for &,. The expression 


tu= (1—2)9(0.7259—0.3302(1—«) +0.6387 (1—2)? 
+7.8727(1—«)*— 12.0061 (1—x)*] 


passes through the three calculated points and has the 
correct behavior for x1. The above function is 
tabulated at intervals of 0.01 in Table III, for x values 
in the range 0.6 to 1.0. A plot is given in Fig. 6, where 
the limiting behavior for «<1 is also shown.’ A further 


(27) 


TABLE III. The threshold energy &, and &/(1—<)’, as functions 
of x. [Based on formulas (27) and (28). ] 








Eth &n/ (1 —x)8 
0.01524 
0.01718 
0.01929 
0.02159 
0.02409 
0.02679 
0.02972 
0.03288 
0.03627 
0.03991 
0.04381 
0.04797 
0.05241 
0.05712 


0.08070 
0.1029 
0.1237 
0.1433 
0.1616 
0.1788 
0.1948 
0.2098 
0.2237 
0.2367 
0.2487 
0.2599 ‘ 


0.0 
0.0°7227 
0.0°5757 
0.041935 
0.04571 
0.048899 
0.0001533 
0.0002429 
0.0003620 
0.0005149 
0.0007059 
0.0009397 
0.001221 
0.001555 
0.001946 
0.002400 
0.002924 
0.003522 
0.004202 
0.004970 
0.005834 
0.006800 
0.007878 
0.009075 
0.01040 
0.01187 
0.01348 


0.588 
0.521 
0.462 
0.410 
0.364 
0.325 
0.290 
0.260 
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Fic. 5. (a) The curve fo is the quantity x[(v/v)o—B.)] 
+[4 («/xo)—B,], (with «=0.699), plotted as function of position 
on the surface of the ellipsoid 7»=1.1. This quantity would be 
zero for a saddle point shape. The dotted curve f is (ten times) 
the same quantity for a distorted ellipsoid representing an ap- 
proximation to the saddle point shape. The rms value of f divided 
by the rms value of fo is x=24%. (b) Same as Fig. 5(a) but for 
x=0.74. The value of x is 83%. 


interpolation formula which has the correct behavior 
at «<1 and which, at «=0.6 is equal in value and first 
derivative to &» from Eq. (27), is provided by 


£n=0.2599—0.21514—0.16432?—0.067323. (28) 


This function is also plotted in Fig. 6 (dashed line) 
and tabulated, in the range «=0 to x=0.6, in Table 
III. It should be stressed, however, that the behavior 
of én in the range x=0.1 to 0.6 is not well defined by 
the available calculations, and the use of Eq. (28) is 
no better than a free-hand interpolation. 

If, in addition to &,, the values of B, and B, for the 
saddle point shapes are required separately, one may 
first determine B, from the general relation 


dén,/dx=2(B.—1), (29) 





Wi §: 





x 
0 O-5 1-0 

Fic. 6. The threshold gs in the range x=0 to x=1. The 
interpolation-extrapolation formula (27), applicable for x greater 
than about 0.6, is plotted beyond its range of validity. The 
behavior of &, for x<1 is indicated by the straight line. The 
interpolation formula (28) (dashed line), which has the correct 


value and slope at x=0 and x=0.6, suggests how the intermediate 
region might be spanned. 











obtained by differentiating Eq. (6). {The total varia- 
tion 5&, in Eq. (6) is the sum of a term coming from 
varying x at a constant shape of the drop [Eq. (29) ] 
and a term coming from varying the shape at a constant 
x. The latter term is zero on account of the stationary 
nature of the energy at a saddle point.} 

Using Eq. (27), one finds 


B.=1—(1—x)*[1.0889—0.6604(1—«) 
+ 1.5968 (1—«)*+ 23.6181 (1—«)'—42.0214(1—«)*]. 


With B, and &, available, B, can be found from 
Eq. (6). 

The saddle point shapes corresponding to the three 
optimum solutions on which the above formulas are 
based are shown in Figs. 2(a), 2(b), and 2(c), together 
with the undistorted ellipses. It may be noted that for 
these shapes the second and fourth harmonics & and 
£, are about equally important (with the second tend- 
ing to predominate for higher « and the fourth for 
lower x values). The sixth harmonic ¢¢ is smaller, though 
still not negligible, especially for the lower x values. 
The eight harmonic ¢s, however, was found to be very 
small. Even with the ellipse m= 1.1, where the higher 
harmonics are more in evidence, the values of eg did 
not exceed a few units in the fourth decimal place. For 
example, at «=0.7, ¢s=0.0004. The contribution of 
such a term to & is then 0.000017 or 0.08%. 

The saddle point shapes for the three optimum x 
values can again be used to deduce saddle point shapes 
for other x values by interpolation and extrapolation. 
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This was done graphically by reading off the radius 
vectors R(@) of the three optimum shapes at intervals 
of 10°, plotting these against x, and drawing smooth 
curves with the correct behavior near x—1 [as deter- 
mined by R(6)=Ro(1+a2P2), with a2=(7/3)(1—2) ]. 
The result is shown in Fig. 7, where the limiting values 
for x=0 are also shown.’ The curves in Fig. 7 were used 
to construct the five saddle point shapes at «= 1.0, 0.9, 
0.8, 0.7, 0.6 shown in Fig. 8. The extrapolation to «=0.6 
might be inaccurate by a noticeable amount. The corre- 
sponding radius vectors are given in Table IV. 

The threshold energies calculated in this paper are 
compared with the results of other authors in Fig. 4. 
With one exception, the electronic machine calculations 
of Frankel and Metropolis‘ are consistent with our 
results. Thus, at x=0.74, where, in the words of the 
authors “the most accurate and extensive calculations 
were made,” the value of & is given as 0.0135, to be 
compared with our £=0.0135. At «=0.9, Frankel and 
Metropolis find £=0.0007 as against our £=0.000706, 
and at «=0.81, &=0.0050 against our 0.00497. The 
threshold at x=0.77 “was investigated briefly” by 
Frankel and Metropolis. The value £=0.009; is con- 
sistent with our 0.00908. At +=0.65, however, the 
electronic machine calculations gave = 0.0400 against 
our §=0.0363. The discrepancy is even more apparent 
in the corresponding saddle point shape which, accord- 
ing to Frankel and Metropolis, has at this value of x 
separated into two almost distinct fragments, con- 
nected by a narrow neck. That there must be some error 
in those calculations is suggested by a simple estimate 
which indicates that the diameter of the neck is several 
times to small for the surface tension round its perimeter 
to balance the still considerable electrostatic repulsion 
between the two halves of the drop. This shows that 
the shape is not in equilibrium and cannot, therefore, 
be a saddle point shape. Note also the sudden drop in 
the value of the minor axis at x=0.65, implied by the 
Frankel and Metropolis solution (Fig. 7). 

The calculations of Businaro and Gallone,* based on 
an expansion of the energy around an ellipsoid, with 
one harmonic, Ps, retained, exceed our values for & by 
7.0%, 9.8%, 8.1%, and 11.1% at «=0.9, 0.8, 0.74, and 
0.7, respectively. Similar calculations by Nossoff’ ex- 


TaBLe IV. Radius vectors of saddle point shapes at 
x=1.0, 0.9, 0.8, 0.7, and 0.6. 
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Fic. 7. Radius vectors of saddle point shapes as functions of x (in units of the radius Ro of the original sphere), 
plotted at intervals of 10°. The curves pass through calculated points at the x values indicated by arrows and 
have the correct slope near x=1. The points on the left refer to the configuration of equal tangent spheres (the 
symmetric saddle point shape for «=0). The circled points give the major and minor axes calculated by Frankel 
and Metropolis.t (The value of the minor axis at x=0.81 is not given.) 


ceed our £ by amounts varying from 27% at «=0.9 to 
46% at «=0.65 

It may be noted that the simple formula = (98/135) 
X (1—-«)*, based on a lowest order expansion about a 
sphere [Eq. (11) ], gives thresholds which are actually 
correct to within 10% down to x=0.7. This must be 
regarded as an accident, since the assumed expansion 
is certainly not valid for the very deformed shapes 
around «=0.7, as can be seen by noting that, on the 
one hand, the inclusion of the next term in (1—<)4 
gives a less satisfactory formula and, on the other, that 
the saddle point shapes calculated with the lowest 
order formula (11) provide a very poor representation 
of the correct shapes. (See Fig. 7.) As a rough, semi- 
empirical formula, however, the result 


£=0.726(1—x)8 


should be useful in the range of values of x where the 


liquid drop model has been applied to the theory of 
nuclear fission. 
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APPENDIX 


We shall give here an outline of the procedure used 
in deriving the coefficients in the expansions (18)—(21) 
and a summary of the results. 

The first order expansion for v/v in Eq. (18) is ob- 
tained by writing down the change in the surface 
potential as a sum of a term due to moving the surface 
in the field of the undistorted spheroid and a term which 
gives the potential on the spheroid due to the distortion 
(considered as an equivalent surface charge). For the 
potential of a surface charge on a spheroid, consult 
reference 9, especially page 206. 

The expression (19) for B, may be obtained by 
calculating the energy of the distortion (again con- 
sidered as a surface charge) in the field of the spheroid. 
The fact that the surface potential on a spheroid is a 
quadratic function of & is responsible for the vanishing, 
by orthogonality of the P,, of all coefficients a, with 
n>2. 

The derivation of the formula for x/xo was fairly 
involved. An intermediate step was the derivation of a 
general expression for the change 6x in the total curva- 
ture of a surface of revolution associated with a dis- 
tortion of the generating curve, specified by a normal 
displacement 5 given as function of the length of arc s, 


i.e., n= 6n(s). This formula reads: 


d d° 
dx = — (Ry ?+ Rs) n—p~' sind—(6n) -- —(6n), 
ds ds 


where R,, Rz are the principal radii of curvature of the 
undistorted surface, p is the length of the cylindrical 
radius vector of the point in question and @ is the angle 
between this vector and the normal. Using the above 
expression in the case of a distortion specified in 
spheroidal coordinates, one obtains Eq. (20). The ex- 
pression for B, is obtained by using the relation 


6A= f Kon 
surface 


for the change in area associated with a displacement 
én. In this integral there appear expressions of the type 


1 


f d&(1—#/na)-""Pa(8), 
1 


which give rise to the coefficients denoted by D,‘") (see 
below). Special cases of such integrals have been con- 
sidered by Bauer." 

The results of the steps just outlined are summarized 
below. 

The functions A (é), A,(£), B(&), and B,(&) in Eqs. 
(18) and (20) were found to be given by the following 
expressions: Let 


A=cH, An=cH,, B=cM, and B,=cM,, 


where 
c= (1—no0)!. 


" G,. Bauer, Crelle’s Journal 56, 101 (1858). 





DEFORMATION 


H= —noVo2Po, 
H,= noo /m— W Po+ T2P2, 
and 
Hy>2= 2 WPrt Oe Pe 
where 
W= now Qe’ P2— Qo’ ), 
7% = 3noP n (no)Qn/ mM, 
m= no’ — 1 ’ 
w= (nt BY 
Here P,, stands for the Legendre polynomial P,(é), 
with £ as the argument, except where otherwise indi- 
cated. The Legendre polynomial of the second kind is 
denoted by Q, (consult reference 8) and the argument is 


always mo. The derivative dQ,,/dno is denoted by Q,’. 
Similarly, 


M=75(q-—1-s), 
Masi=to(RPnt+Sp.t+TP,”—U,), 

where 

s= me sin (1/0), 

g=K(1+mw), 

R= K[(—w/m)+ (3—5no?)w?-+ 3no?mu* J, 

S=K(—w+3mvw*), 

T=K(—1+mw), 

K=n*w'/m'. 
In the above, p, stands for édP,,/dé and P,””=d°P,,/dé#’. 
Further, the coefficients U’,, are given by 

Un=[nom™D,, +0 'm 1D, J/ (n+), 

where the D,‘" (which are functions of 9) are the 


coefficients of P,(¢) in the expansion of (1—£&/m?)"/ 
in Legendre polynomials: 


(1—&/no?)"? =) Da” Pal). 


The D,‘” can be calculated conveniently from the 
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recurrence relation 
Dayo? =90°L Da —M Da — Ng Da_o, (30) 


where 


(2n+3)(2n+5) 


(ft) aus 
’ 


* (n+2)(n-+r-+3) 
(2n+3)(2n+5)n(n—r—2) 
(2n—1)(2n+1) (+2) (n+r+3) 
(2n+5)(n+1) 
> ae : —, 
(2n+1)(n+2) 
(2n+-3) (2n+5) (n—1)(n—r—2) 


~ (2n—3)(2n—1)(n+2)(n+r+3) 
Further, for r= —1, we have 


Do—? = no sin!(1/no), 


Ds! A) oe (15 4) (mo? — 3) Do' VD) — no (mor?—1)! 3 


and for r= —3, 
Do— = no/ (no? 1)}, 
D,— = (15/2) (ne? — } )Do® —no° sin '(1/no) bP 


TABLE V. Coefficients in the recurrence relation (30). 


ya —] r= 3 
n= 2 4 6 n= 2 4 6 


L 63/16 143/36 255/64 L 63/8 143/24 85/16 
M 15/8 247/126 697/352 M 9/2 65/21 119/44 
N 21/16 143/140 2125/2112 N 63/8 143/56 2975/1584 


Table V gives some of the coefficients L,°”, M,, 
N, explicitly. 
The constants a, de, b, and b, in Eqs. (19) and (21) 
are given by 
a= cn; 
a2= — cen» ‘m, 
b=}c(1+5), 


basi=4cU y. 
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Neutron Cross Sections of Zinc* 


D. A. DAHLBERGf AND L. M. BOLLINGER 
Argonne National Laboratory, Lemont, Illinois 


(Received August 6, 1956) 


The Argonne fast chopper was used in a study of neutron resonances in the zinc isotopes. The transmission 
of normal zinc and samples enriched in Zn“, Zn®, Zn*’, Zn, and Zn” were studied over the energy range 
200 to 10 000 ev. Below 5 kev, seven resonances were observed, of which four are assigned to Zn*’, two to 
Zn™, and one to Zn®*. The parameters oo and I are calculated for these levels. A weighted average value 
of 0.35 is deduced for the radiation width ',. The strength function T,2/ D for Zn* is found to be 3.11074 


ev. 





INTRODUCTION 


HE resolution attainable by a_ time-of-flight 
slow-neutron spectrometer and the upper energy 
limit of the system are directly related properties. Thus 
the rapid and continuous improvement in the resolution 
of such instruments has necessarily resulted in an 
extension of the range over which meaningful neutron 
cross-section data can be obtained. This advance in 
technique is of particular importance for a study of 
light nuclei; their wide level spacing requires that the 
spectrometer used have a range of some thousands of 
electron volts if it is desired to obtain a measure of the 
Statistical properties of levels in a given nucleus by 
obtaining the parameters of a number of individual 
resonances. 

Zinc provided us with one of the more favorable 
cases for the first such study in a light element of 
mixed isotopic constitution. Previous work!” had shown 
that at least three resonances (225, ~500, ~3000 ev) 
could be resolved. The present experiment was an 
attempt to obtain the parameters for these and other 
resonances by neutron transmission measurements on 
normal zinc and small quantities of the separated 
isotopes that were available. 


APPARATUS 


The characteristics and use of the neutron chopper, 
detector, and 100-channel time analyzer used in our 
measurements were described by Bollinger et a/.2 The 
chopper, installed at the Argonne heavy water reactor 
CP-3’, was run at 17 500 rpm to produce a burst of 
neutrons that was about 4 usec wide at half-maximum. 
These neutrons were detected by a boron-loaded liquid 
scintillator located 40 meters from the chopper. Neutron 
counts were recorded as a function of flight time in a 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission in partial fulfillment of the requirements for 
the M.S. degree for one of the authors (D. A. Dahlberg) from 


the Department of Physics, Michigan College of Mining and 
Technology, Houghton, Michigan. 

t Now at Operations Research Office, The Johns Hopkins 
University, Chevy Chase, Maryland. 

1 W. W. Havens, Jr. and L. J. Rainwater, Phys. Rev. 83, 1123 
(1951). 

? Bollinger, Harris, and Schumann, Phys. Rev. 87, 184 (1952). 

3 Bollinger, Dahlberg, Palmer, and Thomas, Phys. Rev. 100, 
126 (1955). 


100-channel analyzer operated with a 3-ysec channel 
width. Under these operating conditions the over-all 
resolution of the system was about 0.13 usec/meter. 
The zero time of the neutron burst, which determines 
the energy scale, was measured by recording the y rays 
released by the chopper as a function of time. 


RESULTS 


Two samples of normal zinc, having thicknesses of 
14.7 and 1.12 g/cm’, and samples enriched in the 
isotopes Zn™, Zn®*, Zn®’, Zn®*, and Zn” were studied! 
over the range of energy from 200 to 10000 ev. The 
enriched samples were in the form ZnO2; their isotopic 
constitutions are listed in Table I. 

Some of the transmission data obtained are given in 
Fig. 1. In addition to the runs shown, data were also 
obtained for samples enriched in Zn®* and Zn”. No 
resonance structure attributable to either isotope was 
observed. For normal zinc, a number of previously 
unobserved resonances were resolved, the most unex- 
pected result being the discovery that there are two 
resonances, not just a single resonance, in the neighbor- 
hood of 500 ev. In all, seven resonances, or at least 
isolated transmission dips, were observed below 5000 ev. 

The identification of the isotope responsible for each 
transmission dip was apparent from a qualitative 
examination of the data. The assigned isotopes are 
listed in Table II. This qualitative identification was 
quantitatively checked in the following manner: for 
each transmission dip, the area above the dip was 
used to deduce a resonance width for the chosen isotopic 
assignment. The widths obtained for each transmission 
dip are equal, within the expected errors, for all samples, 
confirming the validity of the isotopic assignment. 

In determining resonance widths from the observed 
areas above the transmission dips, the conventional 
approach initiated by the Columbia velocity-selector 
group® was used on four of the resonances. For the 
levels at 455, 530, and 2750 ev, however, the strongly 
asymmetric s-wave scattering shape indicated a need 
to use the general technique employed in reference 3 
for the 1080-ev resonance in manganese. As used here, 


‘The enriched ZnO: was obtained from the Stable Isotope 
Division, Oak Ridge National Laboratory. 
5 Melkonian, Havens, and Rainwater, Phys. Rev. 92, 702 (1953). 


1006 





NEUTRON CROSS 


it consists of finding that value of I’ which gives a 
calculated area of a transmission dip, for a particular 
sample, that is equal to the observed area. In the 
calculation, the resonances are taken to have s-wave 
scattering shapes and assumed values are used for R, 
g, and I',; the total widths obtained in this way are 
insensitive to the value used for R and also for I,, 
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Fic. 1. Neutron transmission of normal zinc, and of samples of 
zinc enriched in Zn®™, Zn®7, and Zn*. 


since for these data I',<I',. The effect of the Doppler 
broadening was neglected, a simplication that is 
justified by the large values obtained for I’. 

The resonance parameters obtained for the zinc 
isotopes are summarized in Table II. The widths listed 
are, in general, weighted averages of values obtained 
for several different samples. 

The prominent resonance at 530 ev affords an 
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TABLE I. Isotopic composition of zinc samples. 








Atomic percentage composition 
Zn Zné Zn 


27.8 18.6 
6.3 0.4 


Sample 





Normal 
Zn* 
Zn** 
Zn8? 
Zn® 
Zn” 


93.8 . 0 
13.5 : 6 
1.8 ; 5.5 
8.4 ; 93 


opportunity to test the internal consistency of the 
results because this level was observed for most of the 
samples used. Widths were determined both from areas 
above transmission dips and by curve fitting the data 
obtained for the Zn® sample. The widths calculated are 
in excellent agreement; analysis of areas give the 
independent values of 10.0+0.5, 10.1+0.5, 9.7+0.5, 
and 9.4+1.2 ev for IT, whereas curve fitting gives 
10.0+1.0 ev. 

Curve fitting of the 530-ev resonance also yields a 
value of R, the effective nuclear radius, namely, 
R=7.5X10-" cm. This value is much larger than 
1.45X10-"4*=5.9X10-" cm, as would be expected 
from the prediction of the “cloudy crystal ball” model® 
as given in Fig. 1 of reference 6. 

An estimate of an average value of the radiation 
width I’, of zinc may be obtained by equating the 
measured thermal capture cross section’ of normal zinc, 
1.06+0.05 barns, to the cross section calculated from 
the known resonance parameters. For this calculation 
we assume that the capture cross section consists of 
the sum of contributions from independent resonances. 
An upper limit of I’, is obtained by assuming that the 
whole thermal capture cross section is due to the 
resonances listed in Table II; this limit is 0.5 ev. 
Perhaps a more probable value is obtained by assuming 
that the thermal capture cross section is equal to the 
contribution of the 530-ev level plus twice that from 
all other levels in Table II. The contributions from all 
resonances but one are doubled to take account of 
levels below binding energy; the 530-ev resonance is 
singled out as a special case because its small resonance 
energy Eo, as compared with the probable level spacing 


TABLE II. Parameters of neutron resonances in zinc. In the 
calculations, ' was assumed to be 0.35 ev. For g, a value of 1 
was used the even-even nuclei and } for Zn*’. 


r 
19+ 0.2 
13.04 1.5 
9.9+ 0.4 
10 + 3 
43 +10 
75 + 8 

~60 


Eo Isotopic 
(ev) assignment 


67 4800 
67 2800 
68 4700 
67 780 
67 560 
64 940 
64 560 


go 
barns) 


6 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954) 
7H. Pomerance, Phys. Rev. 83, 641 (1951). 
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of Zn®, causes it to give an unusually large contribution 
to the thermal capture cross section. The value of I, 
that is obtained for this somewhat arbitrary weighting 
of resonance contributions is 0.35 ev. 

For comparison with the predictions of the “cloudy 
crystal ball” model of the nucleus, it is desirable to try 
to obtain a value for the strength function f',°/D for 
the zinc isotopes; [,° is the average reduced neutron 
width and D is the average level spacing per spin state. 
Because of the small number of resonances that were 
observed, Zn® is the only individual isotope for which 
such a calculation is at all meaningful. Referring again 
to Table IT, we see that at least four resonances were 
observed in Zn*’. The fact that the two transmission 
dips observed at 1620 and 2300 ev may not be due to 
single resonances causes no difficulty in the present 
case; for an energy interval AE containing many 
resonances, I°,.°/D is equal to (1/AE),(gI’,°),, and for 
scattering resonances a transmission dip gives the 
correct value of >), I’,, independent of the number of 
resonances causing it. 
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The Zn® data are thought to be reliable, in the above 
sense, over the range 0-3000 ev. For this energy range, 
then, [',°/D is found to be 3.1X10-4 ev}. This value 
of I',°/D is somewhat higher than those of neighboring 
nuclei,® although the difference may not be statistically 
significant. Its disagreement with the predictions of 
the cloudy crystal ball theory for a simple square-well 
potential seems to be real, however. For a well having 
the parameters’ Vo=43.5 Mev and ¢=0.03, the equa- 
tions on page 456 of reference 6 give [',.°/D=0.3X10- 
for A=67. It is most unlikely that a statistical fluctu- 
ation or adjustment of well parameters could account 
for the factor of 10 by which the calculated and meas- 
ured values of f,,°/D differ. 


8 Argonne values of I',°/D for light nuclei were summarized 
by V. F. Weisskopf, International Conference on the Peaceful Uses 
of Atomic Energy, Geneva, 1955 (United Nations Publication, 
New York, 1956), Vol. 2, p. 27. 

* The data on I',°/D for A between 45 and 65 are best fitted 
by a well depth of 43.5 Mev. R. E. Cote and L. M. Bollinger, 
Phys. Rev. 98, 1162 (1955). 
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Differential Cross Sections for C!?(d,d)C!? and C!*(d,p)C**+ 


M. T. McE.uistrem,* K. W. Jones,t REN Cuipa, R. A. Douctas,§ D. F. Herrinc, anv E. A. SILveRSTEIN 
University of Wisconsin, Madison, Wisconsin 
(Received July 25, 1956) 


Differential cross sections have been measured as a function of incident deuteron energy for elastic 
scattering and for the (d,p) reactions to the ground and 3.09-Mev levels of C*. The cross sections have been 
measured at several angles from 25° (c.m.) to 169° (c.m.) in the deuteron energy range of 1.9 to 3.4 Mev and 
have an average accuracy of about 5%. Eleven angular distributions were also taken, nine for the reaction 
C!2(d,p)C® and two for the reaction C!2(d,p)C*. Many resonances were observed in the elastic scattering, 
and resonances observed in the (d,p) reactions corresponded to several of these. Interference between the 
stripping and compound nuclear contributions to the (d,p) reaction is clearly indicated. 


INTRODUCTION 


HE use of (d,p) and (d,m) reactions as a spectro- 
scopic tool for nuclear states was established by 

the work of Butler and others.' Recently considerable 
theoretical and experimental emphasis has been placed 
upon the investigation of the mechanism of these 
reactions, and in particular upon the deviations of the 
reaction cross sections from the pure stripping formalism 
of Butler.*~* A particular feature of interest receiving 


t Work supported by U. S. Atomic Energy Commission and the 
Wisconsin Alumni Research Foundation. 

* Now at Indiana University, Bloomington, Indiana. 

t Now at Columbia University, New York, New York. 

§ Now at State University of Iowa, Iowa City, Iowa. 

1S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951); 
Bhatia, Huang, Huby, and Newn, Phil. Mag. 43, 485 (1952). 

2 J. Horowitz and A. M. L. Messiah, J. phys radium 14, 695 
(1953); N. C. Francis and K. M. Watson, Phys. Rev. 93, 313 
(1954). 

3 W. Tobocman, Phys. Rev. 94, 1655 (1954) ; W. Tobocman and 
M. H. Kalos, Phys. Rev. 97, 132 (1955). 

‘I. P. Grant, Proc. Phys. Soc. (London) A67, 981 (1954) ; 
R. G. Thomas, Phys. Rev. 100, 25 (1955). 


attention from both theory and experiment is the 
competition between compound nucleus formation and 
stripping.*~* The present investigation has been carried 
out in an effort to study in detail this competition. In 
addition, since the magnitudes of the cross sections are 
sensitive to details of the mechanism of the reaction, 
care has been taken to obtain reliable absolute cross 
sections. 

C™ was selected as the target for deuteron bombard- 
ment for several reasons: (1) Since accurate knowledge 
of the target thickness was essential, it was desirable to 
use a gas target. Hydrocarbon gases of high purity are 
readily available and provide excellent carbon targets. 
(2) At low energies the C'*(d,p)C™ reaction had been 


5 Stratton, Blair, Famularo, and Stuart, Phys. Rev. 98, 629 
(1955); Berthelot, Cohen, Cotoon, Faraggi, Grjebine, Leveque, 
Naggiar, Roclawski, Conjeaud, and Szteinsnaider, Compt. rend. 
238, 1312 (1954). 

6 Bonner, Eisinger, Kraus, and Marion, Phys. Rev. 101, 209 
(1956). 
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shown’ to exhibit pronounced resonance structure, 
characteristic of compound nucleus formation. It was 
felt that the competition between compound nucleus 
formation and stripping could be most definitively 
investigated near a compound nuclear resonance, since 
the formal treatment of “isolated” resonances is well 
established.* (3) Since C! is J=0*, and since C'’ ground 
state and first excited state are J=}~ and J=}*, 
respectively, we have the simplest possible combination 
of spins for (d,p) reactions on a single target. This 
simplicity should aid in data analysis. 

The present investigation was carried out in two 
separate experiments, henceforth referred to as Part I 
and Part II. Both experiments were carried out with the 
same basic equipment, but were separated in time by a 
period of six months. Part I* concentrated on the 
C*(d,p)C reaction. The purpose of this part was to 
check the performance of the equipment and to obtain 
differential cross sections of good precision over a wide 
range of energies and angles, and in particular to study 
the detailed dependence of the angular distributions on 
energy. The measurements located some strong reso- 
nances in the (d,p) cross section which were reasonably 
well separated from one another. Part II’° was a detailed 
study of the differential cross sections for three processes, 
C!*(d,p)C to the ground state of C!’, C!(d,p)C'* to the 
first excited state of C!*, and C!?(d,d)C' elastic scattering, 
at and near a few selected resonances. 


EXPERIMENTAL ARRANGEMENT 


The details of the equipment used for this experiment 
will be described in a separate publication," and there- 
fore we include only a schematic description here. The 
measurements were conducted in a large, differentially 
pumped gas chamber. A rough sketch of the equipment, 
as it was used for Part II of the investigation, is shown 
in Fig. 1. The chamber is 1.2X1.5X0.24 meters. The 
incident beam is defined by the slits of the collimator to 
have an angular spread of +12 minutes. The detector is 
mounted behind the slit system on the movable arm. 
This system defines the acceptance angle, gas target 
length and solid angle seen by the detector. For this 
system, the acceptance angle was +2.5° and the solid 
angle was approximately 10~* steradian. 

During Part I, a large ion chamber was used as 
detector in place of the proportional counter shown in 
Fig. 1. Also a six-position absorber changer was 


7 Heydenburg, Inglis, Whitehead, and Hafner, Phys. Rev. 75, 
1147 (1949). 


8E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947); 


T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 

® Described in greater detail in the Ph.D. thesis of K. W. Jones, 
University of Wisconsin, 1954 (unpublished). Jones, McEllistrem, 
Douglas, Herring, and Silverstein, Phys. Rev. 98, 241(A) (1955). 

10 Described in greater detail in the Ph.D. thesis of M. T. 
McEllistrem, University of Wisconsin, 1955, University Micro- 
films, Ann Arbor, Michigan. McEliistrem, Chiba, Douglas, 
Herring, and Silverstein, Phys. Rev. 99, 632(A) (1955). 

1 Jones, Herring, and McEllistrem, Rev. Sci. Instr. (to be 
published). 


C*(d,d)C',. C4*#(d,p)C% 1009 


ROUGH 
oye ie 
+ MANOMETER 


DIFFUSION +C) O /] 
PUMP 


ie) 





OFFERENTIAL 
PUMPING 
t—— STAGE | 
Se nomne STAGE 28 
r—~BEAM 


MOVABLE ARM 
ere 


DEFINING SLITS ——» 
COLLIMATOR 


O + FLANGE 
CARRYING GAS 


AND ELECTRICAL 
CONNECTIONS 


RETRACTABLE 
COLLECTOR CUP ] 











| 
PROP, COUNTER 


Fic. 1. Schematic diagram of scattering chamber as it was used 
for Part II. Chamber is 4 ftX5 ft in area, 8? in. deep. For Part I, 
the proportional counter was replaced by a large ion chamber. 


located before the detector. This arrangement allowed 
any of four foils, a thick aluminum plate, or no absorber 
to be positioned in the path of the reaction products. 
The size of the ion chamber was such that it prevented 
accurate collection of the incident beam by the collector 
cup at detector angles <65°. Therefore a proportional 
counter was fixed at 90° to monitor the incident beam 
for detector angles <70°. It was biased to record all 
three groups measured in detail in Part II. 

Several modifications were made for Part II. The 
proportional counter shown (Fig. 1) was substituted 
for the ion chamber, and the foil changer was reposi- 
tioned. These changes allowed the collection of the 
incident beam for all detector angles from 11° to 167°. 
Therefore a monitor counter was not necessary. In 
addition, a pressure control system designed by one of 
us (D.F.H.) was added to maintain a constant target 
gas pressure.!!? This instrument held the pressure 
constant to within +0.05%. 

The incident beam from the electrostatic generator 
had an energy resolution of +0.1%. The target gas used 
was propane” of the “extra-pure” grade (contamination 
<0.1%) and also (in Part I) iso-butane!* of the same 
grade. 

EXPERIMENTAL PROCEDURE 


The method of taking data and calibrating the equip- 
ment was the same for both parts of the investigation, 
except that during Part I greater emphasis was placed 
upon obtaining angular distributions in some detail, 
whereas in Part II the data were almost entirely taken 
in the form of excitation curves. 

For part I, a Ta foil of about 1 mil thickness was 
placed before the ion chamber window, so that only the 
protons from the C'(d,p)C' reaction would have 
sufficient energy to pass into the ion chamber and be 
counted. For this arrangement some uncertainty in 
cross section was encountered, because the pulse-height 
spectrum of the ion chamber had a long, low tail similar 


12T), F. Herring, Phys. Rev. 99, 634(A) (1955). 
13 Obtained from the Matheson Chemical Company, Joliet, 
Illinois. 
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to that observed by Shire and Edge." In order to obtain 
good separation of the back-ground and the pulse- 
spectrum tail, the data were continuously recorded on 
a 10-channel pulse-height analyzer.!® Background 
counting rates were measured by placing a thick 
aluminum plate before the ion chamber. 

For Part II, the proportional counter was operated 
in conjunction with approximately 20 absorbers of 
different thicknesses. For the C!*(d,p)C*-ground state 
protons, a 1.5-mil Ta absorber was used to stop all other 
groups from entering the counter. The other two groups 
(elastically scattered deuterons and protons leaving C 
excited) were resolved in pulse height and recorded 
simultaneously, except at the back angle. The absorbers, 
counter gas pressure and counter voltage were all 
adjusted often to provide maximum separation of the 
two groups and to maintain minimum background 
rates. The rapid variation of optimum counter operating 
conditions with angle discouraged us from taking much 
of the data in the form of angular distributions. As in 
Part I, the data were continuously recorded on a 
10-channel pulse-height analyzer. Both the ion chamber 
of Part I and the proportional counter of Part II con- 
tained argon +5% CO: gas mixtures purified by hot 
calcium (~300°C). 

The incident energy was calibrated by measuring the 
Li’(p,m)Be’ threshold, whose energy is known to 
+0.06%,"* with a thin Li target mounted in the center 
of the scattering chamber. The threshold was measured 
both with the chamber evacuated and filled with gas. 
These two measurements calibrated the energy of the 
incident beam, and measured the energy loss of the 
beam in the target gas. The target thickness seen by the 
detector was adjusted to be about 5 kev near 90° (c.m.) 
and about 10 kev at large and small angles. The excita- 
tion curves of Part I were taken in energy intervals of 
30 kev and those of Part II were taken in intervals 
of 6 kev. 


CROSS-SECTION UNCERTAINTIES 


The measured yields are reduced to center-of-mass 
cross sections via the following relation: 


da Y sin*O jap 
(=) = sintas)| cos (sta) 
do] om. NnG 1 


SIN'Ve.m. 


where Y is the measured net yield, NV is the number of 
incident deuterons, » is the number of target nuclei/cm®, 
G/(sin@,.») (in units of cm) is the solid-angle-weighted 
target length defined by the detection slit system. G is 
to a first approximation independent of angle.!7:'* 


4“ F.S. Shire and R. D. Edge, Phil. Mag. 46, 640 (1955). 

16 C. W. Johnstone, Nucleonics 11, No. 1, 36 (1953). 

16 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 

17H, R. Worthington, Ph.D. thesis, University of Wisconsin, 
1954 (unpublished). 

= McGruer, and Findley, Phys. Rev. 90, 899 
(1953). 


The uncertainty of the measurements is divided into 
a statistical component, a group separation compo- 
nent and other systematic uncertainties. The largest 
component is the statistical uncertainty on the net 
yield, Y. Sizable neutron backgrounds affected the 
statistics for both Parts I and II. For Part I, the 
background was usually from 10-20% of the total yield, 
and the statistical uncertainy on Y after background 
corrections ranged from 1% to 10%. For Part II, the 
background counting rate for the (d,p)-ground state 
ranged from 10% to 30%; for the elastically scattered 
deuterons, from 1 to 10%; for the (d,p)-3.086 Mev 
state, from 10 to 20%. An effort was made to obtain 
data for all three groups to an uncertainty of 3% 
(statistical+-group separation), and this is the un- 
uncertainty for the scattered deuterons and the ground 
state protons. For the protons to the 3.086-Mev state 
of C'*, the uncertainty in Y is about 5%. Additional 
uncertainty entered this group at some angles because 
of the difficulty in separating it from the much more 
intense deuterons, and also from higher C’*-state 
proton groups which were not recorded. 

The systematic uncertainties are very similar for the 
two experiments, and will be discussed in detail for 
Part II. An over-all check of the accuracy of the equip- 
ment and also in particular the accuracy of the angle 
settings was provided by measuring the p-p scattering 
cross sections and comparing them with the more 
precise values of Worthington et a/.'* In order to make 
the comparison, our p-p data have been corrected for 
contamination present in the target gas. Measurements 
indicate a contamination <0.17%. We have corrected 
the data for an assumed air contamination of 0.1%, 
with the additional assumption that the air contamina- 
tion scattering is approximately Coulomb. Observations 
were made on both sides of the beam, to aid in checking 
angle settings. The results showed an asymmetry about 
0°, which could be accounted for (at all angles) if the 
0° calibration was in error. The asymmetry was com- 
pletely removed by correcting this calibration 0.2°. The 
comparison of our (corrected)'® measurements with 
those of reference 18 indicate that our measurements 
have a remaining uncertainty of +1.5%. 

If we write: (do/dw)..m.=(Y/NnG)A(@), then the 
uncertainties in V, n, and G combine to form an angle- 
independent systematic uncertainty. 

1. G: Measurements of the dimensions of the detec- 
tion slit system are made to an accuracy such that the 
uncertainty on G is about +0.1%. 

2. N: Leakage of the beam collection system was 
measured to be about 0.04% for the incident beams of 
0.2 wa. An uncertainty in NV of +0.1% is assigned from 
leakage. The integrator used was one designed by 
Worthington.'”!* As used in this experiment, its opera- 
tion and calibration are reliable to +0.1%. The con- 

1 A subsequent check (by D.F.H.) of the slit alignments and 


angle calibration found errors sufficient to account for this 
discrepancy. 
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Fic. 2. Excitation curves for C#(d,p)C8-ground state reaction at various c.m. angles from Part I (top 
two curves) and from Part II (bottom curve). 


denser calibration is accurate to +0.1%, and an un- the collector cup, an appreciable amount of beam is 
certainty of 0.1% is assigned to this calibration. Since scattered out of the cup’s acceptance angle. The correc- 
the beam traversed 50 cm of target gas before entering _ tion for this effect was calculated to be about 0.15%," 
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Fic. 3. Excitation curves of Part II over energy region including 
2.5- and 2.74-Mev resonances for C*(d,p)C#-ground state. Note 
that ordinates do not begin at 0. Arrows indicate energies at which 
angular distributions were taken off and on “resonances.” 


and results in an uncertainty of +0.1% in NV. Therefore 
the total uncertainty on N is +0.4%. 

3. n: As has been mentioned, the target gas pressure 
was controlled to +0.05%. The pressure was read with 
a Wild cathetometer.” The accuracy of the control 
and the accuracy of the pressure readings suggest an 
uncertainty of +0.25%. The purity of the target gas 
obtained from Matheson allows an uncertainty of 
+0.1%. However an additional uncertainty on n caused 


TABLE I. Total rms uncertainty at various c.m. angles (in %) 


for measurements of Part II. 
ne 
Process 


C#(d,d)C# 44 5.3 45 
C#(d,p)Cu* 5.6 5.6 8.4 
C#(d'p)C# 47 5.5 4.1 44 








~169° ~125° ~55° ~25° 











*” Cathetometer constructed by Heerbrugg Company of Switzer- 
land. We wish to thank Professor J. R. Dillinger for lending us 
this instrument, and for providing us with the information as to its 
accuracy. 


by air leaks must be considered. The air leaks were 
measured in two ways. One method was to operate the 
differential pumping system with the propane input 
shut off and then observe the equilibrium pressure 
caused by leaks. The other method was to close the 
chamber from all pumps and measure the rate of rise 
of the pressure in the chamber. These tests were in 
agreement, and suggested a contamination of +0.05%. 
No correction was made, but an uncertainty of +0.1% 
is included because of contamination. The temperature 
of the target gas was measured throughout the experi- 
ment, and » was corrected for temperature variations. 
These corrections allow an uncertainty of 1°C or 0.3%. 
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Fic. 4. Excitation curves of Part I at various c.m. angles. 


Arrows indicate energies at which angular distributions, (Fig. 6) 
were taken off and on “resonances.” 


The total uncertainty of » is the sum of these contribu- 
tions, and is +0.8%. 

A(6): The principal uncertainty in angle setting was 
the uncertainty in fixing the 0° position. This position 
was fixed both by sighting through the collimator at the 
detector slit system and also by maximizing (with 
respect to the position of the detector arm) the incident 
beam on an insulated stop. The stop was placed just 
beyond the detector slit system and before the counter 
window. The uncertainty in this calibration is +0.2° 
and the random uncertainty in angle setting is about 
+0.05°. The rms sum of these is +0.21°. The resultant 
error in A(@) varies from about 1.5% at small and large 
angles to 0.1% near 90°. 

The sum of the angle independent errors is +1.3%. 
Since the p-p cross-section measurements indicated a 





CROSS SECTIONS FOR 


discrepancy of at least +1.5%, this figure has been 
arbitrarily increased to +2%. The A (0) uncertainty (at 
each angle) has been added to the angle independent 
uncertainties to give the total systematic uncertainty. 
The final uncertainties are the rms sum of the total 
systematic and statistical uncertainties, and these are 
listed for each reaction in Table I. 

For Part I of the experiment the sum of angle- 
dependent and angle-independent systematic errors was 
~7% at small and large angles and ~4% near 90°. 
Since the angular uncertainty in Part I was primarily 
caused by random fluctuations in the angle settings, 
the rms sum of these errors was actually used to obtain 
the total uncertainty. The rms sum of these errors 
ranged from 3 to 4.5%. The total uncertainty for the 
Part I ground state cross sections is the rms sum of these 
errors (3-4.5%) and the statistical uncertainty. It was 
~5-7% at small and large angles and ~10% near 90°, 
where the cross section for C!*(d,p)C'* was small. 
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Fic. 5. Angular distributions for C"(d,p)C™-ground state taken 
off and on 2.74-Mev resonances at energies indicated on curves. 


ENERGY UNCERTAINTY 


The uncertainty of the resonant energies quoted is 
compounded of the Li’(p,)Be’ threshold uncertainty 
(0.06%), the uncertainty in our measurement of the 
threshold (0.05% and possible random fluctuations 
(always <0.1%). This brings the total uncertainty on 
the incident beam before it enters the gas to +0.14%. 
This is combined with the uncertainty on the energy 
loss in the gas (+2 kev) and also with the uncertainty 
in determining the position of the resonance in the data. 


EXPERIMENTAL RESULTS 


The excitation curves for the ground state reaction, 
C(d,p)C'’, are shown in Figs. 2, 3, and 4. Large 
anomalies are observed at 2.5, 2.74, and 3.01 Mev. 
More detailed angular distributions (Figs. 5 and 6) have 
been taken at and near the two largest anomalies. 
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Fic. 6. Angulardistributions for C!*(¢d,p)C4-ground state taken off 


and on 3.01-Mev “resonance” at energies indicated on curves. 


The anomaly near 3.0 Mev shows an unexpected 
behavior. Only the stripping peak appears strongly 
influenced by the “resonance,” as is apparent in Fig. 4. 
(Similar behavior has been reported for a resonance in 
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Fic. 7. Angular distributions for C(d,p)C-ground state taken 
at energies indicated on curves. The energy dependence of these 
distributions demonstrates the onset of the stripping distribution. 
Note that the ordinates do not begin at 0. 
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Fic. 9. Excitation curves of Part 
II for elastic deuteron scattering 
from C®, Note that the ordinate of 
the 59° curve does not begin at 0, 
and also that the ordinate scale of 
the back-angle data over the 2.5- 
Mev resonance has been reduced 
by a factor of 2. 
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Fic. 10. Elastic scattering 
data and C"(d,p)C%* first 
excited state at back angles. 
Left ordinate scale is for 
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the O'*(d,p)O" reactions’ and recently for the same 
carbon resonance.®) For Ez=2.74 Mev, Fig. 3 shows 
cross section variations of an entirely different character. 
Here the effect at the Butler angle is subordinate to the 
strong back angle resonant effects. In addition it should 
be noted that the data at the stripping peak (@=25° 
c.m.) show constructive interference below the resonant 


energy but destructive interference on the high-energy. 


side of the resonance. This change in sign of the inter- 
ference is characteristic of compound nucleus formation. 

The interpretation of the puzzling behavior at 
Ez=3.0 Mev probably is to be found in the fact that 
the elastic deuteron data (see below) indicate at least 
three resonances near this energy. 

Angular distributions were taken at nine different 
energies, five of which are shown in Figs. 5 and 6. Four 
other distributions are shown in Fig. 7. The latter four 
show the onset of the stripping type distribution as the 
deuteron energy is increased from 1.86 Mev to 2.52 Mev. 

Figures 8 and 9 contain the excitation data of Part [I 
for the excited state reaction and for elastic scattering. 
The back angle data of Fig. 9 show at least three distinct 
and separated resonances near 3.0 Mev, but this 
separation is not apparent at other scattering angles or 
in any of the (d,p) data. The behavior of the data and 


especially the broad dip at the back angle suggest the 
possibility of an additional, broad level near E,=3.0 
Mev. It is interesting to note that the two prominent 
resonances in the (d,p) reactions (Eg= 2.5 and E4= 2.74 
Mev) correspond to the two most prominent resonances 
in the elastic scattering. Figure 10 is a replot of the 
elastic scattering and C!*(d,p)C'**-3.086-Mev state at 
the back angle. Here we see the almost exact energy 
coincidence of the resonant structure. 

One complete and one partial angular distribution 
are shown in Fig. 11 for the (d,p) reaction to the 3.086- 
Mev state of C'*. Unfortunately the difficulty of 
separating these reaction products from the elastically 
scattered deuterons prevented us from completing the 
lower energy distribution. 

Several resonances were found in addition to the ones 
specifically mentioned. The energies and widths of all 
of the resonances, together with the uncertainties on 
both quantities, are tabulated. Since the resonances 
observed here correspond to levels in N™ from 12.4- to 
13.2-Mev excitation, they may be compared with the 
results of Shire et al.” and Shire and Edge.'* They 
explored the same excitation region in N™ with the 


*1 Shire, Wormald, Jones, Lunden, and Stanley, Phil. Mag. 44, 
1197 (1953). 
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TABLE II. Resonant energies in lab units, excitation in N“, and 
level widths (I) in c.m. units. 








Shire et al.s.> Present data 


E: 
in Ni 


12.41 
12.50 
12.60 
12.67 
12.79 
12.82 
12.94 
13.17 


E: 
in N r Er 


12.42 4344 2.502+0.007 
12.50 36+5 2.62 +0.012 
12.60 S0+5 2.7350.006 
12.69 14+4 2.81 +0.010 
12.78 14+4 2.954+0.007 
12.81 542 2.986+0.006 
12.92 21+4 3.123+0.0065 
13.16 3.39 +0.012 
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® See reference 14. 
b See reference 21. 


B"”+<a reactions. Their results are included, for com- 
parison, in Table II. The two sets of measurements are 
in good agreement. 


DISCUSSION 


Previously reported cross sections for the C!*(d,p)C™ 
reaction at Egz=3.29 Mev” are in serious disagreement 
with the present measurements; however, we have 
subsequently been informed that the measurements of 
Holmgrem et al. were made with a target sufficiently 
thick so that the large anomaly at E,~3.01 Mev could 
appreciably influence the results.** Excitation curves 
and angular distributions for the C!*(d,p)C™ reaction 
have also been reported by Bonner ef a/.® Our cross 
sections agree well with theirs near Ez=3.0 Mev, but 
their values at forward angles and from E,=2.0 to 
Ea=2.5 Mev are 20% higher than ours. A further 
comparison, of their resonant energies and ours, indi- 
cates a discrepancy in energy calibration of about 30 
kev, their scale being shifted down in energy with 
respect to ours between Eyg=2.5 and Ey=3.0 Mev. 
At Ez=3.4 Mev, the two scales are in agreement. 

The energy correspondence of large resonances ob- 
served at Eg=2.5 and 2.74 Mev in all three reactions 
suggests compound nucleus formation in the (d,p) 
process. This suggestion is supported by the change in 
sign of the interference between the resonant and 
nonresonant amplitudes at the Butler angle over the 
Eq=2.74-Mev resonance. It is interesting to compare 


22 Holmgren, Blair, Simmons, Stratton, and Stuart, Phys. Rev. 
95, 1544 (1954). 
23H. D. Holmgren (private communication). 
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Fic. 11. Angular distributions for C(d,p)C™* first excited state 
at energies indicated on curves. 


the magnitudes of the stripping cross sections and of 
the observed resonances. The resonant contributions 
to the (d,p) reactions are comparable in magnitude to 
the off-resonance cross sections, indicating that the 
transition probabilities of the two processes are not very 
much different. The appearance of separated resonances 
near Eg~3 Mev in the elastic scattering suggests that 
the E,=3.01-Mev anomaly for the (d,p) reaction is 
actually the result of the interference of several levels. 

Some of the resonances presented here have been 
analyzed by one of us (M.T.M.) in terms of the disper- 
sion formalism of nuclear reactions; also some of the 
angular distributions have been analyzed in terms of the 
stripping formalism. This analysis will be presented 
shortly. 
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The angular distributions of the 440-kev gamma radiation resulting from the Na*(p,p’y)Na® reaction 
have been measured for proton bombarding energies of 1.288 and 1.460 Mev. Decay by inelastically scattered 
protons is particularly favorable for these two well-isolated resonances in Mg*. The results show a marked 
anisotropy, thereby ruling out the possibility that the first excited state of Na* has spin J =}. Otherwise 
the experiments do not permit a completely unambiguous assignment. Evidence is presented, however, 
showing that the most plausible assignment is J=5/2+. 





INTRODUCTION 


T is well known that the ground-state spin of Na™ 
cannot be obtained from a simple theory based on 
the single-particle model. This anomalous behavior is 
usually explained by asserting that the ground state 
configuration is [ (ds)*];. No obvious predictions may 
be made concerning the spin of the first excited state 
which is known to be 440 kev above the ground state. 
The choice between the various possibilities is therefore 
left largely to experimental determination. On the basis 
of shell model theory, one would expect the spin to be 
either J=4 or J=5/2, the former value corresponding 
to an excited state configuration (s;), the latter to an 
alternate spin state of the ground state configuration 
(d,)*. Less likely, although not ruled out entirely, would 
be the choice J=$ which could result from a (d;) con- 
figuration. It is evident that for all cases mentioned the 
parity of the excited state must be even. Experimental 
evidence in contradiction with this result would 
seriously impair one’s faith in the validity of nuclear 
shell structure. 

One possible method by which such an assign- 
ment might be obtained is through a study of the 
Na*™(p,p’y)Na®* reaction. From the experimental point 
of view the simplest way of obtaining this kind of 
information is to do a triple correlation measurement 
in which the intermediate radiation is unobserved. In 
this case the inelastically scattered protons need not be 
detected and the angular distribution of the 440-kev 
gamma radiation may be measured relative to the 
incident proton beam. Even though the above proce- 
dure is much simpler experimentally than an angular 
correlation measurement between the inelastically 
scattered protons and the subsequent gamma radiation, 
such a correlation experiment, using coincidence tech- 
niques, would have the inherent advantage that fewer 
adjustable parameters would enter into the interpreta- 
tion of the results. Any parameter, for example, required 
for describing the formation of the compound nucleus 
Mg” would be irrelevant in a proton-gamma correlation 
study. This disadvantage of a triple correlation meas- 


* Submitted to the Graduate Faculty in partial fulfillment for 
the requirements for the degree of Doctor of Philosophy. 
+ Now at Murray State College, Murray, Kentucky. 


urement is offset, however, by using wherever possible 
those parameters which have previously been used in 
the interpretation of related experiments. 


EXPERIMENTAL PROCEDURE 


The experimental arrangement and the method used 
for these measurements have been described in detail 
by Prosser et a/.! One important improvement in the 
technique consisted in recording the gamma rays from 
the movable counter with a 10-channel discriminator. 
This procedure offers the advantage that the angular 
distribution of the low-energy 440-kev gamma radiation 
may readily be obtained in the presence of low-intensity, 
high-energy gamma rays resulting from competing 
reactions. Observations were made at various angles and 
the yields of the 440-kev gamma ray were taken as the 
area under the appropriate peak of the pulse-height 
distribution. Due precautions were taken to compute 
this yield by means of a consistent procedure, as the 
counting rate usually did not drop to zero on the low- 
energy side of the peak. The angular distribution was 
then determined by comparing the yield at the appropri- 
ate angular positions? with that of the fixed monitor 
counter. 


RESULTS 


The results of the measurements of the 440-kev 
gamma-ray angular distribution for proton energies of 
1.288 and 1.460 Mev are shown in Fig. 1. The indicated 
errors are the probable ones arising only from the 
statistics. Calculations of a least-squares fit of the 
experimental points are indicated by the solid curves. 
Only those terms in the least-squares fit which were 
outside the probable errors are shown. Because of the 
smallness of the coefficients and the geometry of the 
experimental arrangement, no correction was made for 
the finite solid angle subtended by the counters. Calcu- 
lations indicate that the solid-angle correction factors 
differ from unity by a negligible amount.’ 

The form of the experimental distributions may be 
interpreted by using the theory developed by Bieden- 

1 Prosser, Baumann, Read, Brice, and Krone, Phys. Rev. 104, 
369 (1956). 


2 P. C. Price, Phil. Mag. 45, 237 (1954). 
*M. E. Rose, Phys. Rev. 91, 610 (1953). 
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harn and Rose.‘ A useful modification, particularly 
adaptable to the triple correlation process, has recently 
been given Sharp ef al.° To apply this formalism to the 
present problem, specific assumptions must be made 
with regard to the relative contributions of the channel 
spins and the orbital angular momenta of the incoming 
and outgoing particles, as well as the multipole order of 
the gamma radiation emitted. Because of the low-energy 
of the 440-kev radiation, the intensity of E2 radiation 
should be smaller by several orders of magnitude to that 
of M1 radiation. For the bombarding energies used it 
also appears reasonable to assume that at least the out- 
going (inelastically scattered) protons contain only the 
lowest partial wave consistent with conservation of 
momentum and parity. Although these specific assump- 
tions reduce the possible number of theoretical fits of the 
angular distribution considerably, these assumptions 
alone are not sufficient to give a unique assignment of 
the spin and the parity of the excited state of Na¥. The 
various possibilities are discussed below for two reso- 
nances which decay predominantly by inelastic scatter- 
ing, and for which the spin and the parity have been 
independently determined. 

One of the resonances chosen for this investigation 
(at E,=1.288 Mev) is ideally suited for these measure- 
ments. Aside from having the largest cross section for 
the inelastic scattering process in this range of proton 
bombarding energies, it decays strongly by elastically 
scattered protons and by the emission of alpha particles 
to the ground state of Ne” as well. This permits the 
determination of the spin and parity of the compound 
state by two entirely independent experiments. The 
elastic proton scattering experiments have been reported 
by Baumann ef al.6 who have given an assignment of 
1— for this compound state. This result is in agreement 
with the earlier results of Stelson’ based upon the angu- 
lar distribution of alpha particles from the Na*(p,a) Ne” 
reaction. It is of interest to note that the experimental 
angular distribution of the alpha particles could be 
fitted only by assuming that the compound state was 
formed primarily by channel spin 2 and with a large 
admixture of f-wave protons, which for these proton 
energies cannot be justified by penetrability arguments 
alone. Assuming the validity of these assumptions on 
the basis of the agreement with the elastic scattering 
data, one should expect that these same parameters 
should be used in the description of the inelastic 
scattering process. The inclusion of these parameters, 
in addition to those assumed above, allows one to deter- 
mine uniquely the angular distribution of the 440-kev 
gamma radiation for various values of the spin of the 
excited state. It may indeed be shown that the experi- 


4L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 

5 Sharp, Kennedy, Sears, and Hoyle, Chalk River Laboratory 
Report CRT-556 (unpublished). 
( 6 Baumann, Prosser, Read, and Krone, Phys. Rev. 104, 376 
1956). 

7P. H. Stelson, Phys. Rev. 96, 1584 (1954). 
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Fic. 1. Angular distributions of the gamma rays for proton 
bombarding energies Ep=1.288 Mev and E,=1.460 Mev. 
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mental distribution W(#)=1—0.074P2(cos@) may be 
fitted precisely by assuming that the first excited state 
of Na® is 5/2+, that the ratio of channel spins s;(2)/ 
s,(1)=2 and that the ratio of the intensities of f-wave 
protons to p-wave protons is 0.03. This corresponds to 
a ratio for the reduced widths for the formation of the 
compound nucleus [y;?/y:2]!=4 which is nearly the 
same as the value assumed by Stelson. 

It should be emphasized that the experimental 
distribution may be fitted by assuming J=3$+, and 
indeed for J=% or 5/2 and parity odd. This may be 
achieved, however, only by making less plausible 
assumptions about the parameters involved. The ani- 
sotropy of the distribution definitely rules out the 
possibility of /=} for the excited state. This is in agree- 
ment with recent experiments by Mooring and Mona- 
han’ who observed a marked anisotropy in the angular 
yield of the 440-kev gamma rays resulting from the 
Na” (n,n’)Na™ reaction. 

The second resonance at which measurements were 
made occurs at proton energy E,= 1.460 Mev. For this 
resonance there exist again two independent deter- 
minations of spin and parity which, however, are not in 
agreement with each other. The elastic scattering ex- 
periments® have given an assignment of 3— whereas 


8 F. P. Mooring and J. E. Monahan (private communication). 
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an earlier report by Newton’ has suggested an assign- 
ment of 2— for this state. The experimental distribution 
W (@)=1—0.175P2(cos@) may be fitted for either of the 
above assignments, but for the latter assignment only 
if one assumes that the compound state (2—) is formed 
exclusively by channel spin 2. Neither the 2— assign- 
ment nor this mode of formation can be reconciled with 


* J. O. Newton, Phys. Rev. 96, 241 (1954). 
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the elastic scattering data which require approximately 
equal contributions of the two entrance channels. An 
assignment of 5/2+ for the first excited state of Na® is 
again in agreement with these parameters. This internal 
consistency leads one to suspect not only that the 
compound state at p= 1.460 Mev is indeed a 3— state, 
but also that the 5/2+ assignment for Na* is certainly 
the most plausible of those suggested. 
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Beta Decay of Tb!“ 


W. G. Smira, J. H. Hamitton, R. L. Rosprnson, AnD L. M. LANGER 
Physics Department, Indiana University, Bloomington, Indiana 
(Received June 29, 1956) 


The radiations emitted in the beta decay of 7-day Tb’ have been studied with a 180°, 40-cm radius of 
curvature, shaped magnetic field spectrometer and a scintillation counter. Gamma-gamma coincidence 
measurements have also been made. The following transitions with multipolarities indicated were observed 
(energies in kev) : 25.5(E1), 48.9(M1), 56.9(£1, tentative), and 74.6(£1). The following beta groups were 
also observed (energies in kev) : 571, 522, 496, and 439. A level scheme incorporating these data is presented. 


I. INTRODUCTION 


ERBIUM-161 is a 6 emitter with a half-life of 
7 days. The spin of Dy'®, the daughter, was 
determined to be 5/2 by Cooke and Park.’ The end 
point of the beta spectrum was determined to be 0.5 
Mev by absorption measurement.? Scharff-Goldhaber 
et al. made a probable assignment of a 26-kev gamma 
ray to Tb'® based on proportional chamber results. 
Cork et al.‘ reported a single 49.0-kev gamma ray which 
was converted mainly in the Z; electron subshell and 
from this fact assigned an M1 multipolarity to the 
transition. This group postulated that the beta decay 
went to an excited state 49.0 kev above the ground 
state and was followed by an M1 transition to ground. 
The energy of this gamma ray was given as 48.8 kev 
by Jaffe’ from curved crystal spectrometer measure- 
ments. 

Recently, Barloutaud and Ballini® studied the decay 
of Tb! using a scintillation spectrograph and coinci- 
dence techniques. They reported a gamma ray at ~75 
kev, 45-45 kev 7-7 coincidences, and 45-75 kev y-y 
coincidences. The total §-spectrum end point was 
determined to be 550+10 kev, and the 8 spectrum in 


t Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission, and by a grant 
from the Research Corporation. 

1A, H. Cooke and J. G. Park, Proc. Phys. Soc. (London) 
A435, 282 (1956). 

2. E. Hein and A. F. Voigt, Phys. Rev. 79, 783 (1950). 

3 Scharff-Goldhaber, der Mateosian, McKeown, and Sunyar, 
Phys. Rev. 78, 325 (1950) (A). 

“ Cork, LeBlanc, Nester, and Stumpf, Phys. Rev. 88, 685 (1952). 

SH. Jaffe, University of ee) Radiation Laboratory 
Report UCRL-2537, 1954 (unpublished). 

eR Barloutaud and R. Ballini, Compt. rend. 241, 389 (1955). 


coincidence with the 75-kev gamma ray was reported 
to have the same “shape” and end point as the total 
8 spectrum. This group also found coincidences between 
a 8 group and a 47-48 kev gamma ray. They proposed 
a level scheme in which two beta groups populate the 
first and second excited states, 75 kev and 125 kev 
above the ground state of Dy'*, respectively, with no 
beta decay directly to the ground state. 

Temmer and Heydenburg have examined the levels 
observed from Coulomb excitation in natural dys- 
prosium.” They feel that the first excited state, spin 
=7/2, of the Bohr and Mottelson unified model® rota- 
tional band of Dy'®™ and Dy!® lies ~76 kev above 
ground, and that the second rotational level, spin 
=9/2, lies ~166 kev above the ground state. 

It seemed to be of interest to re-examine the decay of 
Tb'™ since neither of the reported level schemes 
incorporated all of the experimental data. 


Il. EXPERIMENTAL PROCEDURE 


The beta spectrum and conversion lines were meas- 
ured in a high-resolution, 40-cm radius of curvature, 
180°, shaped magnetic field spectrometer.’ A specially 
designed end-window, loop-anode counter" was used 
for electron detection. This counter has a plateau of 
over 100 volts at a threshold of 950 volts with a slope 
of 1.5% rise per 100 volts increase. A thin Zapon 
window (cutoff=1.7 kev), supported on 56% trans- 

7G. M. Temmer and N. P. Heydenburg (private communi- 
cation, June, 1956). 

SA. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 


*L. M. Langer and C. S. Cook, Rev. Sci. Instr. 19, 249 (1948). 
10 F. A. Plassman and L. M. Langer, Phys. Rev. 96, 1593 (1954). 
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mission Lectromesh," was used for the detection of the 
low-energy conversion electron lines. An unsupported 
Zapon window (cutoff <6 kev) was used for measuring 
the beta spectrum. The spectrometer was calibrated in 
terms of the well known conversion lines of Cs'*’, Bi’, 
and ThB(F and J lines). 

The gamma-ray scintillation spectrum was studied 
with a 12X1 inch Nal crystal on a Dumont 6292 
photomultiplier, feeding into a nonoverloading ampli- 
fier. The differential pulse-height spectrum was recorded 
with a 10-channel analyzer. 

Gamma-gamma coincidence measurements were made 
by using two Nal scintillators with their axes at about 
30 degrees. A one-inch Pb block was used between the 
crystals to reduce possible scattering from one scintil- 
lator into the other. After non-overload amplification, 
the pulses from one crystal were passed through a 
single-channel differential pulse-height selector and 
then into a coincidence circuit. The pulses from the 
other scintillator, after non-overload amplification, were 
suitably delayed and then entered the coincidence 
circuit. The coincidence circuit was set for a resolving 
time of 0.5 microsecond. The coincidence output pulse 
was made to operate a gate to pass the pulse-height 
spectrum from the second crystal into a ten-channel 
analyzer. 


III. SAMPLE PREPARATION 


The Tb'* used in this study was produced by the 
slow neutron capture of Gd!® and subsequent 6 decay 
of the 3.5-minute Gd'® to Tb'®. It was desireable to 
haye a minimum amount of Tb’, natural terbium, 
present which would produce the 75-day 8 emitter Tb'® 
by slow-neutron capture; this capture cross section is 
much larger than that of Gd'®, Approximately 5 mg 
of high-purity natural gadolinium was further purified 
by making an ion-exchange column separation using 
Dowex-50 cation-exchange resin with lactic acid as an 
eluant.” The gadolinium oxide was irradiated in the 
Materials Testing Reactor. The oxide was dissolved in 
concentrated hydrochloric acid and concentrated am- 
monium hydroxide was added to precipitate Gd(OH);. 
The hydroxide was dissolved in a minimum amount of 
0.5M hydrochloric acid and the rare earth components 
were separated by elution from Dowex-50 cation- 
exchange resin with a-hydroxy isobutyric acid as the 
eluant." The terbium fraction was made 0.5M in HCl 
and placed on a Dowex-50 cation-exchange resin 
column. The organic acid eluant was washed through 
the column with 0.5M HCl and then the terbium was 
removed by using 6M HC] as an eluant. This solution 
was evaporated to dryness and the activity was taken 
up in water. The terbium was deposited from this 
aqueous solution on a 980 ug/cm? aluminized Mylar 


1 L. M. Langer and R. J. D. Moffat, Phys. Rev. 88, 689 (1952). 

2 W. E. Nervik, J. Phys. Chem. 59, 690 (1955). 

13 Choppin, Harvey, and Thompson, J. Inorg. Nuclear Chem. 
2, 66 (1936). 


TABLE I. Conversion electron data. 








Electron Transition 
energy Subshell energy 
ev) or shell (kev) 


(25.5)* 
(25.5) 
25.5 
74.6 
25.8(Min) 
26.0(Nin1) 
48.9 


Relative 
intensity 





(16.5) Ly 
(17.0) li 
17.7 Lin 
20.8 K 
24.1 M 
25.7 N 
39.8 Ly 
40.3 Lu 
41.0 Li 
47.0 M OU ; 
46.6 N 0.8 
49.1 L 56.9(Li1) tee 
55.1 M sont 0 1 
56.7 N 57.0(Nin)” 5 
66.6 L 74.4(Ly1)4 0.1 


very small 
very small 
2.1 


ce 








® See text, Part IV. 

b Multipolarity tentatively determined to be £1; therefore one expects 
relatively large Lin, Mun, and Nu conversion, 

¢ L line(s) partially masked by M and N lines of 48.9-kev transition. 

4 Multipolarity determined to be £1; therefore one expects relatively 
large Lim conversion. 


film with the use of insulin to define the source area." 
The source was then covered with a thin (less than 
10 ug/cm*) Zapon film to prevent possible contami- 
nation of the spectrometer vacuum chamber. 


IV. RESULTS 


The conversion electron spectrum of Tb! is shown 
in Fig. 1. A summary of the conversion electron data 
is given in Table I. The L-subshell lines of the 25.5-kev 
transition were resolved as follows. The transition 
energy was obtained by an extrapolation of the high 
energy edge of the Ly line. The Ly electron binding 
energy was subtracted from the transition energy and 
it was assumed that the Ly line intensity was zero at 
this point, e.g., all of the observed electrons at this 
energy were due to Ly subshell conversion. The 
spectrometer resolution of the Ly could then be 
obtained and the entire Ly was constructed with a 
shape similar to that of the 48.9-kev Ly line. The con- 
structed Liz; line was subtracted from the total and the 
Ly; line was constructed with a shape similar to that of 
the Li line. The Ly; line was subtracted from the differ- 
ence of the total and the Zy1 line and the Z; remained. 
The fact that the shape of the L; line closely resembles 
the Li line shape probably indicates that this method 
of resolution is reasonably accurate. 

Three peaks were observed with the scintillation 
spectrometer. The energies were ~25, ~50, and ~75 
kev. The 50-kev peak was broad and only partially 
resolved. It presumably contained at least three 
components: ~45-kev x-rays, ~50-kev gamma (pre- 
dominant), and ~55-kev gamma. 

The gamma-gamma coincidence studies showed an 
~50-kev gamma ray in coincidence with an ~25-kev 
gamma (the latter was used as the gate). Using the 
75-kev gamma ray as the gate an ~50-kev gamma was 


4. M. Langer, Rev. Sci. Instr. 20, 216 (1949), 
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Fic. 1. The internal conversion electron spectrum of Tb!*!, 


found to be in coincidence. In the latter case, the energy 
of the peak in coincidence appeared to be slightly 
higher than it was with the 25-kev gate. 

The energy sum of the 48.9-kev transition and the 
25.5-kev transition, 74.4 kev, agrees within the experi- 
mental error with the energy of the 74.6-kev transition. 
These energies were obtained from the L;, Lim, and K 
conversion lines, respectively. The order of emission is 
not evident at this point. 

The following multipolarities were assigned on the 
basis of the unscreened K-shell conversion coefficients 
of Rose ef al.,* and the privately circulated L-shell 
conversion coefficients of Rose, Goertzel, and Swift. 

The 48.9-kev transition converts very largely in the 
L; subshel! which indicates that this isan M1 transition, 
in agreement with the assignment of Cork ef al.4 The 
amount of £2 mixing is probably less than 1%. The 
theoretical total LZ conversion coefficient (M1) is 2.3. 

If the L conversion coefficient, Z conversion electron 
intensity and gamma-ray intensity of one transition 
are known, the LZ conversion coefficient of a second 
transition can be calculated when the LZ conversion 
electron and gamma-ray intensities of the latter are 
known. The L conversion coefficients of the 25.5, 56.9, 
and 74.6 kev transitions were determined in this manner. 
It should be noted that the gamma-ray peak at ~50 
kev contained not only 48.9-kev gamma rays but also 
56.9-kevy gamma rays and ~45-kev x-rays. It was 


16 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 
79 (1951). 


assumed that the contribution of the two latter compo- 
nents was relatively small and their subtraction would 
decrease all of the other conversion coefficients which 
would not affect the multipolarity interpretations (F1 
in all three cases). 

The total Z conversion coefficient for the 25.5-kev 
transition was found to be 2.1; the theoretical F1 
coefficient is 1.9. The smallest theoretical coefficient, 
M1, excepting the £1, is a factor of ten greater than 
the experimental value. After resolving the L subshell 
lines, as earlier described, the L;/Ly:/Lyy ratios 
=1/0.75/1.1; the theoretical subshell ratios for an Ei 
transition= 1/0.70/1.1. This is in agreement with an F1 
assignment on the basis of the total L-conversion 
coefficient. 

The L lines of the 56.9-kev transition are partially 
masked by the intense M and N lines of the 48.9-kev 
transition. The ratios L/(M+J) for the 25.5-kev and 
48.9-kev transitions (Z1 and M1, respectively) are ~3. 
It has been shown'*"*® that approximately the same 
ratio is found in several Z1 and £2 transuranium 
element transitions. (No theoretical calculations are 
available for M and WN shell internal conversion.) It 
was also shown in the latter cases that for a given 
transition internal conversion ratios in the M and NV 
subshells are approximately the same as the L subshell 
ratios, e.g., Dy/Lu/Liw~M1/Mur/Mia~N1/Nu/Nun. 

16 W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 

17 Hollander, Smith, and Mihelich, Phys. Rev. 102, 740 (1956). 


8 Hollander, Smith, and Rasmussen, Phys. Rev. 102, 1372 
(1956). 
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Fic. 2. Fermi-Kurie plot of the beta spectrum of Tb!*. 


If one assumes that the same L/(M+N) ratio prevails 
for the 56.9-kev transition, the total LZ conversion 
coefficient can be calculated from the beta-group 
intensity to this level (see following section) and the 
conversion electron intensities. This yields a value of 
0.15 which agrees within the experimental error with 
the theoretical value of 0.21 for an F1 transition. The 
experimental value disagrees by approximately a factor 
of three (too small) with the theoretical value for an 
M1. The energy for this transition was determined by 
adding Lin, Mir, and Ny subshell binding energies to 
the respective electron groups. This assumes that an 
F1 transition is substantially converted in the My and 
Nin subshells. The two electron groups interpreted as 
M and N groups of a 56.9-kev transition might possibly 
be Ly and Ly groups of a transition with an energy of 
~64.4 kev. However, this interpretation gives a poorer 
internal energy consistency and the experimental total 
L conversion coefficient is a factor of four smaller than 
the smallest (£1) theoretical coefficient. 

The K/L ratio for the 74.6-kev transition was found 
experimentally to be ~7. The theoretical K/L ratios 
for £1, M1, and M2 transitions are 5.5, 6.0, and 3.1, 
respectively. The experimental total LZ conversion 
coefficient was determined to be 0.064. This agrees 
reasonably well with the theoretical value for an E1 
transition which is 0.088; the experimental result 
disagrees by a factor of ten or more with any other 
theoretical coefficient. 

There appears to be, on the low-energy tail of the 
74.6-kev K line, a low-intensity L group of a transition 
of approximately 28 kev. This group is probably not a 


K line since no corresponding L lines are observed. 
The 25.5-kev transition has been assigned an £1 
multipolarity ; therefore any contribution to the gamma 
intensity by the 28-kev transition would be small. 

The transition intensities, electrons plus gamma rays, 
were calculated using the theoretical conversion coeffi- 
cients of Rose e¢ al. and the experimentally determined 
multipolarities. The results are given in Table II. 

The beta spectrum is complex and the transition 
energies obtained from the conversion electron and 
gamma-counting data aided in the resolution. 

The resolved Fermi plots are shown in Fig. 2. Groups 
1, 2, 3, and 4, in order of decreasing energies, have the 
following end points: 571+4, 522, 496, and 439 kev, 
respectively. The relative intensities (expressed in the 
same units as the conversion electron intensities) are: 
2.6, 7.6, 4.2, and 3.9. The respective log ft values are: 
7.1, 7.2, 7.0, and 7.5. There was no indication that any 
of the beta groups had nonstatistical shapes; however 


TABLE IT. Transition data. 








Transition 
intensity 
electrons 

plus 
gamma 
rays 


Total 
electron 
intensity 
(relative) 


Transition 
energy 
(kev) 


Theoretical 
conversion 
coefficient 


Multi- 
polarity 





25.5+0.1 6.3 Fi 
48.9+0.1 12 M1 
56.9+0.4 Ei 
74.6+0.4 0.6 El 


1.9(total L) 
2.3 (total L) 


0.48 (K) 








*® See Part IV regarding assignment. 
> Obtained from resolved beta spectrum. 
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this possibility cannot be eliminated since the spectrum 
was complex and the end points were quite similar. 


V. DISCUSSION 


The agreement of the energy sum of the 25.5-kev and 
48.9-kev transitions with the energy of the 74.6-kev 
transition indicates that the former are in cascade and 
the latter is a crossover. The intensity of the 48.9-kev 
transition is approximately twice that of the 25.5 kev; 
therefore the former must be the lower transition in 
the cascade, giving rise to levels at 48.9 and 74.6 kev. 
This is consistent with the beta-spectrum analysis if 
one assumes that the highest energy beta group, 571 
kev, goes to the ground state of Dy. 

The fourth beta group is separated from the third by 
-~60 kev; because a 56.9-kev transition is observed it 
appears that the third excited state is at 131.5 kev 
above the ground state. The proposed level scheme is 
shown in Fig. 3. 

The internal consistency of this scheme can be 
checked partially by comparing the incoming and 
outgoing populations of the levels. 

The presently proposed level scheme was anticipated 
earlier in order to calculate the internal conversion 
coefficient of the 56.9-kev transition. Therefore, no 
check can be made on this level. 

The relative ingoing intensity of the 74.6-kev level 
is 8.1, with 10.5 leaving. This is a reasonable agreement 
considering the uncertainties in the intensity measure- 
ments involved. There is an intensity of 16 going into 
the 48.9-kev level and 15 leaving, which is in good 
agreement.’*.° 

These data define four levels in Dy'®. As noted 
earlier, the measured spin of Dy'® is 5/2. Dy'® is 
between the closed neutron shells at 82 and 126, and 
the unified model of Bohr and Mottelson® might be 


19 After this work was completed we learned of the recent results 
of Cork, Brice, Schmid, and Helmer” who have also studied the 
decay of Tb'*!. They have proposed a scheme with levels at 
25.6, 74.8, 104.0, and 132 kev, and report the maximum energy 
of the beta spectrum to be 540 kev. Our data do not appear to 
be entirely in agreement with this scheme; we find the 48.9-kev 
transition to be approximately twice as intense as the 25.5-kev 
transition which indicates that the former is the lower transition 
in the cascade. Also we obtain a beta-spectrum end point of 571 
kev and find the second beta group to be ~50 kev lower in energy 
than the first; it does not appear that this second group is either 
25 or 75 kev lower in energy than first as would be required if 
the first excited state is 25 kev above the ground state. We had 
noted the existence of a low-intensity group of an ~28 kev 
transition but were unable to fit it into our scheme. On rechecking 
our data, we find some evidence (very weak K and L conversion 
lines) for a transition of ~104 kev. This could be a transition 
from the 104-kev level proposed by Cork e¢ al.™ to ground. The 
energy appears to be less than 106 kev. We did not observe any 
conversion electrons from a 78.3-kev transition. A small contri- 
bution of 78.3-kev gamma rays would not have been observed in 
the large 74.6-kev scintillation peak. These data indicate that 
there are levels at 104 and 49 kev but not at 25 kev. We did not 
observe the 132.1-kev transition; however, the K conversion line 
(if small) could have been hidden under the weak L conversion 
line(s) of an 85-kev transition in the decay of Tb'® which was 
present to a slight extent as an impurity. 

® Cork, Brice, Schmid, and Helmer, Bull. Am. Phys. Soc. Ser. 
II, 1, 297 (1956). 
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expected to be valid in this region. The level calculations 
of Mottelson and Nilsson* predict that Dy'™ should 


. have a ground state spin of 5/2 (derived from an fz 


single-particle level) with negative parity. The first 
excited states of most nearby odd isotopes are approxi- 
mately 80 kev above ground.” The unified model 
predicts that the ratio of the energies of the second 
excited rotational level, spin=9/2, to the first excited 
rotational level, spin=7/2, will be 2.3, for a nucleus 
with ground state spin=5/2. It was noted earlier that 
Temmer and Heydenburg’ feel that they have observed 
these levels from Coulomb excitation, since they 
observed gamma rays at ~76 kev and ~166 kev. 

The first excited state (48.9 kev) of Dy'® is depopu- 
lated by an M1 transition to the 5/2— ground state. 
This requires the former to have spin 3/2, 5/2, or 7/2, 
negative parity. It is not inconsistent with the M1 
multipolarity assignment for this excited level to be a 
member of a rotational band with base spin 5/2. There 
appear to be at least two arguments against this 
interpretation. First, the energy is approximately 30 
kev lower than that of the first excited members of 
rotational bands of most nearby isotopes.”* Second, the 
gamma transition intensity rules of Alaga, Alder, Bohr, 
and Mottelson” predict the relative reduced gamma 
transition probabilities from a given level to members 
of a rotational band; the intensity ratio of the 25.5-kev 


rp?! 


(3.9) 
log ft 7.5 





131.5 kev 


(4.2) 
log ft=7.0 








\ 
(7.6) 
log ft=7,2 
\ 








(2.6) 
log ft=7.1 


Qp- 57! kev 











5% (-) 
py'6! 


Fic. 3. Level scheme of Dy'*!. Numbers in parentheses are 
relative intensities. The superscript “a” indicates transition 
intensity deduced from beta group. 


oss) R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
* A. Bohr and B. R. Mottelson, Beta- and Gamma-Ray Spec- 
troscopy, edited by K. Siegbahn (Interscience Publishers, Inc., 
New York, 1955), p. 492. 
% Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 





BETA DECAY OF Tb?! 


E1 to the 74.6-kev E1 is much larger than predicted 
by the rules if one makes assumptions for the spin and 
K quantum numbers of the 74.6-kev level. 

The spin of the first excited state can only be stated 
as 3/2, 5/2, or 7/2 from the experimental data, the 
spins of the second and third excited states are similarly 
left undefined. The parity of the second excited level 
would be positive since it is depopulated to two negative 
parity levels by £1 transitions. A tentative £1 multi- 
polarity assignment has been made to the 56.9-kev 
transition. If this is correct the parity of the third 
excited state is negative. 

Mottelson and Nilsson” predict a spin of 3/2 or 5/2 
with positive parity for Tb'®; the spin was experi- 
mentally determined to be 3/2. The spin of Tb'® could 
reasonably be expected to be 3/2; this interpretation 
allows an explanation for the nonappearance of the 
first excited rotational level in Dy'®, spin=7/2, since 
a spin change of 2 for the 8 transition would be required. 
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This argument requires that the spin of the negative- 
parity states be <5/2. 

The fact that the log ft values for all of the beta 
groups are ~7 probably indicates that the group to the 
positive-parity level is allowed and is being hindered 
by some additional selection rule while the other groups 
are first-forbidden with spin change 0 or 1. 

It appears that the level spectra of Mottelson and 
Nilsson* do not give a simple interpretation for the 
levels observed in Dy". 
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Fast-Neutron Cross Sections of Ge, As, Se, and Br 
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The total cross sections of Ge and Se were measured for neutron energies between 60 and 650 kev, and 
those of As and Br in the energy range from 60 to 3000 kev. A comparison with calculated values is made. 


HE giant resonances in the fast-neutron total cross 
sections! have been qualitatively accounted for 

by the complex square well model proposed by Fesh- 
bach, Porter, and Weisskopf.? This model does not 
predict, however, the polarization in the scattering 
observed by Adair and others.** For 400-kev neutrons 
the maximum polarization occurs for. d=110 where 
the complex square well model predicts a P-wave 
giant resonance. Adding to the complex square well 
potential a spin-orbit coupling term® results in predicted 
polarizations which have a maximum near the observed 
values of A. The spin-orbit term, however, produces a 
splitting in the giant resonances for which no evidence 
has been found in the total cross-section measurements, 
as will be seen below. In the region of the P-wave giant 
resonance near 400 kev and A= 100 for which there is 
the most experimental information on polarization, 
data on total cross sections are rather incomplete. It 


* ~ * Work su oe by the U. S. Atomic Energy Commission and 


by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 
1H. H. Barschall, Phys. Rev. 86, 431 (1952). 
2 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953). 
3 Adair, Darden, and Fields, Phys. Rev. 96, 503 ws 954). 
4 A. Okazaki, Phys. Rev. 99, 55 (1955). 


was the purpose of the present experiments to fill this 
gap. At the same time, the measurements were extended 
over the whole energy range which had previously not 
been studied. 

The experimental method was the same as in previous 
measurements.® Neutrons for the energy region from 60 
to about 650 kev were obtained from the Li(p,») 
reaction; the higher energy range to about 3 Mev was 
covered by the T(p,m) reaction. The neutrons were 
detected by a y-ray insensitive hydrogen-filled recoil 
counter. 

Total cross sections were measured for Ge, As, Se, 
and Br, corresponding to values of nuclear radius of 
approximately 6.0X 10-® to 6.3X10-* cm. The arsenic, 
purified by resublimation under nitrogen® and packed 
in gas-tight containers 4.6 and 6.4 cm long and 1.9 cm 
in diameter under a nitrogen atmosphere, was checked 
for oxygen contamination by a study of the sample’s 
neutron transmission in the neighborhood of the 440-kev 
resonance in the oxygen total cross section. No effect 
of the oxygen resonance was observed when a 10-kev 


5 See, for example, Okazaki, Darden, and Walton, Phys. Rev. 
93, 461 (1954). 
6 Supplied by A, D, Mackay, Inc., New York. 
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Fic. 1. Total neutron cross sections of Ge, As, Se, and Br as 


functions of neutron energy. The energy spread of the neutrons is 
of the order of the spacing of the points. 


thick target with a statistical uncertainty of less than 
2% was used. Liquid bromine was held in a sealed 
cylindrical glass container 11.9 cm long and 2.5 cm in 
diameter. The change in density caused by thermal 
expansion into a sealed-off side arm was corrected for 
after noting the sample temperature during runs. The 
transmissions of the arsenic and bromine were obtained 
by dividing the number of neutron counts obtained 
with the sample in the neutron beam by the number of 
neutron counts obtained using empty containers identi- 
cal to the ones holding the samples. The selenium and 
germanium were in pure elemental form. The Se sample 
was 4.3 cm long and 2.4 cm in diameter. Corresponding 
dimensions for Ge are 3.5 and 2.0 cm, respectively. 
The distance from source to detector was 30 cm in 
the case of Se and Ge, and 38 cm in the case of As and 
Br, with the samples being somewhat closer to the 


source than to the detector. This geometry gave cor- 
rections to the transmission because of forward scatter- 
ing into the detector of 1% or less when black-sphere 
diffraction scattering calculations’ were used to estimate 
the anisotropy. This type of calculation was used be- 
cause it has been found in cases where there are avail- 
able for comparison differential cross-section data, that 
for small scattering angles there is qualitative agreement 
with the theory of nuclear diffraction scattering. 

Figure 1 shows the measured cross sections. The 
neutron energy spread is roughly equal to the spacing 
between points, except for the lowest few hundred kev 
for As and Br where several sets of overlapping data are 
presented. The statistical uncertainty for Se and Ge is 
about 2.5% and less than that for As and Br. 

These measurements on Ge and Br join smoothly to 
previous data*-!? at both the high and low ends of the 
range. The Se data lie between two previously reported 
sets of data*- on the high end of the range and are in 
agreement over the rest of the range with previously 
reported data.’ 

The arsenic data extrapolated to roughly 9 barns at 
10 kev, where previous data® gave approximately 11 
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Fic. 2. Total neutron cross sections divided by the geometric 
area at a neutron energy of 378 kev are plotted (circles) versus 
nuclear radius for comparison with the calculated values (curves). 
Different amounts of spin-orbit coupling are represented. The 
nuclear radius was assumed to be R=1.45A4!X10~ cm, and the 
potential was taken as 
—42(1+0.037) —4.15 

X 107% (¢/R)5(r —R)L-S Mev, 
Mev, 


r)= r<R 
r>R. 

7 Feld, Feshbach, Goldberger, Goldstein, and Weisskopf, Atomic 
Energy Commission Report NYO-636, 1951 (unpublished). 

8 Data from Oak Ridge National Laboratory quoted in Atomic 
Energy Commission Report BNL 325, 1955 (unpublished). 

® Bollinger, Dahlberg, Palmer, and Thomas, Phys. Rev. 100, 
126 (1955). 

10 W. W. Havens, Jr. and L. J. Rainwater, Phys. Rev. 83, 1123 
(1951). 

1H. R. Dvorak and R. N. Little, Jr., Phys. Rev. 90, 618 
(1953). 

12 N. Nereson and S. E. Darden, Phys. Rev. 94, 1678 (1954). 

18 Walt, Becker, Okazaki, and Fields, Phys. Rev. 89, 1271 
(1953). 
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barns; however, the cross section is probably fluctu- 
ating by one or two barns in this region. 

In Fig. 2 are shown the experimental values of the 
total cross sections divided by the nuclear area, for 
intermediate and heavy elements together with theo- 
retical predictions. The energy chosen is 378 kev because 
it is at this neutron energy that the corresponding 
polarization measurements** were made. 

The calculations were performed by Thomas." A com- 
plex square well potential was used to which were added 
different amounts of spin-orbit interaction in the form 
of a delta-function at the nuclear surface. 


—~Vo(1+¢i)—C3(r—R)L-S, r<R 


V(r)= 
0, r>R. 

The nucleus was assumed to have zero spin. 

A well depth Vo of 42 Mev was used. This value was 
found by Adair’ in fitting total cross-section data 
in the neighborhood of 100 kev, using a nuclear 
radius R=1.45A4!X10-" cm. The absorption param- 
eter (O<{(<1) measures the amount of compound 
nucleus formation. Calculations were made with ¢=0.03 
and 0.10. Increasing ¢ from 0.03 to 0.10 causes the peak 
in the curve of polarization versus nuclear radius‘ to 
disappear, and also reduces the peaks of the calculated 
total cross sections (Fig. 3) so that there is less agree- 
ment with the data. 

The operators L and S are the orbital and spin 
angular momentum operators divided by h. The param- 
eter C gives the strength of the spin-orbit interaction; 
however, in the present calculation it was more con- 
venient to characterize the amount of spin-orbit coupling 
by a dimensionless parameter g. The parameter q is 
related to the amount by which the logarithmic deriva- 
tive of the wave function is changed at the nuclear 
surface as a result of the presence of the delta-function 
potential there. Specifically, C is given in terms of g by 
C=qh?/MR, where M is the neutron mass. There is no 
simple correspondence between the value of g appropri- 
ate to this calculation and the strength of other forms 
for the spin-orbit potential ; however, the well depth V; 
of a uniform (square well) potential of radius R having 


4 R. G. Thomas (private communication, 1955). 
16 R. K. Adair, Phys. Rev. 94, 737 (1954). 
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Fic. 3. The calculated values of the total neutron cross sections 
divided by the geometric area are shown for a few combinations 
of values of g and ¢ to illustrate the effect of increasing the absorp- 
tion parameter. 


the same integral as the delta function would be related 
as follows: g= MR?V,/h*. 

The calculated cross sections are shown for several 
values of g, where g=3 is an amount which fits the 
polarization data of Okazaki.‘ At R=6.8X10-" cm, 
where the maximum polarization was observed,’ g=3 
corresponds roughly to a uniform interaction of 3 Mev. 

The agreement between the calculations and experi- 
mental values in Fig. 2 can be seen to be only qualita- 
tive, and noticeably poorer when spin-orbit coupling 
was included, even though the polarization experiments 
of Adair and Okazaki indicate the necessity of having 
a spin-orbit interaction in the potential. The measured 
cross sections do not show any evidence for the splitting 
of the peak in the neighborhood of R=6.8X10-" cm 
which is produced when the spin-orbit coupling term is 
introduced into the potential. As was pointed out by 
Okazaki,‘ the calculations with a spin-orbit term do not 
give a quantitative fit to the measured polarizations 
either. These disagreements point to the need for 
further calculations with other forms for the complex 
potential (e.g., a well with rounded edges), such that 
enough spin-orbit coupling is included to agree with 
polarization data and yet that they be consistent with 
the measured values of total cross section. 
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The energy and width of the well-known 1.75-Mev resonance in the C(p,7)N™ reaction have been in- 
vestigated by bombarding a thick target of 60% C* with electrostatically-analyzed protons. The resonance 
energy was determined to be 1746.9+0.8 kev, relative to the Li’(p,n)Be’ threshold at 1881.1 kev. The 
observed width was 510 ev. When account is taken of the thermal motion of the target atoms, an upper limit 
to the resonance width may be set at 400 ev; the contribution to this value of the spread in the beam energy 
is unknown. If one uses the radiation width previously measured by Seagrave (wI", = 14.8 ev), the resonance 
cross section is ¢z >64 mb. The dimensionless reduced proton width (for d-waves) is 6,2<1.5X 107. 





INTRODUCTION 


HE 1.75-Mev resonance in the C¥(p,7)N™ re- 
action (N*=9.16 Mev) has been observed by 
several investigators,’~* who have obtained a resonance 
energy of 1754 kev and a width of 2.1+0.2 kev. The 
angular distribution’ of the y rays to the ground state 
of N* limits the angular momentum and parity of the 
resonance level to the values 1+, 2-, or 2+. The large 
value of the radiation width (wI',=14.8 ev) obtained 
by Seagrave,’ indicates an E1 transition to the ground 
state and consequently J=2-, T=1 for the 9.16-Mev 
state. A recent report from the Duke University group‘ 
indicated that is resonance had a width of less than 
0.8 kev. In view of this result, a re-examination of this 
resonance has been made in an effort to obtain a more 
precise measurement of the width. 


EXPERIMENTAL PROCEDURE AND RESULTS 


A C® target (about 75 kev thick to 2-Mev protons) 
was prepared by cracking methyl iodide (enriched to 
60% C) onto a hot tantalum strip. This target was 
mounted in a target chamber at a distance of approxi- 
mately 3 in. from a liquid-air trap. By trapping as close 
as possible to the target, carbon buildup was essentially 
prevented and no displacement of the resonance to 
within 50 ev was observed in three runs. 

The proton beam from the Kellogg Laboratory 3-Mev 
electrostatic accelerator was analyzed with a 90° 
cylindrical electrostatic analyzer of 1 meter radius. The 
entrance and exit slits of the analyzer were less than 
0.5 mm in width. The y rays were detected with a 
2 in.X2 in. NaI(TI) crystal placed at 90° with respect 
to the beam. 

Initial runs over the thick-target step at the resonance 
indicated that the width was less than about 650 ev. It 


t Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

* National Science Foundation Postdoctral Fellow; now at the 
University of Rochester, Rochester, New York. 

1R. B. Day and J. E. Perry, Jr., Phys. Rev. 81, 662(A) (1951); 
R. B. Day, thesis, California Institute of Technology, 1951 
(unpublished). 

2 J. D. Seagrave, Phys. Rev. 85, 197 (1952). 

* Woodbury, Day, and Tollestrup, Phys. Rev. 92, 1199 (1953). 

4R. M. Williamson and W. Haeberli (private communication). 


is difficult to obtain a reliable measure of such a small 
width when the energy of the electrostatic accelerator 
and the voltage of the analyzer must be changed in 
small steps. Therefore the accelerator and the analyzer 
voltages were maintained constant corresponding to a 
bombarding energy approximately 700 volts above the 
resonance energy and positive voltage from batteries 
was applied to the target. The proton energy at the 
target was then lowered in steps of 100 volts across the 
resonance. Only those runs during which the analyzer 
voltage was constant to within 0.003% were accepted. 
This spread corresponded to a deviation in the mean 
beam energy of +50 ev or a deflection of +1 mm on 
the most sensitive scale of the galvanometer used to 
measure the voltage across the plates of the electrostatic 
analyzer. The zero position of the galvanometer was 
checked before every run. Three runs across the reso- 
nance were made in this manner; the results are pre- 
sented in Fig. 1. 

The measured resonance width (corresponding to the 
energy difference between the points at } and ? of the 
maximum yield) is 510 ev. The contribution to this 
value of the spread in the beam energy is not known 
since there is no convenient method of measuring this 
quantity in the energy region near 1.75 Mev. The 


TABLE I. Properties of the 1747-kev resonance in C¥(p,y)N¥*. 








Resonance energy (Er) 1746.9+0.8* 
Excitation energy in N™ 
Proton width (',=T) 
Total radiation width (wI'y) 
Radiation width 9.16--0 Mev 
Radiation width 9.16-6.44 Mev 
Dimensionless reduced 

width (d waves) 


(0,2=7,?X2Ma/3h, a=1.41(13!-+0.1) 10-8 cm) 


Thick-target yield 1.15X10-* 
disintegrations/proton> 


Resonance cross section (cR) >64 mb 
90% 9.160 Mev, 


y-ray spectrum 
10% 9.16-6.44 Mev 
J,x,T 2, —, 14 


<1.5X107 








* Relative to the Li?(p,m) Be? threshold at 1881.1 kev, Jones ef al. (ref- 
erence 4), 

> Seagrave (reference 2). 

© Woodbury ef al. (reference 3). 

4 Day (reference 1). 
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Fic. 1. Thick-target step at the 1747-kev resonance in C"8(p,y)N™. The energy scale 
is based on the Li’(p,) Be? threshold at 1881.1 kev. 


energy scale was determined by observing the threshold 
for the Li’(p,n)Be’ reaction at 1881.1 kev.® Relative to 
this value, the resonance energy is 1746.9+0.8 kev. 
This value is in good agreement with the recent meas- 
urements at Duke‘ (1747.6 kev), using the same 
calibration. 


DISCUSSION 


In addition to the spread in the beam energy and the 
natural width of the resonance, the thermal motion of 
the target atoms contributes to the observed width. 
The Doppler broadening of a resonance has been given 
by Bethe and Placzek®: 


A=4(M,EkT/M;)}, 


when E>>kT and where M, is the mass of the bombard- 
ing particle and M; is the mass of the target nucleus. 
For a target temperature of 320°K, the Doppler 
broadening is A=300 ev for the 1.75-Mev resonance in 


5 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 
°H. A. Bethe and G. Placzek, Phys. Rev. 51, 450 (1937). 


C+ p. Consequently an upper limit may be placed on 
the resonance width: I< 400 ev. 

The thick-target yield due to this resonance has been 
measured by Seagrave? who obtained a value of 
1.15X10-* disintegration/proton; the corresponding 
radiation width is wI'y=14.8 ev. The resonance cross 
section may be expressed as? og=3.01wI',/ErI'p, where 
Ep is the resonance energy in Mev, I, is the proton 
width in kev, and wl’, is the radiation width times the 
statistical factor in ev. Using Seagrave’s value for the 
radiation width, we obtain crp>64 mb. 

Since the large value of the radiation width indicates 
an E1 transition and J=2-, T=1 for the resonance 
level,! the protons which form this state have /=2. 
With the present upper limit to the proton width, the 
dimensionless reduced proton width becomes 6,?=7," 
X Ma/3h?<1.5X10-* for a=1.41(13!+1)K10-* cm. 
The explanation of the occurence of such a narrow level 
at the relatively high bombarding energy of 1.75 Mev 
and the consequent small value of 6,’ is not as 
yet known. 

A summary of the properties of this resonance is 
given in Table I. 
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Nucleon Transfer and Virtual Coulomb Excitation* 


G. Breit AND M. E. EBEL 
Yale University, New Haven, Connecticut 


(Received August 6, 1956) 


A semiquantitative explanation of the experiments of Reynolds and Zucker on transfer reactions arising 
in the collision of N* with N" is arrived at, making use of the effect of Coulomb excitation to virtual levels. 
These excitations are shown to be important even though a permanent separation of nuclei in Coulomb 
excited states may be energetically impossible. The process is of sufficient generality to have application to 
other similar reactions. An analysis of the experimental material shows that the process is probably im- 
portant in the case of the N'*4+N™ reactions for all energies below that required for contact between nuclear 
surfaces and that it is probably the only important process at bombarding energies below 15 Mev. 





I. INTRODUCTION AND NOTATION 


N attempt! to explain the experimental results of 
Reynolds and Zucker? on N“+N* transfer reac- 

tions on the basis of tunneling of nuclear particles from 
one nucleus to the other gave a too rapid variation of 
the reaction cross section with energy, the disagreement 
with experiment being by a factor of about 35. It also 
gave angular distributions in qualitative disagreement 
with experiment. In both cases the results are inde- 
pendent of assumptions regarding the nuclear radius 
as long as the radius is not so large as to give contact 
of nuclear surfaces. Since it is very improbable that the 
latter may take place, one has to suppose that some 
other process is modifying the transfer process. The 
modification resulting from static distortion of the 
shape of the nucleus has been estimated and according 
to reference 1 can at most reduce the factor 36 to 18. 
It has been concluded! therefore that some other process 
is taking place. The tunneling from the ground state 
just referred to has made little use of specialized assump- 
tions regarding the nature of nuclear forces. The essen- 
tial assumption made is that they have a short range. 
For this reason one expects a strong drop of yield at 
low energies and an associated dominance of large 
deflections. The assumptions made regarding the char- 
acter of the ground configuration enter the calcula- 
tions referred to mainly in the determination of numer- 
ical energy-independent coefficients. These assump- 
tions have, to be sure, been too specialized, the exist- 
ing evidence being in better agreement® with an inter- 
mediate rather than extreme j—j coupling model. 
Nevertheless, the only essential change which would 
affect the character of the energy or angular dependence 
of the cross section is a large change in the nuclear 
radius. The change has to be so large that at 10-Mev 


* This research was supported by the U. S. Atomic Energy 
Commission under Contract AT (30-1)-1807 and by the Office of 
Ordnance Research, U. S. Army. A preliminary account of the con- 
tents of this paper was presented at the New Haven meeting of 
the American Physical Society [G. Breit and M. E. Ebel, Bull. 
Am. Phys. Soc. Ser. II, 1, 303 (1956). 

1G. Breit and M. E. Ebel, Phys. Rev. 103, 679 (1956). 

2H. L. Reynolds and A. Zucker, Phys. Rev. 101, 166 (1956). 

3D. R. Inglis, Revs. Modern Phys. 25, 390 (1953) ; B. Jancovici 
and I. Talmi, Phys. Rev. 95, 289 (1954). 


bombarding energy there is an appreciable force on a 
nucleon in one nucleus due to nucleons in the other. 
Such a change would make it incorrect to use the bar- 
rier penetration factor for leakage through regions of 
negative kinetic energy of the transferred particle. 
It appears unlikely that such phenomena can take 
place as a result of specifically nuclear forces for energies 
at which the N™ nuclei are never closer than 1.37 10-” 
cm to each other. 

The electric field of one nucleus at the other brings in, 
however, a long-range interaction without making 
radical changes in the assignment of nuclear radii. It 
offers a possibility for increasing the yield at low ener- 
gies and for distant collisions provided it is capable of 
exciting the nucleus on which it acts to a state in which 
the wave function of the nucleon to be transferred de- 
creases appreciably more slowly outside the nucleus 
than in the ground state. The present paper is con- 
cerned with this process. 

In Sec. II the relative coordinates appropriate to the 
problem are considered. The Hamiltonian is written 
in forms showing the way in which the terms group 
themselves so as to correspond to the introduction of 
internal functions, the energy responsible for virtual 
Coulomb excitation, and the perturbing part respon- 
sible for the transfer. In Sec. III the separation of 
variables is discussed and approximations simplifying 
the treatment are introduced. In Eqs. (3.4) and 
(3.5) there occurs an initial state wave function ¥°%, 
the transfer from which takes place on account of the 
perturbing effect of V; according to Eq. (3.5) or, more 
explicitly, Eq. (4). The ¥°” contains parts correspond- 
ing to the ordinary Coulomb wave describing the rela- 
tive motion of two charged particles and other parts 
corresponding to Coulomb excitation having taken 
place in one of them. The calculation of the latter is 
made in a special but reasonably typical case in the 
remainder of this section beginning with Eq. (5). 
The function ¥°% is replaced by a somewhat simpler 
quantity y which does not refer to the whole system 
but applies to one of the heavy aggregates having been 
replaced by a point charge. The internal coordinates of 
the particle doing the Coulomb excitation are clearly 
unessential to this part of the consideration. The result 
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of this work is Eq. (7.5), which gives the Coulomb- 
excited wave at arbitrary points in configuration space. 

In Sec. IV the two special cases of excitations result- 
ing in bare dissociation and in the formation of states 
lying high in the continuum are considered. The sum 
over partial waves occurring in Eq. (7.5) is carried out 
making some approximations and results in Eq. (9.2) for 
one case and Eq. (11.3) for the other. In Sec. V the 
wave mechanical calculations are compared with corre- 
sponding estimates by means of a semiclassical theory 
(SCT) in which the motion of the heavy aggregates is 
considered by means of classical mechanics while the 
excitation process is treated quantum-mechanically. An 
approximate agreement between the two ways is found. 
Numerical estimates are then made employing the f sum 
rule for dipole transition probabilities along the lines 
of Levinger and Bethe.‘ This procedure makes the 
conclusions essentially independent of the specialization 
to s-p transitions which was made in the preceding 
section. It is then found that with a conservative esti- 
mate of the chance of transfer due to virtual state forma- 
tion one may expect a factor of about 5 in favor of 
transfer by this process in a comparison with tunneling 
from the ground state. This discussion is found in con- 
nection with Eq. (15). A set of limitations and omissions 
in the treatment is discussed in items (a) to (i) in the 
text following Eq. (15). In view of the difficulty of tak- 
ing into account all of these omissions properly, the 
remainder of the paper is concerned with an attempt to 
infer from the experimental material the relative im- 
portance of the factors entering the interpretation 
which have not been explicitly calculated. It is found 
that reasonable agreement with experiment is obtain- 
able by bringing in some of the effects of different 
degrees of adiabaticity of the collisions depending on 
the collision time. This view is not in disagreement with 
the approximate resonance caused by the nearly equal 
binding energy of the last neutron in N“ and N®. The 
part of the continuum mainly responsible for the excita- 
tion matters in determining the energy dependence and 
the angular distribution. 

The phenomenon of virtual state formation by 
Coulomb excitation is a special case of a more general 
situation which was discussed by one of the writers® in 
connection with Li’ reactions. According to this view, 
proximity of the two colliding nuclei can cause transi- 
tions to other configurations within one of the nuclei 
which can influence the course of the reaction and in 
particular can give effects somewhat similar to an 
effective increase in nuclear radius, especially for im- 


4 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 

5G. Breit, Rev. Sci. Instr. 9, 63 (1938). On hearing an account 
of the present work and in reply to a question, Professor E. P. 
Wigner recalled an unpublished consideration of S. M. Dancoff 
[U. S. Atomic Energy Commission Report AECD-2853, May, 
1950] regarding spontaneous alpha emission in which an excita- 
tion of the residual nucleus of a temporary type, and therefore 
somewhat similar to that considered here, has been studied. 
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probable reactions. Qualitatively the effect of the 
virtual-state formation worked out in the present paper 
has resulted in the increase in the reaction cross section 
which is large for large impact parameters, as though 
the nuclear radius were increased. 

From a formal viewpoint, the consideration of 
virtual-state formation differs from the more familiar 
type such as enters the theory of bremsstrahlung® in 
that in the present case the starting point is very far 
from being a plane wave. It is in fact a wave highly 
distorted by the action of the Coulomb field. On account 
of the fact that the masses of the colliding nuclear ag- 
gregates are large, one can picture the collision process 
approximately by means of classical mechanics. In 
doing so one arrives at an approximate and at first sight 
paradoxical situation in which the energy required for 
virtual-state formation can be borrowed from a classical 
kinetic energy in an amount larger than the kinetic 
energy. This paradox is apparent rather than real 
because the classical orbit picture is only a convenient 
substitute for the more complete consideration of the 
wave function. 

The present paper is not intended as a quantitative 
treatment. As has been mentioned many effects have 
been left out of the considerations. In addition to those 
discussed below there are several others such as that of 
higher multipoles which is likely to become more im- 
portant at short distances and neglect of effects of 
particle identity. A complete treatment is probably 
impossible without a thorough study of the photo- 
disintegration cross section, and the analysis of the 
experiments would be more certain with the addition 
of measurements of angular distributions at lower ener- 
gies. It appears probable nevertheless that virtual 
Coulomb excitation plays perhaps the main role in the 
transfer reactions for N%+N" at energies below the 
Coulomb barrier and probably also in transfer reactions 
for other similar nuclei. 

The following symbols are used in the paper: 


r,= coordinate of proton with respect to nucleus 
to which it is initially attached. 
r=relative coordinate for motion of nuclei. 
Z,e, Z2¢= charges of colliding nuclei in initial state. 
m=reduced mass for the colliding particles in 
initial state. 

M=reduced mass for the relative motion of the 
proton with respect to the nucleus to which it 
is initially attached. 

w°%=wave function for the system neglecting 
possibility of transfer. 
WY“ =first order correction to ¥©™ resulting from 
transfer. 
y= wave function describing proton and relative 
motion of nuclei. 
¥°= Coulomb wave function for motion of nuclei. 


( 6H. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 83 
1934). 
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2, W,=wave functions describing initial and ex- 
cited states of proton. 
E,=energy of states w, measured with respect 
to 2. 
2, %= relative velocities of nuclei in initial and final 
states, respectively. 
n=Z,Z2e/, he, 
hk, hk,.=relative momenta of nuclei in initial and final 
states, respectively. 
ex=(0(L+1+%m)/T(L+1—%n) }}. 
Y,,=spherical harmonic of order /. 
b1*=coefficient used in the addition of angular 
momenta, defined by Eq. (5.9). 

F,, Gr=respectively, the regular and irregular solu- 
tions of the differential equation for rX radial 
function in a Coulomb field. 

Cow= { 20e/[—1+exp(2mpe) ]}'. 
Qyo=h?/(Z;Zyme) is the Bohr length for the 
collision. 
d= (ra,/2)}. 
= (2m/h*)(Eo— E). 
ro= separation of nuclei at the perihelion of the 
classical orbit. 
2a’= distance of closest approach of the nuclei. 
€, w= parameters of classical orbit. 
§= Eyn/2E. 
b=nuclear radius. 
p=impact parameter of the collision. 


II. RELATIVE COORDINATES 


On account of the change in the grouping of the 
particles which results as a consequence of the transfer, 
it is necessary to present in detail the grouping of terms 
in the Hamiltonian made in treating the relative coordi- 
nates. A particle of mass ms; is supposed to be attached 
initially to a mass m2 and to be transferred, as a result 
of the collision, to mass m,. The masses m,; and me 
are those of nuclear aggregates such as N® and N™. 
One introduces for the final state the coordinates 


R= Ra= (myty+-msts)/(mi+ms), 
R= (myt1+-mere+msts)/(mi+ms+ms), (1) 


as well as momenta 


Tg1> T3— f1, 


Psi= — Pis= His (ps/ms)— (pi/mi) ] 
= (mips—msp)/ (m+), 
Po, 13= [m2 (mm1+-ms)/(mi+-m2+ms) | 
X((p2/m2)— (prt ps)/(9m1+ms) ] 
=[(om1+-ms)p2—me(pit ps) J/(mit+met+ms), (1.1) 
with 
His= mym3/(m1+ms) (1.2) 


standing for the reduced mass of 1 and 3. The alterna- 
tive expressions for the momenta are given so as to 
show the entrance of velocities as well as the direct 
meaning in terms of momenta. The kinetic energy of 
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the system, discarding the term depending on the total 
momentum, is 


T= par*/(2urs)+ po, 13"/ (22, 18), 
where 
be, 13= M2(m,+m;)/ (mi+-m2+ms) 
is the reduced mass for the relative motion of 2 with 


respect to the center of mass of m, and m3. The Hamil- 
tonian may be written as 


H= pis?/(2u1s)+ po, 13°/ (2u2, 18) 
+Vo8(t2, s+ mitis/(mi+ms))+ Vis(tis) 
+ V12(matss/(mi+-ms)— Fe, 13) + Hut (1.3) 


with r2,13 standing for the displacement vector from the 
center of mass of 1 and 3 to 2. The last two terms in 
(1.3) represent respectively the parts of the Hamil- 
tonian pertaining respectively to the internal coordi- 
nates of particles 1 and 2. 

Since in the applications the ratios m3/m, m3/me2 are 
reasonably small, terms of order m3/#, m3/mz will be 
neglected and the Hamiltonian will be written in the 
approximate forms 


A= pis?/(2urs)+ po, 18°/ (2u2, 13) + V2a(| 82, 134+ Fis] ) 
+Via(ris) + Vie(| t2,13]) + Hut+HAee (1.4) 


for the final state and 
H&p2s*/ (2u23)+ pr, 28°/ (21, 23) + V2a(r2s) 


+ Vis(| Ti, ost+F23| )+ Vi2(| YT, 23| )+ Hut (1.5) 


for the initial. The unessential specialization consisting 
in the replacement of displacement vectors by their 
absolute value is now being made. For simplicity the 
dependence on the vector directions has been sup- 
pressed. It may be introduced without inherent com- 
plication but at the expense of a more complicated 
notation. 

In each of Eqs. (1.4) and (1.5) there enters a different 
set of relative coordinates. In Eq. (1.4) particle 3 is 
considered as attached to m, and the mass mz is con- 
sidered as moving with respect to the center of mass of 
m+ ms. In these respects the situation is as in the 
exact Eq. (1.3) but an approximation is made in (1.4) 
regarding the potential energies V2; and V2. The effect 
of the approximation is that the problem contains 
only the coordinates rs and f213 in addition to the 
internal coordinates of aggregates m, and m2. The co- 
ordinates 113, f2,13 enter V23 in a combination such as 
would enter a problem in which a particle p is displaced 
from m: by a vector r, and from m, by r,—r which 
corresponds to setting f3=r—Tp, f21s=—r. With 
these identifications the potential energy terms Vo3+ Vis 
+Viz occur in Eq. (1.4) as though one were dealing 
with the particle p in the fields of m, and m2 and as 
though the effective mass for r were ye,13 and that for 
I— I, were 413. For the initial motion the approximation 
of Eq. (1.5) corresponds to rs2=Tp, T1,23=T1, Ti, 23+Tes 
=I—TFp; the effective mass for reg is wes, that for r is 
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1,23. Equations (1.4), (1.5) could have been set down 
on an intuitive basis but the approximations made 
would then not be as readily accessible to inspection. 
Since at the larger distances between 3 and the other 
two particles the surviving interaction is the Cou- 
lombic one, the important terms in the present problem 
are V3, Vis. For these the important interaction energy 
depends on distance only and the simplified notation is 
therefore justifiable. 

The charges of the colliding nuclei are taken to be 
Ze, Ze, respectively. For the sake of concreteness par- 
ticle 3 will be taken to be a proton and will be referred 
to by the subscript ». The proton is attached initially 
to me. In the r, r, notation, 


Vo3(r23) = (Z2— 1)e*/rp+ Vi(r,), 
Vis(ris) = Z,e?/|rp—t|+Vi(|r—rp|), (2) 


Vie(r12) = Z1(Z2—1)e*/r, 
where 
r=fr,—1e. 


Here Vi, V2 are potentials of non-Coulombic origin. 
For the initial state, in terms of the identifications dis- 
cussed right after Eq. (1.5), one may arrange the con- 
tributions to V as follows 


Z2Z2¢ 1 1 
V= +2:¢( --) 





r lr—r,| 7 


+(Vieo4——) 


ot Vi | r—r,| \+ Vit Vor. (2.1) 


The first term represents the Coulomb energy of two 
point charges Ze, Zze at a distance r from each other. 
It may be used in the definition of the Coulomb func- 
tions for the initial stage and may be removed from the 
wave equation by employing wave functions containing 
the Coulomb functions as factors. The second term, 
containing Z,e*, brings in a potential energy such as 
occurs in the theory of Coulomb excitation and will be 
referred to as the Coulomb excitation potential. It 
gives rise to Coulomb excitation of proton p by Ze while 
p is attached to m:. The third term contributes to the 
potential energy of p in the field of m2 and has to be 
taken into account in the definition of the eigenfunc- 
tions describing the condition of p before transfer. The 
term V;(|r—r,|) brings about the possibility of transfer. 
For the final grouping of particles the following ar- 
rangement of terms in the potential energy is natural. 


+1) (Z1—1e! 
oe +(@-ne(—--) 


r % 7 


Zé ) 
|r—rp| 


+V2(tp)+Virt Ver. 





+(Ms(lr151)+ 


(2.2) 
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The Coulomb functions describing the relative mo- 
tion of the heavy particles contain now the product 
(Z:+1)(Z2—1) instead of Z,Z, for the initial state. In 
the final state there exists also the possibility of Cou- 
lomb excitation of the final nucleus under the influence 
of the charge (Z2—1)e which is left on that nucleus 
which has lost the proton, and the remaining terms have 
a meaning similar to that described for corresponding 
terms in relation to (2.1). It is seen that in the arrange- 
ment of contributions to V there occur the combinations 


Ze 
V'=Vy(|2—19|) +——, 
|r—rp| 


(2.3) 


and 


Veetf= Vo(rp)+(Z2— 1)e?/r >. (2.4) 


The first of these represents the effective potential for 
the proton after transfer when it is attached to m; 
the second gives similarly the effective potential of the 
proton before transfer while it is still attached to mz. 
The Coulomb potential energies which enter these ex- 
pressions are to be modified for small jr—r,| and rp, 
on account of the space distribution of nuclear charge. 
Since no explicit use of these parts of the potential 
energies will be made in the present paper, this modifi- 
cation is not consistently indicated but it is nevertheless 
useful to remember that these contributions to V,° 
and V,° are not literally correct. The main object in 
exhibiting the forms of V;*f and V,2°‘ is, however, to 
show how these quantities are related to the parts of the 
Hamiltonian which are not absorbed in the definitions 
of the Coulomb functions for heavy particles, the 
Coulomb excitation potential, and the potentials used 
in the definitions of internal functions. In the initial 
grouping shown in (2.1) the r, is contained only in 
Vi(|r—r,|) after the other potentials are absorbed 
in the introduction of the three kinds of functions just 
mentioned. This perturbation potential is, however, 


not V,°f but 
Zé 


V,°t— (2.3’) 


b 
|r—rp| 


and is therefore considerably more attractive than the 
effective potential needed for the description of the 
proton after capture. 

III. SEPARATION OF VARIABLES 


In accordance with (2.1), it is convenient to intro- 
duce ¥°" by means of 


(HO*— Ewer =0, (3) 


with H©% containing all but the V; part of the poten- 
tial energy so that 
H°N =H—V;,(|r—r,l). (3.1) 


By means of the identification r,=132, f=11,23 which 
has been discussed in connection with (1.4), the kinetic 
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energy part of (1.5) becomes 
(—H?/2y23)A(tp)— (h?/2yr, 23) A(r), 


where the quantity in parentheses after the A indicates 
the variables with respect to which differentiations are 
made in the A. The expression for the kinetic energy will 
be written by introducing symbols 


m=11,23, M=n2:, (3.2) 


so that m is the reduced mass for the colliding particles 
in the initial state while M is the reduced mass for the 
relative motion of the proton with respect to the nucleus 
to which it is initially attached. This notation does not 
give a convenient distinction between initial and final 
reduced masses. Since in the applications contemplated 
here the mass of the transferred particle is relatively 
small, one has, however, 


(3.3) 


and a distinction between these reduced masses and 
those for the initial state would not be altogether con- 
sistent with the approximations made in obtaining 
Eqs. (1.4), (1.5) from the more accurate initial equa- 
tions such as (1.3). 

The function ¥©* is the solution of the problem if one 
neglects the possibility of transfer. The superscripts on 
this symbol are intended to indicate the Coulomb wave 
solution by means of C and the entrance of heavy 
nuclei in the solution by V. The Coulomb repulsion of 
the heavy colliding particles and the possibility of 
Coulomb excitation of the proton from the ground state 
of the composite system 2, 3 are taken into account in 
W°%, The plan of the calculation is to employ ¥°* in a 
perturbation procedure in which V;(|r—r,|) is con- 
sidered as the perturbing part of the Hamiltonian. 
Representing the first order correction to ¥°% by ¥“™ 
one has 


Mis=M, 21s, 


P= VOVp po, (3.4) 


and since VW" satisfies (3) one has 
(H-—E\WY=—-—Vywve’, (3.5) 


In solving for ¥® one can use on the left side of this 
equation either the arrangement of V such as in (2.1) 
or else the one corresponding to the final state and 
shown in (2.2). The second of these has the advantage 
of showing more directly the relation to the final state. 
Employing it, one has to solve 


he he 
——A(r,) + Vit"-—a(r) 
2M 2m’ 


Pe 
+(s-e(—-—)+ 

% r 
+V2(r_)+Hiit+Ho—E lve 


(Z:+1)(Z2:—1eé 





== Va |r—ry| VO. 
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Here the difference in the meaning of the coordinates 
and masses for the final state from that for the initial 
is indicated by primes. This distinction will be dropped, 
however, in view of the smallness of this difference 
which results from the fact that ms<m,, m3s<mz. 
In treating Eq. (4), the following approximations will 
be made. In the first place, V2(r,) will be dropped. 
This approximation is partially justifiable because the 
main effect of ¥“ is to cause the appearance of the 
proton at m, and in this region V2(r,) is small. The 
approximation is not completely justifiable, however, 
because Y® originates at m2 as a result of Coulomb 
excitation by Z,e and is thus not necessarily negligible 
in the region of appreciable V2. A second approximation 
will be made in neglecting the term (Z2—1)e?(1/r,—1/r), 
corresponding to disregarding the effect of Coulomb 
excitations after transfer. This procedure is also not 
completely justifiable because ¥“’ has appreciable 
values in the region of small ry. In fact, looking at the 
reaction in the reverse direction of time, Coulomb ex- 
citation of the final states may be expected to be im- 
portant if it matters for the initial states. The approxi- 
mations made amount, therefore, to an unsymmetric 
treatment of initial and final states resulting in the 
omission of terms arising in the time reverse reaction in 
a manner similar to those kept. 

With these approximations and conventions, one 
may expand 

¥O=)); 4;(tp—1) ¢;(), (4.1) 

where 


{— (W?/2M)A(rp)+ Vie (tp— 1) +Airt+HAo2— E;} 
Xu;(r,—r)=0. 


Here the u; are eigenfunctions for the final nucleus 
obtained by transferring the proton to m;. The entrance 
of internal coordinates of m, and mz is understood but 
not shown in #;. The index j distinguishes not only the 
states of the proton but also those of the aggregate 
systems mm, m2. The right side of Eq. (4) may be 
expanded as 


—Vi(|r—rp| YO" =D; u;(rp—14)x;(r), 


where the x; are functions of r only which are otherwise 
defined by the above expansion. Combining Eggs. (4), 
(4.1), (4.2), and (4.3), there results the approximate 
equation 


ht? (Z:+1)(Z2—1) 
r)+ 


m™ r 


(4.2) 


(4.3) 


é—(E-E)) 





¢;(t)=x;(r). (4.4) 
The requirement will be made that the ¢;(r) be asymp- 
totic to constant multiples of exp(ixj) for E—E;>0 
and to constant multiples of exp(—a,r) for E—E;<0 
with x;>0, a;>0. These requirements together with the 
equations just mentioned determine ¢;(r). 
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The amplitudes of the ¢;(r) at r= determine the 
probabilities of the transfer reaction taking place. 
According to (4.4) these depend on the magnitudes of 
the x;(r), and according to (4.3) the x;(r) owe their 
existence to V°’, The latter consists partly of a term 
representing the incident wave with the initial grouping 
of particles in their ground states. For this term, the 
factor Vi(|r—rp|) on the left side of (4.3) exercises a 
strong selection because of the limited range of V3. 
The left side of (4.3) vanishes unless ¥°" has appreci- 
able values for sufficiently small |r—r,|, and W°% 
cannot have such values unless r is sufficiently small. 
Otherwise the leakage of p out of the aggregate m2+m; 
is not sufficient to make it lie close enough to m. 
The situation is radically different, however, for the 
parts of ¥°% for which the aggregate m2+m; has been 
raised to an excited state, for now the leakage of m; 
is more pronounced and # can find itself in the region 
of small |r—r,| even if r is large. It becomes necessary 
to compare therefore the relative sizes of contributions 
to ¥°% arising from the ground state and from excited 
states of the colliding nuclei. In particular, if ¥°% 
contains a part for which is in an excited state relative 
to m2 while the remainder of mz is in its ground state, 
then the u; can also contain the ground state of m2 and 
the ¢; is energetically possible at large r whenever this 
is the case for the part of Y® in which all of m2+mz; is 
in its ground state. The main requirement on the calcu- 
lation to be performed therefore is to compare the 
values of the contributions to ¥°% arising from p being 
in its ground state or in an excited state with respect 
to me, while the internal condition of m2 is unexcited. 

The problem is thus essentially reduced to the con- 
sideration of the relative magnitudes of parts of ¥V°" 
just described. For large r, these values are much smaller 
for the highly excited states of p. Thus, for example, for 
r= these parts of V°’ vanish whenever the excitation 
energy is higher than the initially available kinetic 
energy of the colliding nuclei. For states in which the 
process is energetically possible but the excitation 
energy is high, the probability of Coulomb excitation is 
low because of the nearly adiabatic character of the 
collision. Neither of these considerations excludes, 
however, the existence of an appreciable probability 
of an excited state of p at smaller r. 

The calculation of ¥°% will be made employing the 
form (2.1) for the potential energy. The perturbing part 
of the Hamiltonian responsible for Coulomb excitation is 


(5) 


In order to deal with a simple case, the dipole type of 
excitation only will be considered so that the relevant 
part of H’ will be contained in the approximation 


H!= (4/3)Zi2 Lin v(rp/1°)V*1u(Op,%)Vin(8,¢), (5.1) 
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where (r5,9,,¢p) and (r,0,¢) stand respectively for the 
polar coordinates of r, and r, with @ denoting the colati- 
tude and ¢ the azimuth. The Coulomb wave without 
Coulomb excitation will be denoted by y° and the 
nucleus with mass m, will be considered for the present 
as a single particle with charge Z,e. The latter simplifica- 
tion is unessential since in the present part of the prob- 
lem it amounts to the omission of the factor in the wave 
function which contains the internal coordinates of my. 
The subscript u covers the values —1, 0, 1 and the 
Y;, are spherical harmonics of order / used with the 
normalization 


the integration being over all solid angles. The phases 
are in the standard convention’ giving simple forms for 
angular momenta. A complete treatment of the problem 
should involve the consideration of the complete wave 
function of the aggregate m2+m3. For simplicity, how- 
ever, the effect of changing the central-field states of 
particle p alone will be discussed for the present. The 
spin of p will be left out of the consideration and » will 
be taken to be in an s state. The initial state of p will 
be denoted by 2;(r,), the three final substantes to which 
it may be excited for a given energy level by w,(rp). 
Considering these three substates only, the wave 
function is 


Y=VI+D WY, (5.2) 


Substitution of y into the wave equation gives then the 
approximate equation 


(H%+E,— EW, = — HW, (5.3) 


where the Hamiltonian for the system consisting of m1 
and the aggregate m2+mz; is H®-+H’ and where the 
energy of the degenerate level with eigenfunctions w, 
is E, when measured with respect to the ground state 
of m2+mzs while 


, f w,*(t5)H’0,(r,)dt. (5.4) 


On account of the presence of (r,9,¢) in H’ the H’,; is a 
function of these quantities. On expanding y’ in partial 
waves, one encounters on the right side of (5.3) the 
combinations ¥°Y1,,, the Y1,, coming from the last 
factor in (5.1). Employing for ¥° a Coulomb modified 
plane wave of unit density 


v=), 14(2L4+1)P1(cosd)erF 1 (kr)/ (kr), 


with symbols as in the list of notation, one finds 


(5.5) 


qi 


VV 1 = (40)? Dt 7 1)her_sbr_"F 1-1 


— (2L+3) ter srbras"F ys ]V 1, us (5.6) 


7B. L. van der Waerden, Gruppentheoretische Methode in der 
Quantenmechanik (Verlag Julius Springer, Berlin, 1932). 
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where 
ex=[T(L+1+in)/T(L+1—in) }, 

(3/4n)4 
1—1"= 

[(2L—1)(2L+1)}! 

(L(L+1)}) — (L(L+1)}} 

x(——. 1 ——), 60 
_— 8/4n)! 
~ [(2L+1)(2L+3)} 

[L(L+1)}! 
x(-— = 


23 











brit 


, ’ 


[L(L+1)}# 
REN) 


for w= (1, 0, —1), respectively. The coefficients 6 enter 
through 


Yi, elt, o= fi (L,u) V 141, pt B-1(L,u) Y1-1, My 
Bi(L—1,u)=br-1*, Ba(L+1, w)=bz41". 


The notation in terms of the bz_1", 641" would be con- 
fusing, being incomplete, if it were not for the fact that 
in the present paper b;_,* always refers to a 8, and 
br41" toa Bi. 

From (5.1) and (5.4), it follows that 


f= K Y;,° (6, ¢)/?, (6) 


(5.9) 


with 
K=[(4r)!/3]Z,e*(rp), (6.1) 


where 


(rp)= ¢ Ro(rp)Ri(ty)r "dr p, (6.2) 


and the radial functions R;, R, for the initial and final 
states of » are normalized according to 


f RF (r,)7 7dr p= f R?(r,)r7dr,=1. (6.3) 
0 0 


For states in the continuum, the normalization integral 
is understood to extend through the radius of a quan- 
tizing sphere. Introducing (6) in (5.3) and remembering 
that 

¥i,*=(—)*Yy, 
one has 


(H+ E,—EW™_,= (—)*\(K/P) Vw. (6.4) 


The right side of this equation is a sum of products of 
radial functions multiplied by the Vz, as is seen from 
(5.6). Equation (6.4) may be solved therefore by 
identifying parts containing the same Y,, on both 
sides and solving the resultant radial equations subject 
to the appropriate boundary conditions. The latter 
have to represent the requirement that the y™, con- 
tain outgoing waves only, since the incident state is 
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being dealt with here. The equations are of.the type 


@ 2d L(L+1) 
(-—--<-W+u+ )x 
dr rdr r 


=Fi(kr)/(ke*) (1) 
with 
hu? = (2m/h?) (E— Ev) 


and U(r) standing for the term introduced by the 
Coulomb energy. The solution of (7) is 


X=[1/(kkur) ] f Cx(r,7’)Fi(kr’)(1/r)dr’, (7.1) 
with : 
Gury’) =H (kur>)F i(Rwr<), Htr=Grt+iF 1, (7.2) 


the functions Fz, G, being here Coulomb functions for 
the state having energy E—E, and 


(r>r’) 
(r’>r). 


(rs <) sa (r,7’) ’ 


(r,r<)=(r'7), 


(7.3) 


The notation is here abbreviated by omitting explicit 
indication of the argument of the Coulomb functions 
which is independent of r. No confusion will arise, 
however, if it is remembered that whenever kyr rather 
than kr enters the Coulomb function the second argu- 
ment corresponds to an energy E—E, rather than E. 
If E—E, <0, the definition of Hz, given in Eq. (7.2) 
has to be changed so as to make Hy exponentially 
decaying at large r but preserving the validity of 


H1dF ,/dr—F ,dH1/dr=kw, (7.4) 
which is needed for the correctness of (7.1). By means 
of (7.1), (5.6), and (6.4), one obtains 


yo_,=( Hd) KS aie 
gi “eet 


(Ce f Gi(r,7’) 
0 


dr’ 
4 Fr-s(kr')—— (2L+3)%er4 ib 141" 
r 


. dr’ 
xf Sulrr)Fia(tr)—). (7.5) 


According to (7.2), the Gz contains in one of its terms 
the product Gz(kur>)F 1(kwr<). When r=r’, the small- 
ness of F, within the Coulomb and centrifugal barriers 
is largely compensated for by the largeness of Gz. The 
large barrier-penetration effects do not enter therefore 
for values of r for which the factor multiplying $x(r,r’) 
in the integrand has an appreciable value. It is thus 
immediately obvious that the value of E—E, does not 
enter nearly as critically as it does for larger values of r. 
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For these the G,(kwr) enters only with the larger argu- 
ment, and since for large r Gz is asymptotic to a sine 
function of unit amplitude the compensation of the 
smallness of F, cannot take place. 


IV. SPECIAL CASES 


The case EE, will be considered first. The param- 
eter m» which enters the Coulomb functions is 


w= ZZ 2€*/hrw, 
where 


Vy = [2(E—E,)/m]}! 


is the classical velocity of relative motion corresponding 
to the residual energy E—E, when p has been excited 
to the energy E,. In the limit E—£,, the classical 
velocity vanishes and 7,,—>*. One has accordingly® 


Fy (her 2-H [14+ L/w") 
X [1+ (L—1)9/mu?]- + -[1+1/ne?]}# 
XCow(r/dw)*Ter41(«), (8) 

Gr (hw = — (24/Cow) (r/aw)? 

(C14 L?/mo? 1+ (L—1)°/nu?] 

+++ [1+1/me?]}4*Kor41(2), 
where J,(x), K,(x) are Bessel functions of imaginary 
argument in the notation of Whittaker and Watson,’ 
«= (87/dw)'= (Shur nw), 
Cow= [2rw/(—1+exp(2rnw) J}, (8.1) 


while 


y= h?/ (ZZ ame*) (8.2) 


is the Bohr length for the collision. The values (8) give 
F 1 (hw )G1 (hur!) — 2h (r9")Tor41(%)Ker+1(x’), (8.3) 


where x’ is the value of x corresponding to r’. For the 
distance of closest approach in the collision of N™ 
and N™ at 10-Mev bombarding energy the argument 
of I and K is about 36, so that asymptotic expressions 
for large values of the argument apply. Employing, 
therefore, 


Tor41(x)~e*/(2mx)#, Kensi(x)~— (4/2x)'e-*, 
one has 

Fy (hur)Gr (Rot 2d (rr’)* exp(a—x’). 
The coefficient of the exponential may also be written as 


Ie (r1’)4/ (ceze’) 4. 


(8.4) 


For r=r’, one has 


F (kor )G1 (kur 2th (dur). (8.5) 


8 Yost, Wheeler, and Breit, Phys. Rey. 49, 174 (1936); G. Breit 
and M. H. Hull, Jr., Phys. Rev. 80, 392, 561 (1950). 

*E. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, London, 1920), third edition, Chap. XVII. 
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The large effects of barrier penetration are contained in 
the factor Cowe” in F, and the reciprocal of this factor 
in Gy. These factors cancel out completely in (8.5), 
and in (8.4) for moderate x—x’ there is only a weak 
effect left. Since (8.4) enters for r’>r only, the effect 
of the factor exp(x—-x’) is to decrease Gr(r,r’) and to 
give it a cusp-like behavior as r’ is varied while r is 
fixed. The integrals in (7.5) can be evaluated approxi- 
mately by making use of this circumstance. One has 


|u—a!|=|r’—r|/d, d=(ra/2)}, (8.6) 


as follows by differentiation. For 10-Mev bombarding 
energy in the case of N“+N" at the distance of closest 
approach, r= 14.0(7) X 10-" cm, while a=8.4(7) X 10-5 
cm for these two nuclei and d=0.77X 10-* cm. On the 
other hand, for the incident state and the above r, one 
has kr=18.2. A quarter-wave change corresponds 
roughly to a change of x/2 in kr which corresponds to a 
change of 1.2X10-" cm in r. Thus d is only slightly 
smaller than a quarter wavelength and the cusp may 
not be considered as infinitely sharp. On the other hand, 
d is relatively small compared with r so that one may 
treat all factors multiplying exp(—|x—x’|) in the 
integrands of (7.5) except Fz, as constants. Proceeding 
in this manner one finds 


f Gu(rr’) LF 1 (kr’)/1”? \dr’ 
0 


=(1/(2rmo)) LF u(r) +R@PP 1" (kr) ]. (8.7) 


In obtaining this formula, the integrations over r—r’ 
have been taken from — © to + rather than over the 
actual range. The error caused by this approximation 
is doubtless not as important as some of the other 
inaccuracies on account of the smallness of d/r. The 
second term in brackets on the right side of (8.7) gives 
a rough correction to the first term. Since (8.7) contains 
the infinite quantity 7, in the denominator, the right- 
hand side vanishes. On the other hand, (7.5) contains 
in the denominator the vanishing k, and the right side 
of (7.5) is finite and does not vanish. Disregarding the 
second term in brackets in (7.5) and another circum- 
stance to be discussed presently, it is possible to perform 
the summation over L in (7.5) as follows: 


(2ZL—1)4ez_1b1_-1" f Gi(r,r’) 
0 


X LP r-1(hr’)/r? Jr’ — (2L+3) ez41b 141" 


xf Seley LP (be )/r\ar 
0 


~[(2L— 1)$er_1b,_-1"F 11 (hr) 


= (2L+3)$er41br41"F 141(kr) ]/(2rne), (9) 
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and substituting into (7.5) one needs the sum 


HHy,, 
p> > [(2L—1)#ez_1br_1"F 1-1 (kr) 
L 


—(2L4+3)ter4:b141"F 141(kr) ] 


qe 
— Zz. —(2L+1)*{p; (Lu) Viite 
L kr 


+6-1(L,u) ¥ 1-1, y JexF 1(kr) 
=[¥o1 i4(2L+1)'erV 1, oF 1(kr)/kr V1, 5 


=(4r)*Y1,*. (9.1) 
Employing this value in (7.5), one obtains, on making 
use of nukw=1/a, 


yor_ ou ny, ww 
h’r/a 
(4x)! 
= (—)e rp) Vs. 
3Z 


ef 


(9.2) 


This value of y“)_, is approximate only, several ap- 
proximations having been made as is clear from (8.7) 
and the related discussion. According to (9.2) the 
Coulomb excited wave is decidedly smaller than y’, but 
the factor involved is essentially the moderately small 
(rp)/(Zor) rather than the very strong barrier-penetra- 
tion factor. 

The last of the two expressions for y“ given in Eq. 
(9.2) does not contain Z, except for its appearance in 
y°. On the other hand, the first expression shows that 
if r/a is kept constant, y,/y* is proportional to K and 
hence to Z;. The occurrence of K for fixed r/a is not 
surprising since the radial functions in the parfial 
wave analysis of y“), have a shape dependent on r/a 
only. The disappearance of Z; from y®,/¥* in the 
second of the two forms in (9.2) requires explanation, 
however, because the effect of Z; is present in a con- 
cealed form. It enters in the applicability of the asymp- 
totic expansions for J2z41(x), Ker41(x) used in obtaining 
(8.4) which requires that x be large enough. Since, for 
fixed r, this « is proportional to Z;', the last form in 
Eq. (9.2) is only apparently independent of Z,. It 
gives the quantity in the limit of sufficiently large 2. 
It should be mentioned that in the derivation of (9.2) 
the asymptotic forms used for J2z41, Kex41 become in- 
applicable for sufficiently large L. For this reason, as 
well as the approximations related to neglecting the 
second term in square brackets in (8.7), one has to 
regard Eq. (9.2) as a crude approximation. On the other 
hand, the large Z are not important for close collisions 
which are of main interest for the nucleon transfer 
cross section. 

The effect will next be considered for very high excita- 
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tions. The radial equation for F; becomes 


2 ee) : 


F,=0, (10) 


ar 


B>0. (10.1) 


One can introduce for this equation two solutions some- 
what analogous to the case of positive kinetic energy and 
referred to by the same letters: 


oy PUAL+(1/08)) 
~-r(2L+2) 
H,®=W,, m(26r), x= —1/(a8), 


where M,, m(z), W«,m(z) are solutions of the confluent 
hypergeometric equation in Whittaker’s notation. 
For large r, 


FO~A (2B)! 98eh, 


M,, m(28r), 





(10.2) 


Hi ®~(26r)-N98¢-6", (10.3) 


so that 


H,©dF,/dr—F,dH,/dr=B. (10.4) 


Instead of Eq. (7), one deals in this case with 


L(L+1)\ Fi (kr) 
r )x- 





4 


e246 
(-—--—+8+u)+ , (10.5) 


dr? rdr 


which has the solution 


1 C) 
Xua— f 61 (r,r’)LFi(kr’)/r’? Jd’, (10.6) 
k6r 0 


with 
GL (rr) =A (ro) FL (re). 


Employing the approximations (10.3), which are justi- 
fied by the assumption of largeness of 8, one has 


(10.7) 


(11) 


Here it was assumed that the lack of symmetry in this 
cusp-like function is negligible, again in conformity 
with the assumption of high excitation. This value of 
Gi” takes the place of (8.4) in the case of bare ioniza- 
tion, i.e., zero relative kinetic energy of heavy particles. 
One should compare therefore 


Gi (7,9)3 exp(—B|r’—r]). 


bined 1 
J bexpl— 87-1) ]dr=- 


with 
+00 
ria(ar) f exp(— |r’—r| /d)dr=}kvra. 


On account of the difference in these quantities, the 
right side of (9.2) needs multiplication by 


2/(Bkwra). (11.1) 
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In addition it is necessary to consider the reason for the 
occurrence of the k, in the denominator of (7.5), which 
is readily seen to be the presence of ky» on the right 
side of (7.4). Since in the analogous Eq. (10.4) of the 
new case, ky is replaced by 8, there occurs a 1/8 in 
(10.6) instead of the 1/k, in the corresponding (7.1). 
The application of (10.6) to obtain an equation taking 
place of (7.5) for the new case gives therefore a similar 
right hand side with 1/k, replaced by 1/8 and Gr 
replaced by Gx. In addition to the factor (11.1), 
there is therefore the factor ky/@ to be introduced. The 


net factor is 
2/(6*ra), 
and the approximation corresponding to (9.2) is 


yo sgl eee at, y 
= her? -_ 
2(49r) Kr) 
a (— yr wv. 
3228" ar’ 


As in the previous case the barrier penetration effects 
have disappeared. These are still present in (10.3) but 
the relative smallness of the Fz,“ at small r is not the 
determining factor since it enters with H, to give the 
Gx.” in which there is exact compensation of the 
penetrability effects when r=r’. The effect of the ex- 
citation energy is contained in (10.3) in the factor 1/6? 
only. This type of dependence can be expected from 
the general form of the first-order perturbation in a 
wave function which is obtainable by the Rayleigh- 
Schrédinger perturbation method and contains as a 
factor the reciprocal of the excitation energy. The cal- 
culation could have been performed in fact by employ- 
ing a quantizing sphere and reducing the problem to the 
calculation of the wave function of a stationary state. 
Such a calculation would involve, however, a sum over 
all possible 8 rather than just those corresponding to 
conservation of energy and would be more complicated 
than the one presented here. The first of the two forms 
for y_, shows proportionality to Z,; which is con- 
tained in K. 


(11.2) 


(11.3) 


V. COMPARISON WITH THE SCT AND 
NUMERICAL ESTIMATES 

It is of interest to compare the results obtained so 
far with the approximation of considering the relative 
motion of the two heavy aggregates by means of classi- 
cal mechanics. High excitation energies give then small 
probabilities of ordinary Coulomb excitation. As has 
been mentioned, however, an important influence in 
this smallness of the effect is the increasingly adiabatic 
character of the collision as the excitation energy is 
increased. For this reason smallness of Coulomb excita- 
tion after the particles have separated does not imply 
its smallness for small distances of approach. The 
general situation is in fact that appreciable probabilities 
of Coulomb excitation at small distances are followed 
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by a de-excitation in which the energy of excitation is 
gradually returned to the kinetic energy of the colliding 
particles. 

In approximating a quantum problem by a classical 
one, the question of correlation of initial and final 
states frequently arises and in the sense of Bohr’s 
correspondence principle one usually takes some kind 
of mean of initial and final states in the classical calcu- 
lations in order to obtain agreement with quantum 
quantities. In the present case the initial state in the 
above sense is the whole y of (5.2) by means of which 
one can obtain ¥® of (3.4), which gives rise to the 
final state in which the neutron has been transferred 
from one nucleus to the other. The results under im- 
mediate discussion are concerned with y“,, which is 
part of y, and the usual averaging procedure between 
initial and final states does not apply therefore to the 
consideration of the initial and final velocity of the 
heavy aggregates in the determination of y,. For this 
reason it is simplest to calculate the probability of 
virtual state formation employing the initial relative 
velocity. On the other hand, this simplified procedure is 
an approximate one only because it would not give 
correctly the probability of real Coulomb excitation for 
which the y, at large r have to be considered as the 
final states. 

On the SCT there enters a matrix element of the 
time-dependent perturbing Hamiltonian 


Hi (t) — KY,, a“ (61, ¢:), lp 2, 


where 7;, 0, ¢: are the values of r, 0, g at time ¢. The 
amplitude of the excited state w, is 


(12) 


1 t 
Ay=— fi Hull) exp(iBya/Mit, (12. 


—o 


where E,, is the energy of the state w, minus the energy 
of 2; On account of the degeneracy with respect to u, 
one may take 


Eyi= Eq= hwo. (12.2) 


It is convenient to parametrize the hyperbolic mo- 
tion by” 


y=a'(@—1)! sinhw, 
t= (a’/v)(w+e sinhw), 


x=a'(e+coshw), 


12.3 
r=a' (1+. coshw), aa 


where « is the coordinate measure along the major axis 
of the hyperbola, y in a direction perpendicular to x 
and ¢ is the eccentricity. For the closest collisions, e= 1 
and if one may set w=0, one has for the perihelion, on 


making use of 
°o 6 6dw 
iene 
0 1+coshw 


(e=1, w=0, w=0). (12.5) 


(12.4) 
_ ers) 


qn ’ 
V3Z2 


1K. A. Ter-Martirosyan, J. Exptl. Theoret. Phys. (U.S.S.R.) 
22, 284 (1952). 


A,=A_,=0, 
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The effect of the excitation energy is to change the 
integral in (12.4) to 


“ expli(w+sinhw) ] | 


1+coshw os 





2 et 
= (12.6) 
rereaes | 


0 1+coshw 
with 


§=wa'/v= Eyn/(2E), (12.7) 


where the value of » is that for the initial velocity, 
with some uncertainty inherent in the application of 
classical mechanics to the present problem. The exact 
treatment of (12.6) is tedious. A crude but apparently 
fair approximation for high excitations can be obtained 
as follows. Introducing 


u=w-+sinhw, (13) 


one has 


f ef oo) a (13.1) 
» 1+coshw 0 du 


By numerical trial it is seen that 


(dw/du)*0.25/[1+ (u/2.75)*] 





(13.2) 


the approximation being reasonably good between 
u=0 and u=6.5. In this region (dw/du)? decreases from 
0.25 to 0.032, and the principal part of the effective 
range of values of this factor is covered therefore by 
(13.2). Employing this approximation, one obtains 
from (12.6) and (13.1) 


eit 


Sd 121( 
f nie — hag 
o 1+coshw 64 15.5 


i 
——¢2-18t Ei(—2.758) 
5.5 
i 
+e? 18 Fi(2.750| 
5.5 


~1 s0{* —e 28 





1 
deltatagt lp os 
2.7512. SE (2. sp 
where 


~Bi(-)= fT (e~*/t)dt, Bi(a)=P f (e'/t)dt, 


and P stands for “principal value of.” For sufficiently 
large &, Eq. (13.3) reduces to 


C) eit 
f (13.4) 
“9 1+ coshw 
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Combining this result with (12.5), 
Ac&0.145k(r,)/(Z2£), (13.5) 


while the other two classical amplitudes are zero as in 
(12.5). The calculations so far have been made for the 
special case e= 1, i.e., for orbits corresponding to head 
on collisions and the limits of integration for w corre- 
spond to the perihelion. Without these specializations 
one can observe that for close approach and high excita- 


tions 
. e“tdw 
1+. coshw 


20 


is much smaller than 


f etdw 
—« 1-+e coshw d 


and that therefore 


e ‘dw 


f etdw ) 
—«o l+e coshw _ w ite coshw 





On the other hand, if one sets u=w+e sinhw, the in- 
tegral in the last equation is 


(Oto) 


eit dw? ieit 
a (—) tamsenererenemepeen,| ChE 
it §(1+ coshw)? 


According to (12.3), the excitation amplitude is ex- 
pected therefore to be proportional to 1/r?. This de- 
pendence on 7 is similar to that of y®_, in Eq. (11.3). 
The factor y“ in that equation also contains r, but since 
the classical estimate is made in terms of the ratio of 
the probability of excitation to the probability of 
finding the particles in a certain relative position, the 
comparable quantum estimate must be made by taking 
the factor multiplying y° in (11.3). The entrance of r 
in ¥° should not be counted therefore in the com- 
parison with (13.6), and the comparison indicates ap- 
proximately the same variation of the probability of 
excitation with distance in the two cases. 

The relative probabilities of excitation will now be 
compared at the perihelion, i.e., r=2a’. According to 
(11.3), the factor multiplying y’ is in this case, dis- 
regarding signs, 

K | Vi, 
—_——, (13.7) 
| AZ| (2a)? 
which is to be compared with Apo of (13.5). Employing 
the value of K from (6.1), the ratio of the quantum- 
mechanical amplitude to Ao reduces to unity if one 
sets |¥1,,| in (13.7) equal to (3/4x)!. This number is 
just the value of | ¥1,,| which was used in obtaining 
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(12.5) on the SCT, the reason for using it having been 
that in the plane of the orbit only Y;,o is distinct from 
zero. The correspondence between the SCT calculation 
and the one by the quantum treatment of the relative 
motion is seen to be rather close for the case of high 
excitations. 

The quantum calculation may be expected to be rela- 
tively better for high excitations than for those barely 
resulting in ionization, because for high excitations the 
treatment of the Green’s function as having a very 
sharp cusp is more nearly justified. The approximation 
of Eq. (13.4) for the SCT also involves the assumption 
of large & and is therefore more questionable when 
applied to excitation resulting in bare ionization than 
to high excitations. The comparison of the quantum 
and SCT calculations by means of the approximations 
worked out in the present paper is not as significant 
therefore as the comparison for high excitations. Making 
the comparison for r= 2a’ by employing Eq. (9.2) for 
the quantum case and Eq. (13.5) for the SCT and 
setting V1,9= (3/41)! in the quantum calculation, the 
ratio 


Aguant/AZAE/E. (13.8) 


In the application to N“+N", one is interested es- 
pecially in a bombarding energy of 10 Mev, correspond- 
ing to E=5 Mev, and the excitation energy is the tight- 
ness of binding of a nucleon, which is about 10 Mev. 
The right-hand side of (13.8) is thus of the general 
order of unity in this case. The quantum estimate gives 





Z\Z2€"/r 
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a slower decrease of the excitation amplitude with dis- 
tance than the classical one. There is also some penetra- 
tion into the region of negative kinetic energy for the 
heavy aggregates implied in y° which is absent in the 
SCT. These effects are in the direction of making the 
quantum effect relatively the more important one. It 
should be observed however that the term k?d?F,”’ (kr) 
in (8.7) has been omitted in the estimates and that 
through the oscillatory region F,’’ has a sign opposite 
to that of F,. This correction is in the direction of 
decreasing the quantum quantity but the effect of this 
correction is least important in the vicinity of the 
classical turning point. It is seen therefore that the SCT 
gives a fair approximation to the quantum result. 

Returning to the consideration of Eq. (4), one sees 
that on its right side there is present in ¥°* a contribu- 
tion caused by the presence of Coulomb excited waves 
having their origin in >>, wy, of Eq. (5.2). This part 
of ¥°* gives rise to contributions to ¥“ of Eqs. (3.4) 
and (4). Since the w, are more highly excited than the 
ground state function »,, the tunnelling factor in the 
nucleon transfer calculations!" varies for them less 
critically and transfer from these states may be ex- 
pected to take place more readily once they are present. 
No attempt will be made here to take their effect into 
account exactly, the main object being to consider the 
qualitative implications of the virtual state Coulomb 
excitation effects. The ratio of the high excitation form 
of y™, to the form derived for bare removal of a nu- 
cleon gives, by comparison of (11.3) with (9.2), 


amplitude for high excitation 


(13.9) 





E,—E amplitude for excitation to bottom of continuum 


For closest approach, the numerator in the above 
formula is the kinetic energy in the center-of-mass 
system. For N“+N" at a bombarding energy of 10 Mev 
and for E,—E=20 Mev, the above ratio is 1/4. The 
comparison indicates therefore that the excitations to 
the lower part of the continuum are the more important 
ones. 

In order to make numerical estimates, it is necessary 
to remove the specialization in the calculations which 
was made in considering s-p excitations only. These 
will not actually be important for the valence shell of 
N", since this is a p-shell. The (7,) of Eq. (6.1) thus has 
to be interpreted in terms of the dipole transition matrix 
element by setting 


(e(rp))®= DLL | Mys™ [2+ |Mys™ [2+ |Mys [2], (14) 


where SW is the electric dipole operator and the sum is 
extended over the sublevels of the upper state. The 
dipole operator is that of the whole nucleus and includes 
the effect of the electric field on all nuclear protons. The 
correctness of the above identification can be verified 
by observing that for the s-p transition 


Z m0, i= 3-Kry), 





and employing spectroscopic stability. The replacement 
of (rp) by its generalization by means of (14) takes care 
of a decrease in the effect caused by the near equality 
of charge-to-mass ratio of the proton and the remainder 
of the nucleus as well as the increase caused by the 
presence of seven protons instead of one in the N™ 
nucleus. An estimate of the right side of Eq. (14) can 
be made by means of the Thomas, Reiche, Kuhn sum 
rule which is usually stated in terms of f values. 
According to Levinger and Bethe,‘ this sum rule as- 
sumes the form 


2’ e* 


ies f 
Mc f Jif 


f o(E,)dE,= 
0 


NZ 
=0.060—— Mev-barn, (14.1) 


é 


where in the subscript i and f stand for the initial and 
final states, respectively, and the sum is taken over final 
states including sublevels. The last quantity listed in 

4 Breit, Hull, and Gluckstern, Phys. Rev. 87, 74 (1952); G. 


Breit, Phys. Rev. 102, 549 (1956); G. Breit and M. E. Ebel, 
reference 1; M. E. Ebel, Phys. Rev. 103, 958 (1956). 
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the above equation does not include exchange-effect 
modifications” of the sum rule. The first quantity is 
the energy integral of the photodisintegration cross 
section, approximate values of which are available 
from experiment. The quantity of the middle entry in 
(14.1) contains numbers of equivalent harmonic oscil- 
lators of dispersion theory, fiy, for the nucleus as a 
whole, with e, M standing respectively for the proton 
charge and mass. The harmonic oscillators are also 
supposed to have charge and mass values e and M. 
In the treatment of the present paper, the effect of the 
whole nucleus was represented for simplicity by that 
of a single proton. One obtains the correspondence be- 
tween the |My;|? and the fi therefore by employing the 
relation between these quantities for charge e and mass 
M. This relation is® 


Ex 


(amy [2+ [amy [2+ Jam" |). 


2 
efy= 


(14.2) 


3h 


Insertion in (14.1) gives 


4? NZ 
- Dos Epi DX cye|\ My Agua Mevy-barn. (14.3) 
c 


Lumping the whole effect in the vicinity of one energy 
E, and letting AE=£E;; and making use of (14) one 
has approximately from the above equation 


4? NZ 


— —AE(r,)’=0.060— Mev-barn, (14.4) 
3 he A 


which gives 
NZ 


(r>=0.63 barn, (14.5) 
AAE 


provided AE is measured in Mev. For AE= 10 Mev, one 
obtains 


(r,)=4.7X10-" cm (AE= 10 Mev) (14.6) 


as the equivalent value of (r,). 
A crude comparison with the tunnel penetration 
effect can now be made by writing 


(15) 


where 4; is the probability of virtual state (vs) formation 
at the perihelion, and a2 the ratio of tunnel penetration 
probability from the virtual state to that from the 
ground state. 

For excitation to an excitation energy of 10.55 Mev 
as measured from ground, the neutron is just ready to be 
detached. The value of £ is 9.6 and the SCT factor cor- 
recting the amplitude for finite excitation is 1.89/[9.6 
X (2.75)*]=0.026 otherwise obtainable from (13.4) as 


Ovs/Ctun=A102, 


2. Feenberg, Phys. Rev. 49, 328 (1936); A. J. F. Siegert, 
Phys. Rev. 52, 787 (1937). 
3S. A. Korff and G. Breit, Revs. Modern Phys. 4, 471 (1932). 
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0.25/9.6. The value of a; on the SCT without the correc- 
tion factor for excitation is, according to (12.5), 
[k(r,)/(34Z2) ?. For a bombarding energy of 10 Mev, 
one has k=10"/(7.72 cm) and the above-mentioned 
parameter is 0.251. The resultant value of a, is therefore 
(0.026)? 0.251=1.7X10~. As a first approximation, 
one may use for dz the barrier penetration, tunneling 
from the ground state, factor which is given" by 
Eq. (28.1) of reference 1. For 10-Mev bombarding 
energy a=7.13X10" cm™, 2a’—2b=7.31XK10- cm, 
and 2a(2a’—2b)= 10.42. Assuming for the present that 
the virtual state is equally effective in its transfer except 
for absence of the barrier penetration, it is e “= 3.36 
X10‘ times more effective. The gain over tunneling 
from the ground state is therefore 3.36X 10*X 1.7 10 
=5.7. This estimate indicates that the virtual state 
formation process is the more important of the two 
considered here. The estimate as made is defective 
regarding the following matters. 


(a) As has been considered in connection with Eq. 
(3.4) the virtual state formation process should enter 
in the consideration of the final ¥°* as well as in that 
of the initial. The initial wave without Coulomb excita- 
tion is coupled by this process to the Coulomb excited 
virtual states of N“+N!"*. This coupling gives rise to 
an additional term for the final amplitude which is of 
the same order as that estimated. The phase relation 
of this contribution to the one estimated has not been 
ascertained. Assuming the phase relation to be random 
as in quadrature, one expects a factor of about 2 in 
addition to the factor 5.7. 

At first sight it would appear that a similar circum- 
stance neglected in the estimates is that both nuclei, 
rather than one, are excited in the initial state. Since 
each excitation leads to a transfer in a definite direction 
this omission, apart from interference effects caused by 
particle identity, cannot be distinguished from the 
consideration of counting recoils. Since the tunneling 
from the ground state estimate as used here does not 
include these either, this effect can be omitted. 

(b) The application of the correction factor for ex- 
citation by means of the SCT estimate and the em- 
ployment of the SCT estimate for the condition close 
to bare removal of a nucleon are not quantitatively 
reliable. The agreement of the quantum result (9.2) 
with SCT was obtained for example by replacing Y1,, 
in (9.2) by (3/4)! and counting only one yu instead of 
taking angular integrals. Secondly, there is a factor 
1/r in (9.2) which decreases the probability of virtual 
state formation at large r. For the latter reason one 
might expect the virtual state process to be over- 
estimated, if it were not for the fact that the collision 
for the virtual state part of W is less adiabatic since the 
probability of the presence of the virtual state varies 

4 A factor 2 should be inserted in the exponential on the right 
side of Eq. (28.1) of reference 1. Furthermore, the nuclear radius, 


denoted in reference 1 by a, is indicated in the present work by 
b, a being reserved for the Bohr length of the collision. 
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with r. For the latter reason the transfer via the virtual 
state should be more effective. 

(c) The comparison of virtual state transfer with 
ground state transfer is crude because the y“,w, pene- 
trate to the other nucleus very effectively, and the 
application of perturbation theory such as has been 
used for the ground tunneling can give only a rough 
approximation for the y“),w, part of y. The w, factor 
can be expected to be strongly perturbed by the second 
nucleus, making the estimates as carried out here have 
a qualitative significance only. This is especially true 
on account of the approximate equality of binding 
energies of the last neutron in N¥ and N®. 

(d) The effect of virtual-state formation may have 
been overestimated because the virtual state function 
consists partly of components in which the wrong 
kind of nucleon is excited. Also the virtual state func- 
tion may have parts in which the residual nucleus is 
excited, making it necessary for a rearrangement of 
particles to take place in it before the nucleon transfer 
is completed. 

(e) On the other hand, the excitation of the residual 
nucleus can be expected to lead to an enlargement in its 
radius and a consequent possibility of participation of a 
second nucleon in the transfer. 

(f) The possibility of interference from different parts 
of the continuum or from the discrete part of the ex- 
citation spectrum has been neglected in the lumping 
procedure which gave rise to (14.4). For the effect 
under study it is the sum of the 9W,; that matters while 
the f sum rule is concerned mainly with the sum of the 
|My. |?. If one distributes the contribution to the f sum 
into two parts, each one half of the original, there are 
two contributions to the }>My;, each 1/v2 of the orig- 
inal. If these are in phase, as they are expected to be 
according to (11.3) and (9.2), for the same yu, the value 
of }-oMy, is 2/V2=v2 times the original and the prob- 
ability of transfer is increased by a factor 2. There 
exists therefore a possibility of an increase in the effect 
for this reason. 

(g) The effect of correction for the exchange character 
of nuclear forces has not been included. This effect has 
been included by Levinger and Bethe‘ in their esti- 
mates of the theoretically expected photodisintegration 
and it increases the effect. In the comparison with 
experiment carried out by Levinger and Bethe there is 
evidence for the existence of the effect, at least to the 
extent of providing an empirical correction to their 
estimates of the integrated photodisintegration cross 
section made by means of the f sum rule. 

(h) The comparison has been made for the perihelion 
of the collision leading to largest deflection. This is the 
most favorable condition for ground state tunneling. 
The virtual state process is for this reason underesti- 
mated, since for it proximity of the heavy aggregates 
does not enter as critically. 

(i) Dipole effects only have been considered so far. 
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The presence of these effects makes it clear that the 
estimates presented have no claim to quantitative 
validity. On the other hand, they show that virtual 
state formation by Coulomb excitation is more im- 
portant at low bombarding energies than leakage 
through the region of negative kinetic energy for 
nucleons in their ground state. 

An exact calculation of the energy dependence and 
of the angular distribution will not be attempted in the 
present paper. A few qualitative considerations will, 
nevertheless, be carried through. Their object is to see 
whether virtual state formation can conceivably fit the 
observations of Reynolds and Zucker.? The problem of 
capture of the nucleon from a virtual state by the 
nucleus carrying charge Z; has some analogies to that 
of the capture of an electron by an ion traveling through 
a gas. The principal viewpoints regarding this problem 
have been treated by Thomas,!® Bohr,!® and Brinkman 
and Kramers.!’ The important part of the process can 
be pictured by regarding the electron as released by the 
parent atom as soon as the forces exerted on it by the 
atom and ion are equal and counting it as attached to 
the ion whenever its energy in the system of the ion is 
negative at the instant of release. Applying this picture 
to the transfer of the nucleon from the virtual state to 
(Z,,m,), conditions for the application of the criterion 
are simple for virtual states in the continuum. The 
condition for release is satisfied whenever the nucleon 
is inside the capturing nucleus or even considerably 
outside it. A wide range of energies in the continuum 
satisfies the condition for the energy being negative at 
the capturing nucleus. As the two nuclei approach, the 
virtual state wave function increases in amplitude and 
some virtual state nucleons thus move through the 
capturing nucleus. As an approximation, it will be sup- 
posed that the fraction (2b?)/(4mro?) of all virtual state 
nucleons is intercepted and captured. Here fo is the 
distance of closest approach for a given orbit. This 
criterion leaves out of account many relevant features 
of the process, in particular the influence of the adiabatic 
character of the collision on the lack of effectiveness of 
the transfer. The anisotropy of the virtual state also 
was neglected. Such factors can be included in a later 
improvement, however. The probability of transfer for 
an orbit will thus be taken provisionally as 


a; (b?/4r0?). (15.1) 


In terms of the impact parameter p, the cross section 
corresponding to the annular region between p and 
pt+dp is 2rpdp. Close to nuclear dissociation the prob- 
ability of the virtual state is obtainable from (11.3). 
Taking > ,/y,]*, one obtains |(r,)/(Zer)|?|¥*|?, 
which indicates that |(r,)/(Zo)|* is the probability 


16 L. H. Thomas, Proc. Roy. Soc. (London) A114, 661 (1927). 

16N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, No. 8 (1948). 

17H. C. Brinkman and H. A. Kramers, Proc. Acad. Sci. Amster- 
dam 33, 973 (1930). 
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Fic. 1. Relative values of differential transfer cross section og 
for low virtual state excitation plotted against angle @ in degrees. 
Dashed curve neglects recoils, solid curve includes recoils but 
neglects interference. 


of there being a virtual state at the perihelion. At 
Evomp= 10 Mev, employing Eq. (14.6), the chance of a 
virtual state is then, on substituting numbers, 


(1/440) (2a’/ro)?. 
By means of (12.3), one finds 


(15.2) 


ad (2x cos0) a”dQ 
2xpdp= = ' 
4sin‘(@/2) 4 sin‘*(@/2) 





(15.3) 


where dQ is the solid angle for the deflected particles 
corresponding to the annular region (p, p+dp). Com- 
bining the value of the area with (15.1) and (15.2), 
the chance of transfer per unit solid angle of scattered 
direction is 


B 
00> . 
17600[1+sin (0/2) } 





(15.4) 
One has 
(15.5) 


f [1+sin (6/2) }*d2= (2x/3), 


and employing 6=1.5X10-"A! cm, 0?/17600=7.4 
X 10-** cm? so that f/ogdQ= 15.6 10-** cm?. This value 
is larger than the experimental o for either neutrons or 
protons at this bombarding energy, both of which are 
between 10-*° and 10-** cm*. Since there are several 
factors which can make the cross section larger, there 
appears to be no objection to supposing that the partly 
adiabatic nature of the collision has some effect and 
also allowing some of the virtual states to be in the 
region of high excitation energies, for which, it will be 
remembered, the virtual state formation is less probable 
according to (13.9). 

The estimate of the total cross section is not in the 
way of assuming that at 10-Mev bombarding energy the 
transfer is mainly caused by virtual state formation. 
The energy dependence expected for the mechanism 
used in obtaining (15.4) will now be estimated. There 
is a factor 1/E* present in a” of (15.3). Similarly there is 
a factor 1/E in every ro which entered in the factors 
(15.1) and (15.2). In (15.1) there is thus a factor FE. 
In (15.2) there was at an earlier stage a factor 1/r° 
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giving rise to E*. There is a net factor E? which gives a 
factor 2.2 between 10 and 15 Mev. This factor is smaller 
than the experimental 9.0X 10-**/5.0X 10-*°= 18. One 
can try to explain the discrepancy by assuming that at 
15 Mev the virtual state process is subordinate to 
nucleon tunneling which could be supposed to have 
increased by a larger factor than the experimental ¢ in 
this energy range. It has been found! in fact that the 
nucleon tunneling should increase much more rapidly 
with energy than the observed co. 

Such an explanation cannot be reconciled with the 
angular dependence of o at 16.3 Mev. The latter shows 
a depression at small angles. On the other hand, the 
above model gives a pronounced peak at small angles 
which is the residue of the large small-angle Rutherford 
scattering. In Fig. 1 are shown two plots. One of them 
is the factor 1/[1+sin(@/2)}* of (15.5), which cor- 
responds to the angular variation of co trans for- 
getting about recoil particles. The second represents 
1/[1+sin (6/2) }}+1/[1+cos(6/2) }* and includes the 
effect of recoils. The experience in reference 1 shows 
that the effect of interference between the two effects 
is not major and it will be neglected therefore. Even 
a factor 4 at €2=90°, which is a maximum possible esti- 
mate for the interference effect and is larger than the 
factor 2/3 calculated in reference 1 can only succeed 
in flattening the curve to an approximately horizontal 
line but does not reproduce the observed rise at inter- 
mediate angles. A dominance of the nuclear tunneling 
effect at 19.2 and 21.1 Mev would also give peaks of o 
both at €=0° and @= 180° which is in disagreement with 
experiment. This part of the argument is not as strong 
as the first because there could conceivably be inter- 
ference between direct tunneling and virtual state 
transfer. Also the higher energies are not clearly cases of 
transfer at a distance. The lower energy observations 
appear to be sufficient, however, to exclude the model. 

The situation changes completely if one uses the 
dependence on r to be expected from the high-excitation 
conditions. The extra power of 1/r in the amplitude for 
virtual state formation present in (11.3) gives an extra 
factor 1/ro? in the differential cross section which be- 


comes proportional to 
sin?(0/2)/[1+sin (0/2) }, (15.6) 


and taking into account recoils but neglecting inter- 
ference between the two amplitudes one expects @ to be 
proportional to 


sin? (0/2) a cos? (0/2) 
[1+sin(9/2)]® [1-+cos(6/2)]* 





Plots of these quantities are shown in Fig. 2. They are 
seen to be reasonably similar to the experimental o. The 
data plotted are for the case of neutron transfer; how- 
ever, it may be expected that neutron transfer and 
proton transfer should be approximately equal in this 
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model. Since nearly the same type of distribution is 
observed at 16.3, 19.2, and 21.1 Mev, it appears prob- 
able that the virtual-state formation process is domi- 
nant through most of the energy range. At the higher 
energies the direct tunneling process does not differ 
from the experimental curve in as pronounced a way 
as at low energies. Orie cannot exclude some direct 
tunneling at 19.2 Mev, but at 16.3 Mev the proportion 
of cases taking place by direct tunneling must be small. 
In comparing total yields at 10 and 15 Mev, it is im- 
possible to assume therefore that at 15 Mev direct 
tunneling is dominant. 

The dependence on energy corresponding to (15.6) 
and (15.7) differs from that for the first model through 
the inclusion of an extra factor 1/r in (11.3) as com- 
pared with (9.2). There is therefore an extra (1/10)? 
in the expression for the transfer probability. Since ro 
contains a’ and a’ is inversely proportional to E, there 
appears an extra factor E? corresponding to an EF‘ 
rather than E? dependence of o on E. The expected 
factor between 10 and 15 Mev is (1.5)*=5.1 as com- 
pared with the observed ratio of 18. There remains a 
discrepancy of a factor 3.5. This may be partly account- 
able for by the participation of direct tunneling at the 
higher energy. Such participation cannot be excluded 
because the direct and virtual state processes give rise 
to the same final states, so that interference terms be- 
tween the two types of angular distributions cannot be 
excluded. It is improbable that one could account for 
the whole factor 3.5 on this basis, since this would 
require dominance of direct tunneling at 15 Mev which 
is hard to reconcile with the angular distribution. The 
factor to be accounted for is appreciably smaller, how- 
ever, than for the first model. It is seen therefore that 
high rather than low excitation is favored by experiment. 

The outstanding discrepancy is the factor 3.5 in the 
total yield for the high excitation model. This factor 
cannot be considered as an objection to the explanation 
in terms of virtual state formation on account of the 
following omissions in the considerations. In the first 
place, the virtual states must be appreciably distorted 
by the presence of the capturing nucleus. The distor- 
tion is more pronounced at the higher energies. At 10 
Mev the distance between closest points of nuclear 
surface 2a’—2b=7.3X10-" cm while 2a’= 14.1 10-" 
cm. At 15 Mev, 2a’=9.4X10-" cm and the distance 
between closest points is only 2.6X10~-" cm. It would 
not be surprising if both the direct tunneling and virtual 
state formation estimates were seriously affected. In 
particular the virtual state could conceivably form a 
more intimate combination with the capturing nucleus 
than has been considered, leading to a relatively higher 
yield. Secondly the influence of the adiabatic nature of 
the collision on the probability of transfer from the 
virtual state has not been taken into account. In this 
connection there enters the collision time of the process. 
Approximating the radial motion at the perihelion by a 
uniformly accelerated one and defining the collision 
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Fic. 2. Relative values of differential transfer cross section og 
for high virtual state excitation plotted against angle @ in degrees. 
Dashed curve neglects recoils, solid curve includes recoils but 
neglects interference. The histogram shows experimental distribu- 
tion? at 16.3 Mev. 


time as the time necessary to move from 79 to 2ro, the 
collision time is 


At= {2ro [ve— (ZZ 2€ mr) |} , 


For close collisions, At=2ro/v. For distant collisions, 
At2}(ro/v)1+<a’/ (2p) ]. Approximately, therefore, At 
is proportional to ro. For close collisions at 10 Mev, one 
has At=181 e?/mc?=169X10-* sec. The time needed 
for a nucleon with 20-Mev kinetic energy to traverse 
the nuclear radius b= 3.62 10—* cm is 5.75X 10~-*8 sec. 
The collision time is long compared to this time. It is 
also long compared with the time h/AE where AE is the 
excitation energy. If we take for the latter AE a nominal 
5 Mev, the time is h/(10mc?) = 13.7e?/mc= 12.6 10-8 
sec, which is again short compared with At. The latter 
fact means that Coulomb excitation is small compared 
with virtual state formation at the perihelion. The 
former indicates that a potential well will behave 
adiabatically during the collision time. It would appear 
at first sight that no capture is to be expected. In the 
consideration of capture, however, there enters the time 
of passage between the nuclei and return which is 
2 14.1K10-" cm/3.62X10-" cm=7.8 times longer 
than the time to traverse b. The value of A? is further- 
more too large because the amplitude of the virtual state 
decreases by a factor 1/4 during that time and in addi- 
tion there is a decrease at the capturing nucleus by a 
factor 1/2 caused by the variation of the amplitude of 
the function in space. The relevant times are therefore 
comparable, leading to the expectation of an appreciable 
transfer probability but with a dependence on the 
collision time. This dependence produces effects similar 
to those caused by going from the low-excitation to the 
high-excitation model. It subdues the effectiveness of 
small-angle collisions and produces therefore the same 
kind of difference as that between Fig. 2 and Fig. 1. 
Besides it subdues the effectiveness of low energies on 
account of the more nearly adiabatic character of the 
collisions in this energy range. This is the desired type 
of effect for the high-excitation model which left a 
factor of about 3.5 in the energy dependence to be 
explained, 
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In the above considerations, frec use was made of 
classical mechanics in making estimates regarding the 
nature of the collisions. Among them there was the 
estimate of the period of the whole system with fixed 
positions of the heavy aggregates which enters a com- 
parison with the collision time. In a quantum calcula- 
tion there enters in place of this the time corresponding 
to the transition frequency between the initial and final 
states. In the case of N4“+N4—>N-+-N", this time is 
especially long because of the approximate resonance 
in neutron energies, i.e., the near equality of binding of 
the last neutron in N™ and N™. In mass units N'+N"™ 
— (N¥+N"*)=0.00028=0.261 Mev. The value of 
h/0.261 Mev is 240X 10-* sec which is longer than the 
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collision time of 169X10-* sec but of the same order. 
The qualitative situation is not changed by the quan- 
tum estimate. It suggests, however, that characteristic 
differences may be found in reactions with different 
energy evolutions. 

It appears from the above discussion that the meas- 
urements of the differential cross sections suggest the 
way in which virtual state formation enters the collision 
process. The suggested picture is either excitation to the 
lower part of the continuum strongly influenced by the 
degree to which a given orbit performs an adiabatic 
rather than shock-type collision; or else excitation to 
higher energies with a smaller influence of the degree of 
adiabaticity appears at present to be equally acceptable. 
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The energy distribution of mass-97 fragments from thermal neutron induced fission of U* was measured 
with a high-resolution magnetic spectrograph. The fragments originate in a thin plating of U** near the 
center of the Oak Ridge National Laboratory graphite reactor and travel 16 feet to a wedge magnet which 
analyzes and focuses them at the focal plane 6 feet beyond. There they are caught in an aluminum foil 
which, after the irradiation, is cut into strips each of which is radiochemically analyzed for Zr’. The Hp 
distribution is complicated by the large energy width which leads to overlapping of momentum distributions 
from successive charges. An analysis of the shapes of the Hp distributions obtained with different relative 
charge populations determines that the width of the energy distributions is (11.4+0.8)% corrected for 
broadening due to prompt neutron emission. This result is in agreement with measurements of the distri- 
butions of the number of neutrons per fission but is in sharp disagreement with the predictions of Fong’s 
theory of the fission process. The most probable energy is 174.74-2 Mev for the mass-97 fission mode, and 


about 164.543 Mev for the mass-91 mode. 


INTRODUCTION 


HE energy spectrum of fission fragments of a 

given mass has been investigated by several 
groups! using ionization chamber techniques; they have 
obtained roughly Gaussian distributions with the most 
probable total kinetic energy release, E, about 155 Mev, 
and full width at half-maximum, AE/E, about 15%. 
Recent investigations of ionization defects for fission 
fragments’ have indicated that the former result is 
much too small, and experiments using both time-of- 
flight* and calorimeter techniques have measured E to 


1D. C. Brunton and G. C. Hanna, Can. J. Research 28A, 190 
(1950); W. Jentschke, Z. Physik 120, 165 (1943); A. Flammers- 
feld, Jensen, and Gentner, Z. Physik 120, 450 (1943) ; M. Deutsch 
and M. Ramsey, U. S. Atomic Energy Commission Report 
MDDC-945, 1945 (unpublished). 
2H. W. Schmitt and R. B. Leachman (private communication). 
3 R. B. Leachman, Phys. Rev. 87, 444 (1952); R. B. Leachman 
and R. W. Schmitt, Phys. Rev. 96, 1366 (1954); W. E. Stein 
(private communication). 
1988) B. Leachman and W. D. Schafer, Can. J. Phys. 33, 357 


be about 167 Mev. The situation regarding the width 
of the distributions is considerably less certain. By 
comparing the results of time of flight and ionization 
chamber experiments, Leachman® concluded that the 
experimental dispersion in the latter experiments was 
about 9%, which would reduce AE/E to about 12%. 
However, Fong,’ analyzing the same data, found AE/E 
to be only 8%. From measurements of range distribu- 
tions in various gases, Good and Wollan® found AE/E 
= 6%; however, their corrections for foil thickness were 
quite large and appear to be inconsistent with other 
data. The general consensus has been that, due to the 
large dispersion and many other inaccuracies inherent 
in ionization chamber and absorption techniques, these 
experiments do not establish a lower limit to the widths 
of the energy distributions. It was decided, therefore, 
to measure these widths by magnetic analysis. In the 
process, new measurements of EF were obtained. 


5 P. Fong, Phys. Rev. 102, 434 (1956). 
® W. M. Good and E. O. Wollan, Phys. Rev. 101, 249 (1956). 





ENERGY DISTRIBUTION OF FISSION FRAGMENTS 


EXPERIMENTAL 


The measurements were made with a magnetic wedge 
spectrograph, the magnet of which is installed just 
outside the shield wall of the ORNL graphite reactor; 
the arm containing the source is a 16 feet long, 33-inch 
diameter tube lying in a reactor hole with the far end 
near the center of the reactor core. The source, a 
40-microgram/cm? plating of U™*, 2} inches high by 
3 inch wide, is mounted just inside that end of the tube, 
in a flux of 5X10" neutrons/cm?-sec. Thus, fission 
fragments are produced at a rate of about 2.5X10° 
per second. Those emitted in the proper direction 
(about one in 10°) travel down the tube and are ana- 
lyzed in the magnet which focuses them to a line (for 
a given Hp) on the focal plane six feet beyond; there 
they are stopped in a 0.001-in. aluminum foil. After a 
bombardment of some hours, the foil is removed and 
cut into strips, each strip corresponding to a given Hp. 
These are then radiochemically processed for a given 
fission product, and the resulting activity is measured 
with end-window Geiger counters. The 17-hour activity 
of zirconium-97 was used for most of the measurements 
reported here. 

The magnet is a 40-degree wedge with a uniform 
magnetic field; the strength of the field is set so that 
the radius of curvature for the fragments being received 
on the focal plane is between 38 and 41 inches. The 
path length through the magnetic field is about 27 
inches. The fragments enter and leave at approxi- 
mately normal incidence to the magnet edges; thus, 
there is no vertical focusing. The beam is defined by a 
1-in. high slit at the entrance end of the magnet and a 
1-in. high by 8-in. wide slit at the exit end; at the focal 
plane it is about 2} inches high. The dispersion of the 
system is about 0.71% in Hp per inch along the focal 
plane. 

A 0.1-millicurie plating of Po, 1 in. high by §-in. 
wide, is installed beside the U™* source for calibration 
purposes. The alpha particles pass through a slit at the 
focal plane and out of the vacuum through a thin 
Mylar window. They are then detected by an end- 
window Geiger counter operated as a proportional 
counter. The line shape is determined by measuring 
the counting rate as a function of magnetic field. The 
alignment of the system was accomplished by finding 
the geometry which gives the narrowest line width (it 
was within } inch of the calculated position). The 
resolution of the system can be determined from this 
line width. It is 0.25% as measured, or about 0.15% 
after corrections for the finite geometry. The polonium 
source is also used for routine energy calibrations, and 
is useful in several tests to be discussed below. 

Since polonium alpha particles are focused at about 
half of the magnetic field used for fission fragments, 
there might be some question about the optics of the 
system at the higher fields. In order to check this, a 
30-millicurie polonium source was put into the system 
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prior to installation in the reactor. This allowed 
measurements to be made on the singly charged alpha 
particles from polonium, which are focused by about 
the same magnetic field as fission fragments. The 
resolution was found to be the same as for the doubly 
charged alpha particles. 

To protect against multiple scattering in the 16-foot 
aluminum tube, four approximately equally spaced 
diaphrams with 2} in. inside diameter are installed in 
the tube. The diaphrams are of 0.001-inch aluminum 
foil which is opaque to fission fragments but thin 
enough to avoid edge scattering difficulties. 

The catcher foil is usually covered during the bom- 
bardment with a 0.6-mg/cm? plastic film to assure that 
fragments moving with thermal velocity are not col- 
lected. Identical results were obtained, however, with 
and without this cover film. 

Since the counting rates on the final samples are 
quite low, each was counted under a separate counter 
for a period of about 15 hours, with automatic recording. 
In addition, a 5-hour background was taken almost 
daily. The various counters were cross calibrated at 
frequent intervals with phosphorous-32 sources. A test 
showed that cross calibration with these gives the same 
relative efficiencies as a cross calibration with zirconium- 
97 samples. All data presented in this paper represent 
averages of a number of runs in each of which the 
sample for a given Hp was counted in a different 
counter. 

The magnet contains 3} tons of steel and ¢ ton of 
copper. The yoke and poles were assembled from pieces 
cut from a four-inch steel plate with a cutting torch; 
with one slight exception, no machining was done 
except on the pole tips. The two-inch gap is maintained 
uniform with a brass spacer at each corner. Magnetic 
measurements indicated that the field is uniform to 
better than 0.01%, except near the edges. The field 
fall-off at the entering and exit edges was also carefully 
measured ; the largest effect tending to reduce resolution 
was due to the difference in the fall-off pattern on the 
median plane and near the pole face, which, according 
to the measurements, should introduce a line width of 
about 0.1%. The magnetic field is measured with a 
Varian nuclear fluxmeter which utilizes the proton 
magnetic moment; the accuracy of measurement is 
about 0.05%. The drift of the field during a run is 
kept below 0.1% by maintaining careful temperature 
control at the regulator. 

The vacuum system consists of a_ well-baffled, 
300-liter/sec oil diffusion pump backed by a 110- 
liter/min mechanical pump. They maintain a vacuum 
of about 0.8X10-* mm Hg, as measured with a triode- 
type ionization gauge at the pump header. Upon closing 
the diffusion pump valve, the ion gauge reading in- 
creases rapidly at first, and then continues to rise 
slowly and linearly with time. By extrapolating the 
linear rise back to the time when the valve was closed, 
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a more accurate measurement of the average pressure 
in the system is obtained; it is about 1.1X10-° mm Hg. 

As installed at the reactor, the system requires a 
large amount of shielding. A one-ton beam catcher is 
placed just beyond the magnet in line with the reactor 
hole, and other shielding includes about 700 pounds of 
paraffin, 2000 pounds of lead bricks, 25 square feet of 
cadmium sheet, and a 30-gallon water tank. 


RESULTS 


In measuring energy distributions of fission fragments 
by magnetic analysis, a complication arises from the 
fact that these fragments do not occur in only a single 
charge state, but rather with a charge distribution 
centered at about 20 electronic charges. The Hp distri- 
bution thus consists of the momentum distribution 
repeated (with different weighting factors) at intervals 
of about 5% in Hp. If the total width of the momentum 
distribution is much less than 5%, this produces little 
difficulty since the entire distribution may be studied 
at any given charge. However, if the momentum distri- 
bution is wider than 5°%—..e., if the width of the energy 
distribution is wider than 10%—considerable trouble 
will result from overlapping of the distributions from 
various charges. Although it was not expected when 
the experiment was first undertaken, this turned out 
to be the case encountered here. 

The measured Hp distribution is shown in Fig. 1. 
Each set of points represents an average of about five 
separate runs. The errors shown are standard deviations 
as judged from reproducibility of the data. It should 
be noted that the ordinate scale is considerably ex- 
panded and does not go to zero. The errors are about 
1.5 to 2%. The arrows show the position of the most 
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Fic. 1. Hp distribution for mass-97 fragments with 40-yg/cm* 
source. Note that ordinate does not go to zero. Each point repre- 
sents an average from about five runs. Solid line represents best 
line through the data, and dashed “~--— line is distribution ex- 
pected if width is minimum stated in text.” 
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probable energy, E, for each charge; the method of 
obtaining these will be described below. It is quite 
clear that there is very considerable overlap between 
the distributions corresponding to different charges; 
this indicates that AE/E is greater than 10%. 

To make these considerations more quantitative, 
the expected Hp distributions were calculated for 
various ratios of width (i.e., full width at half-maxi- 
mum) to separation of the momentum distributions 
from consecutive charges. Some of the results for 
Gaussian distributions are shown in Fig. 2, where 
relative populations of consecutive charges are assumed 
to be 0.8-1-1-0.8. From Fig. 2 it may be seen that the 
percentage dip between the peaks is determined almost 
exclusively by the ratio of width to separation, and is 
quite insensitive to the relative charge populations. 
This was checked and found to be valid for a large 
number of cases other than those shown. To test the 
sensitivity of these calculations to the assumption of 
Gaussian distributions, a similar study was made of all 
distributions of the form N «exp[—a|p— /|"]. For n 
between 1 (the limiting case of sharp peakedness for 
this class of functions) and 3 (a relatively wide distri- 
bution), the width-to-separation ratio which produces 
a given percentage dip between the peaks differs from 
the Gaussian case (n=2) by less than 10%. For n 
greater than 3, the distributions become quite “square” ; 
combinations of them could not fit the data. In the 
discussion below, Gaussian distributions are assumed; 
it should be understood that the results quoted may be 
slightly different if the distributions are markedly 
non-Gaussian. 

In comparing the curves of Fig. 2 with the data of 
Fig. 1, the curve which fits the data best (solid line) is 
seen to correspond to a width-to-separation ratio of 
about 1.18. This corresponds to AE/E=11.9%. The 
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Fic. 2. Distributions expected for various values of the width 
to separation between successive distributions. It is assumed 
that the distributions are Gaussian and the ratio of populations 
of successive charge states is 0.8-1—1-0.8. 
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Fic. 3. Hp distribution for mass-97 fragments with 
150-ug/cm? source. 


largest dips between the peaks (dashed curve) that are 
consistent with the data correspond to a width to 
separation ratio of 1.10, or AE/E=10.9%. No upper 
limit on the width can be surmised from Fig. 1, as a 
very smooth curve could be drawn through the data 
within satistical accuracy. 

To determine an upper limit, more accurate data are 
required. Therefore, the original U™*® source was re- 
placed with a 150-ug/cm* sample, 1 inch wide. This 
gives about ten times higher intensity. It introduces a 
4% experimental width into the energy distribution, 
but since the intrinsic width is about 12%, this is a 
relatively minor correction. The increased intensity 
allows samples to be run in duplicate, thus doubling 
the rate of data accumulation; it also leads to improved 
counting accuracy because the counting errors inherent 
in counting close to background are eliminated. 

The data obtained with this source are shown in 
Figs. 3 and 4. The values of Hp are corrected for the 
source thickness. The data in Fig. 4 were taken about 
one month later, and the slight shift in the relative 
population of the charge states may be explained as 
due to a very thin film of material accumulating on the 
surface. For example, a film thickness of 10-* g/cm? 
(a fraction of one atom thick) could account for the 
shift. This would not affect the energy distribution, 
and, in fact, no shift was observed in the energy of the 
alpha particles from the polonium which would be 
covered with the same film. A similar explanation could 
account for the much larger difference between the 
relative charge populations in this data and the data 
in Fig. 1. 
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Fic. 4. Hp distribution for mass-97 fragments with 150-yg/cm? 
source. These data were taken about one month after the data in 


Fig. 3. 


In comparing the data in Figs. 3 and 4 with the 
curves in Fig. 2, it may be observed that there are 
many qualitative differences between the data and the 
theoretical curves for very large widths. The latter show 
almost no slope change at the position of the most 
probable energy for each charge, whereas very definite 
slope changes are observable from the data. For the 
case where the charge population of two consecutive 
charges is equal, the theoretical curves have a maximum 
halfway between, whereas there is no evidence for this 
in the data. After a detailed comparison, an upper 
limit of width-to-separation ratio of about 1.32 is 
obtained from both Figs. 3 and 4. Corrected for source 
thickness, this corresponds to AE/E = 13.1%. The best 
line through the data gives a width-to-separation ratio 
=1.24 or AE/E=12.0%, and the largest possible dip 
between the peaks consistent with the data gives AE/E 
= 10.8%. When these results are combined with those 
from Fig. 1, the most probable value for AE/E is 
about 12.0%. Since the same lower limit, about 10.8%, 
was obtained in three independent measurements, it is 
very unlikely that the actual value is that low. A more 
realistic lower limit is perhaps 11.2%. The upper limit 
by the same reasoning, is about 12.8%. Thus, the final 
result is AE/E=12.040.8%. The distribution observed 
here was widened by the emission of prompt neutrons. 
When this is taken into account, the width before 
emission of prompt neutrons becomes AE/E=11.4 
+0.8%. 

Because of the variation in the number of neutrons 
per fission, the fragments detected in this experiment 
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correspond to a distribution of masses in the original 
fission which is perhaps three mass units wide. The 
amount by which this widens the observed distribution 
cannot be estimated without a theory. However, in 
view of the very strong evidence that the kinetic energy 
is due to Coulomb repulsion, it seems reasonable to 
assume that the energy variation between different 
mass splittings is roughly proportional to the product 
of the nuclear charges of the two fragments. For the 
case under consideration, this would cause the most 
probable energy for the various fragment masses to be 
spread by about 1-2%. In accordance with the proper- 
ties of Gaussian distributions, this should produce no 
widening of the observed distribution. 

According to Fig. 2, the maximum of the Hp distri- 
bution does not necessarily correspond to E; the 
deviation may be considerable when populations of 
successive charge states are approximately equal. To 
determine E, it is therefore desirable to make measure- 
ments with various relative charge populations. 

This was accomplished by operating the system at a 
slightly increased pressure, so that fragments undergo 
electron pickup collisions with air molecules in the 
16-foot path from the source to the magnet. The 
probability for a charge-changing collision in the mag- 
netic field must be kept small as this removes particles 
from the beam and converts them into background. 
The pressure is therefore adjusted to give approxi- 
mately one collision between the source and magnet; 
the probability for a collision in the magnet is only 
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Fic. 5. Hp distributions for mass-97 fragments with the system 
operated at increased pressures. Curves without data points are 
from Figs. 1, 3, and 4. 
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14% since the path length is shorter by that factor. 
The Hp distributions for two different pressures is 
shown in Fig. 5, and the best lines through the data of 
Figs. 1, 3, and 4 are also reproduced there. Sharp 
changes of slope are seen at Hp=682 500 and 717 500 
gauss-cm. The separation between these values is just 
the expected separation between consecutive charges. 
It seems safe, therefore, to conclude that these values 
correspond to E for two consecutive charges. If these 
charges are taken as 20 and 19, H=158.5 Mev. If they 
are taken as 21 and 20, E=174.7 Mev. The uncer- 
tainties in these energies is about +2 Mev. Charges 
other than those assumed here would give energies 
inconsistent with time of flight® and calorimeter* meas- 
urements of the total kinetic energy release in fission. 

In order to determine which of the two energies is 
correct, measurements were made of the Hp distribution 
of mass-91 fragments by doing the radiochemical 
analysis for Sr®; the results are shown in Fig. 6. The 
maximum at Hp=688 000 corresponds to E= 164.543 
Mev for mass 91. According to the ionization chamber! 
and time-of-flight® data, the total energy release in the 
mass-97 fission mode is about 5% higher than in the 
mass-91 mode, so that the larger of the two values of 
E for mass 97 is most probably the correct one. 

The data in Fig. 5 may be used to determine the 
difference between the electron pickup and loss cross 
sections for these fragments in air. The measurements 
were made between taking the data of Figs. 3 and 4; 
it thus appears that a pressure of 12X10-° mm Hg 
results in an average of a little more than one net 
electron pickup, while a pressure of 8X10-° mm Hg 
results in an average of a little /ess than one. Thus, the 
pressure required to give an average of one net electron 
pickup is about (10+1)X10-° mm Hg. This corre- 
sponds to an electron-pickup minus electron-loss cross 
section of (3.7+0.4)X10~* cm’. This is in fair agree- 
ment with Bohr and Lindhard’s theoretical value’ of 
2.7X10~'* cm? made up of 3.3X10-'® cm? capture 
cross section and 0.6X 10~'* cm? loss cross section. The 
pickup cross section must be much larger than the loss 
cross section since the equilibrium charge for air is 
about 16 electronic charges. 


CRITICAL ANALYSIS OF THE EXPERIMENT 


It hardly need be pointed out that the relatively 
large energy widths found in this experiment bear a 
striking resemblance to the results of an experiment 
done improperly. It is therefore quite important to 
make a critical analysis of the various factors that 
could introduce line broadening. The most obvious 
difficulty would be in the optics of the system. This, 
however, is excluded by the extremely narrow distri- 
butions continually obtained for polonium alpha parti- 
cles, both doubly charged and singly charged. Any 


7™N. Bohr and J. Lindhard, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 28, 7 (1954). 
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possible difficulty must therefore be of a type which 
does not affect alpha particles in the same way. 

The fission fragments differ from the alpha particles 
in that they originate in a different source foil, they 
have different scattering properties, their observed 
energy distribution would be affected by electron pickup 
or loss in the magnetic field, they are detected differ- 
ently, and the measurements are integrated over much 
longer times. 

(a) Uranium Source.—The uranium foils were scanned 
by alpha-particle counting and found to be macro- 
scopically uniform in thickness to within 10%. To 
investigate the microscopic uniformity, a piece from 
the 40-ug/cm? plating was used to measure the alpha- 
particle energy spectrum from U™ with an ionization 
chamber spectrograph. The width of the peak was 
equal to the resolution of the instrument, which would 
exclude the possibility that an appreciable fraction of 
the plating was thicker than 100 ug/cm*. The low- 
energy tail on the measured spectrum was approxi- 
mately what might be expected from a source 100 
ug/cm? thick, but it could also be explained by the 
presence (with 3% intensity) of alpha particles of 
lower energy than those leading to the ground and first 
excited states of daughter nuclei. In any case, the 
effective thickness seems to be no more than 100 ug/cm?, 
and even this would not cause significant broadening 
of the observed spectrum. 

There is also a possibility of a thin layer of absorping 
material covering the uranium after installation in the 
reactor. However, two different sources were used, and 
there was no evidence of anything covering the polo- 
nium which was mounted beside it. Also, the position 
of the fission-fragment peaks did not change with time 
over several months. The source was also visually 
inspected and appeared clean. 

(b) Multiple Scattering.—If the fragments were multi- 
ply scattered from various parts of the tube between 
the source and detector, the effective size of the source 
would be very large and would cause the observed 
distribution to be broadened. Actually, this should not 
be considered here since multiple scattering is consider- 
ably worse for polonium alpha particles than for fission 
fragments. The effects were carefully investigated, 
however, and four different slit systems were used 
without any observable difference in the results. Ac- 
cording to the calculations, these systems ranged from 
barely adequate to completely adequate. Multiple 
scattering from air molecules is negligible by many 
orders of magnitude at these pressures. 

(c) Electron Pickup or Loss in the Magnetic Field.— 
An electron pickup or loss collision in the magnetic field 
removes the fragment from the beam and adds it to 
background; if there were an appreciable probability 
for this, the distributions could be seriously broadened. 


8 The alpha-particle spectrograph measurements were made by 
C. J. Borkowski and E. Fairstein of this Laboratory. 
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Fic. 6. Hp distribution for mass-91 fragments with 
150-ug/cm? source. 


According to the measurement of the electron pickup 
cross section discussed previously in connection with 
Fig. 5, the probability for such a collision with an air 
molecule is about 1.8%, which is quite negligible. To 
lessen the possibility of such collisions with the chamber 
walls in accompaniment with a slight multiple scattering 
which returns the fragment to the beam, slits of 0.001-in. 
aluminum foil were inserted at each end of the magnetic 
field. The geometry was such that fragments from all 
but the upper and lower 10% of the source could not 
touch the chamber walls without being scattered from 
the entrance slit, and the remaining 20% would require 
a very large multiple scattering to pass the exit slit. 
Only one fragment in 10‘ could be scattered from these 
slits. Measurements were also made with the slits 
removed, and although a rough calculation indicated 
that the effect might not be negligible if the alignment 
was poor, no difference in the results was observed. 
The relative intensities with and without slits also 
indicated that the alignment was satisfactory. 

Some consideration was also given to the possibility 
that electrons might be lost from the fragment because 
of electromagnetic interaction with the magnetic field. 
The effect was calculated by the method of Oppen- 
heimer® and was found to be much too small. In addi- 
tion, the effect, if present, should be extremely sensitive 
to the magnetic field strength. The same Hp can be 
observed at different parts of the focal plane with 
magnetic fields differing by as much as 6%, and no 
intensity differences can be detected. 

(d) Detection—The observed energy distribution 
could be spread if the chemical decontamination from 
other fission products were not complete. To test this, 
a sample containing all fission products from which 
difficulties in chemical separation might be expected 
was processed, and no activity was found in the zir- 
conium fraction. The procedure is a much used and 
well established one; and the decay of the final precipi- 
tate, including the complexity introduced by the grow- 
in of the 72-min daughter activity is exactly as expected. 


*F. R. Oppenheimer, Phys. Rev. 31, 66 (1928). 
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Fic. 7. Distribution of number of neutrons per fission. Solid 
lines are results calculated for various assumed widths of the 
energy distribution. Data points are from reference 11. 


In addition, the highly quantitative reproducibility of 
the data between various runs would seem to exclude 
the possibility of appreciable contamination. 

Difficulty could also result if the activity observed 
were produced by neutron activation in the aluminum 
or some other such process. The aluminum was analyzed 
for impurities and the effect was calculated and found 
to be completely negligible. Also, an aluminum foil 
stored nearby for several weeks was processed and no 
activity was observed. There is every evidence that the 
activity being observed originates in the source, as it 
was found to be proportional to the mass of uranium 
in three separate sources. It is also quite certain that 
it is sensitive to the magnetic field; in one group of 
experiments, the relative intensity was followed con- 
tinuously through three orders of magnitude by varying 
the magnetic field. 

(e) Instrumental Time V ariations.—Since the results 
of fission-fragment runs are integrated over many hours, 
whereas the polonium alpha-particle measurements take 
only a few minutes, the observed fission-fragment 
distributions would be broadened if the magnetic field 
or the alignment of the system varies with time. The 
magnetic field was measured at frequent intervals in 
many runs, and was always measured at the beginning 
and end of each run. No variations larger than 0.1% 
were ever observed. The positioning of the plate on 
which the catcher foil is mounted was set and routinely 
checked with a plumb bob attached to a building 
column. Movement of the magnet or the source would 
appear to be impossible ; in addition, the position of the 
polonium alpha line did not vary in a number of checks 
made over a period of several months. 

Some additional confidence in the validity of this 
experiment was obtained from experiments in which the 
system was filled with gases to relatively high pressures. 
In these experiments the charge changes in the magnetic 
field so frequently that the magnetic deflection is 
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determined by the average charge, and only a single 
peak is obtained. By operating at 5.7 mm Hg of helium, 
a distribution 3.6% wide was obtained; this width is 
completely explained by the statistics of the charge 
changing process. Unfortunately, this method cannot 
be used for measuring the width of the energy distri- 
bution since the equilibrium charge changes with energy 
in such a way as to almost completely compensate the 
effect of the inhomogeneous energy distribution. 


CORRELATION WITH THEORY AND 
OTHER EXPERIMENTS 


The kinetic energy distribution of fission fragments 
is closely correlated with the distribution of the number 
of neutrons per fission. This arises from the fact that 
the latter quantity is determined, at least statistically, 
by the excitation energy of the fragments, and the sum 
of the excitation and kinetic energies is a constant. 
Calculations were therefore made of the distributions 
of the number of neutrons per fission to be expected 
for various widths of the energy distribution. The 
binding energies of the various neutrons were taken 
from the calculations of Metropolis and Reitwiesner™ 
and the energy distribution with which the neutrons 
are emitted (except the last neutron) was replaced with 
a delta-function at 1.5 Mev. The most probable exci- 
tation energy was obtained from the condition that the 
total number of neutrons is 2.5; it was 22 Mev. Various 
distributions of this energy between the two fragments 
were assumed and the results averaged over with arbi- 
trarily assigned weights. The final results are shown by 
the solid lines in Fig. 7 for three different assumed 
widths of the fission fragment energy distribution. The 
data points are from the measurements of Diven et al." 
The fit is not very satisfactory as regards the ratio of 
probabilities for zero and one neutron. This is very 
difficult to understand, as this part of the calculation 
is quite independent of the simplifying assumptions.* 
However, the general fit is quite satisfactory for 
AE/E=11.2%,. For AE/E=8.8%, the calculated distri- 
bution is much too narrow to fit the data, and for 
AE/E=14.1%, it is much too wide. These results can 
be expressed roughly as AE/E=11.2+1.5%. This is in 
good agreement with the result from the present 
experiment, AE/E=11.4+0.8%. A calculation of the 
distribution of the number of neutrons per fission has 
recently been reported by Leachman.” He used the 
energy distributions from ionization chamber data! as 


10 N. Metropolis and G. Reitwiesner, Atomic Energy Commis- 
sion Report NP-1980 (unpublished). 

4 Diven, Martin, Taschek, and Terrell, Phys. Rev. 101, 2011 
(1956). 

* Note added in proof.—It has been found that this discrepancy 
is removed if it is assumed that there is no correlation between 
the excitation energies of the two fragments, see reference 12. 
This seems very strange since much of the excitation arises from 
deformation energy, and it would seem quite certain that the 
deformation energies of the two fragments are strongly correlated. 

12 R. B. Leachman, Phys. Rev. 101, 1005 (1956) 
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corrected for experimental resolution, and made differ- 
ent simplifying assumptions, so that it is difficult to 
compare his calculation with the above. 

The results of this experiment may also be compared 
with the predictions of Fong’s® theory of the fission 
process. Figure 8 shows the Coulomb energy and the 
Coulomb-plus-deformation energy plotted against asi, 
the coefficient of the third Legendre polynomial in an 
expansion of the shape of the light fragment. These 
curves were calculated by the methods of reference 5. 
From Fig. 8, the minimum of the Coulomb-plus- 
excitation energy, and hence the maximum excitation 
energy, occurs at a3;=0.024; this is therefore the most 
probable deformation. 

Fong’s expression for the probability, 2, of a given 
fission mode is 

Q(€)=Ce® exp[2(ae)!]. (1) 


In (1), € is the total excitation energy eventually 
available for emission of neutrons minus the distortion 
energy. From data on the average number of neutrons 
per fission, the former is about 22 Mev for the most 
probable mode, and from Fig. 8 the latter is about 13 
Mev for the most probable mode; thus e~9 Mev. The 
quantity @ in (1) is the sum of the Weisskopf energy 
level density parameters for the two fragments, which, 
was taken by Fong to be 11.5 Mev. By using these 
values in (1), 2 drops to half its maximum value when 
E decreases by 0.58 Mev. From Fig. 8, this corresponds 
to half-maximum probabilities for the Coulomb energy 
at 177.2 Mev and 167.7 Mev. The Coulomb energy at 
this point eventually becomes the kinetic energy, so 
that this calculation gives AE/E=5.5%. This is in 
violent disagreement with the experimental value given 
here, AE/E=(11.440.8)%. In going over the above 
calculation, it appears that it is very insensitive to all 
parameters used except a. The value of a required to 
reproduce the experimental value of AE/E is about 
3.5 Mev, which is about the value of a expected for 
nuclei of mass 60. One possible interpretation of this 
result is that the excitation is shared among only 60 
nucleons in each fragment. In any case, however, the 
modification of a completely destroys Fong’s very 
impressive fit to the experimental mass distribution. 
Since this fit to the mass distribution has been by far 
the most convincing argument for the validity of 
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Fic. 8. Calculation of energy distribution from Fong’s theory. 
See discussion in text. 


Fong’s theory, the experimental result obtained here 
would seem to reduce considerably one’s confidence in 
that theory. 
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The total neutron cross section of chlorine has been measured with the Materials Testing Reactor crystal 
spectrometer (0.03-70 ev) and fast chopper (16-15 000 ev). The chlorine cross section drops from 45 barns 
at 0.03 ev to a low of 1.3 barns at 5 kev. A sharp resonance is observed in Cl** at 405-6 ev. A two-sample- 
area analysis of this resonance gives the limiting values; [<0.6 ev and o)>580 barns. For these limits, 
I’, =0.14 ev. Another level was observed at 8.70.5 kev. A good fit to the cross-section data is given by a 
single-level Breit-Wigner formula for a negative-energy resonance in Cl* with spin 2 and the following 
parameters; Eo= —140 ev, I',°=0.72 ev, [',=0.48 ev, R=4.74X10-" cm, and opor=1.13 barns. From 
these parameters, one would obtain gincoh= 7.80.7 barns and oact(0.025 ev) =34.5+3.4 barns. 

The carbon cross section was also measured and appears flat with an average value of or=4.69+0.10 


barns. 





I. INTRODUCTION 


PREVIOUS measurement and interpretation of 

the chlorine total neutron cross section by 
Hibdon and Muehlhause! indicated that the Cl** com- 
pound nucleus has a level just below the neutron 
binding energy. The peak of this resonance (referred to 
as the negative-energy resonance or level) cannot be 
reached with slow-neutron bombardment of Cl", since 
it lies at a negative value of the neutron kinetic energy. 
However, the high-energy wing of this resonance ex- 
tends into the region of positive kinetic energy and 
affects the total cross section in the slow-neutron region. 
Thus, fitting the low-energy experimental cross section 
with a single-level Breit-Wigner formula yields the 
parameters of the negative-energy resonance. Since the 
experimental data of Hibdon and Muehlhause consisted 
of only a few points obtained by a resonance scattering 
method, it was decided to make more extensive meas- 
urements of the cross section of chlorine and to rede- 
termine the parameters. The initial measurements were 
made with the Materials Testing Reactor (MTR) 
crystal spectrometer from 0.03 ev to 70 ev. While the 
precision of the measurements up to 10 ev was very 
good, the fitting of Breit-Wigner curves to the data 
was not sensitive enough to yield the parameters other 
than I’,. Therefore, the MTR fast chopper was used to 
extend the cross-section measurements to 16 kev so 
that a more sensitive fit could be made. 

Measuring the cross section of chlorine also presented 
the opportunity to determine the feasibility of measur- 
ing cross sections above 1 kev with the MTR fast 
chopper. This chopper was originally designed to oper- 
ate with a 20-meter neutron flight path. For this flight 
path, all the slow neutrons from one burst will have 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t A preliminary report of these results was made at the 1956, 
Washington, D.C. meeting of the American Physical Society 
(Brugger, Evans, Joki, and Shankland, Bull. Am. Phys. Soc. 
Ser. II, 1, 176 (1956) ]. 

t Permanent address—Physics Department, Case Institute of 
Technology, Cleveland, Ohio. 

‘ca: Hibdon and C. O. Muehlhause, Phys. Rev. 79, 44 (1950). 


passed the counters when neutrons from the next burst 
arrive. In the present experiment the neutron flight 
path was increased to 45 meters to take advantage of 
the better resolution and to suppress the fast-neutron 
background at higher energies. With a 45-meter flight 
path, slow neutrons from one burst are still passing the 
counters when faster neutrons from the next burst 
arrive. However, a method of filtering the beam with 
B,C has been developed that limits the abundance of 
these slow neutrons to less than 4%. 

A second effect that limits the chopper operation is 
a rapid increase in the fast-neutron background for 
small flight-times. This background consists of neutrons 
of the order of 2 Mev which are transmitted by the 
rotor scattering material. As a rotor slit is passing 
through the beam axis, the amount of effective scat- 
tering material changes rapidly with angle. Since only 
a small amount of scattering material is necessary to 
stop slow neutrons, these are limited to a well-defined 
burst. The abundance of fast neutrons, however, con- 
tinues to change rapidly until the full amount of the 
rotor scattering material has intercepted the beam. 
With the rotor spinning at 6000 rpm, this maximum 
absorption occurs about 40 usec after the main neutron 
burst. The fast background is small and relatively flat 
beyond this angle. While for a 40-ysec flight time the 
neutron energy is 796 ev for a 20-meter flight path, it 
is 6.6 kev for a 45-meter flight path. Thus, the upper 
energy limit of operation is extended. A more sensitive 
method discussed below for measuring the fast-neutron 
background above 6 kev was developed. It was found 
that the practical upper limit for 45-meter flight path 
operation is about 26 usec or 16 kev. 

In order to determine whether the above method 
gives consistent results at the high neutron energies, 
the transmission and cross section for a carbon sample 
were measured. This cross section was also needed to 
obtain the chlorine cross section from transmission 
measurements with carbon tetrachloride samples. 

Our results on the chlorine cross section, obtained by 
the MTR fast chopper, have been compared with 
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Fic. 1. The total neutron cross section of chlorine as a function of neutron energy. The solid curve is the Breit-Wigner negative 
energy level fit of the data. The solid and broken line trapezoids are respectively the calculated resolution of the MTR crystal spec- 
trometer and fast chopper. The trapezoids result from averaging the data. The indicated errors are the standard deviations due to 
counting statistics. Below 5 ev these errors are less than the size of the points. 


measurements obtained with neutrons produced in the 
Van de Graaff accelerator. Toller, Patterson, and New- 
son? have measured the cross section for chlorine down 
to about 2 kev and report a resonance at 8.8 kev. The 
present measurements were extended above this reso- 
nance both to give a comparison of the resolution and 
to check on the magnitude of the cross sections. 


Il. EXPERIMENTAL PROCEDURE 
MTR Crystal Spectrometer 


The general operating procedure and data-recording 
system of the MTR crystal spectrometer have been 
described elsewhere.** The neutron beam from the 
reactor was defined by a steel collimator 96 in.X 2$ in. 
X# in. The over-all resolution of the instrument was 
0.9 wsec/meter or 23% in energy at 1 ev. The 240 
planes of a sodium chloride monochromating crystal 
were used. The chlorine sample was Baker’s reagent 
grade carbon tetrachloride 1.326+0.001 cm_ thick 
(2.115 g/cm? at 20°C) in an aluminum container with 
walls 0.160 cm thick. An empty matched aluminum 
container was used in the “no sample” position to 
eliminate the correction for the aluminum transmission. 


2 Toller, Patterson, and Newson, Phys. Rev. 99, 620(A) (1955). 

3G. L. Smith and L. G. Miller, Atomic Energy Commission 
Report IDO-16168, 1955 (unpublished). 

4J. E. Evans, Atomic Energy Commission Report IDO-16120, 
1953 (unpublished). 


No corrections were applied for a +3°C variation in 
temperature during the experiment. 

The cross section for chlorine was obtained from the 
carbon tetrachloride transmission data by correcting 
for the carbon cross section (4.69 barns). The data are 
shown graphically in Fig. 1. Below 8.5 ev, transmissions 
were measured every 5 min of glancing angle; above 8.5 
ev, every 2 min of glancing angle. For convenience in 
presentation, the data are averaged over groups of 
points. No corrections have been made at low energies 
for molecular binding. For energies above 0.1 ev the 
error in absolute cross section from sources other than 
counting statistics is believed to be less than counting 
statistics. 


MTR Fast Chopper 


Several publications have discussed the general 
properties and operating procedure of the MTR-type 
fast chopper.'* Only recent modifications will be 
described in this paper. One of these is an automatic 
sample changer that facilitates changing and exact 
positioning of the samples at the exit stator. A second 
is an enlarged counter system.’ This system contains 
eighty, 1-in.-diameter BF; counters arranged in 5 banks 
with appropriate delays between each bank. The 


5 R. G. Fluharty, Phys. Rev. 95, 609A (1954). 

6 Fluharty, Simpson, and Simpson, 103, 1778 (1956). 

7Simpson, Fluharty, and McClellan, Bull. Am. Phys. Soc. 
Ser. IT, 1, 247 (1956). 
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counters are now housed in an aluminum B,C counter 
box, the walls of which are 2S aluminum cans, 1 in. 
thick containing B,C powder. Holes were left in the 
front and back walls to transmit the beam. The new 
counter box has greatly reduced the slow-neutron room 
background while the larger number of counters has 
increased the counting rate. There has been no detec- 
table change in resolution or in the areas measured for 
a transmission dip. The transition from the old to 
new counter system was made in the course of this 
experiment. 

The usual method of measuring the fast background 
is to record the counting rate of the detectors as a 
function of angle as the chopper rotor is slowly rotated 
from one set of slits to the next. This method has 
proved very satisfactory when the fast background is a 
slowly varying function of angle (flight times>40 usec) 
and the flight time of 2-Mev neutrons (~2 usec at 45 
meters) can be considered negligible. When the fast 
background changes rapidly, this ~2-usec flight time 
distorts the fast-background curve determined by the 
slow-rotation method. 

For flight times less than 40 usec, the following 
method was employed for determining the fast back- 
background. The raw data for flight times greater than 
40 wsec and with no sample in the beam are corrected 
by the usual method. These corrections left the true 
energy neutrons that follow a 1/£ distribution. This 
1/E spectrum was extrapolated to smaller flight times. 
Then the difference between the raw data minus room 
background and the 1/Z spectrum was the fast back- 
ground with no sample. The fast background with a 
sample was then the product of the fast background 
with no sample and the average transmission of the 
sample for neutrons between 1 and 3 Mev. 

To test the validity of the above method, the trans- 
mission of a piece of reactor graphite with a thickness 
of 0.1582 10% atoms/cm? was measured for energies 
greater than 14 ev. The cross section is essentially flat 
up to 16 kev. Above this energy the cross section shows 
variations that can be correlated with variations in the 
fast neutron background. It has been concluded that 
with the present methods and a 45-meter flight path, 
16 kev is a practical upper limit for the MTR fast 
chopper 

It was also necessary to eliminate or correct for the 
overlap neutrons. Since these neutrons have a 1/E 
spectrum, and the counters have a 1/v response, the 
number counted per time interval should be independ- 
ent of energy. Thus, with no filters in the beam it is 
expected that the overlap neutrons will contribute as 
many counts per time interval as the true effect. At 
high energies it is found that the overlap accounts for 
43% of the counting rate after background corrections 
when no filter is in the beam. For flight times greater 
than 100 usec, the chopper begins to stop some of the 
overlap neutrons. At flight times greater than 900 usec, 
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all the overlap neutrons are eliminated from the beam 
by the rotor. 

Since the overlap neutrons have less energy than the 
desired neutrons, and B" is a 1/v absorber, it is possible 
to use a set of B,C filters placed in the beam to minimize 
the number of overlap neutrons as compared with 
desired neutrons. The overlap can, thus, be suppressed 
to less than 4% of the true counting rate by using a 
series of B,C filters up to 3 in. thick. Less than 50% of 
the true counting rate is thereby sacrificed. By using 
several filter thicknesses and using the data in a set of 
simultaneous equations, it is possible to determine the 
amount of overlap (43%) when no filters are present. 
The transmission measured with a filtered beam can 
then be corrected for the remaining overlap effect. 

Three different types of sample were used in the 
fast-chopper transmission measurements. Samples of 
carbon tetrachloride (both Baker’s spectroscopic and 
Fisher’s reagent grade) 4.766+0.002 cm and 0.892 
+0.002 cm thick contained in 2S aluminum sample 
holders with 0.040 in. thick windows were used in the 
range 16-15 000 ev. A similar sample holder was used 
in the “no sample” position to eliminate corrections 
for the windows. Our measured carbon cross section of 
4.69 barns was used to determine the chlorine cross 
sections from the carbon tetrachloride transmission. 

Other samples were sodium chloride single crystals 
of thicknesses 0.210+0.001 in., 0.477+-0.001 in., 1.502 
0.001 in. and 3.76+0.01 in. obtained from the Harshaw 
Chemical Company and the Royal Crystal Salt Com- 
pany. These made satisfactory samples below the 2.9- 
kev sodium resonance. The averaged sodium cross 
section as given by Hughes and Harvey® was used to 
obtain the chlorine cross section from our data. The 
transmission of a sample of sodium chloride enriched 
in Cl (95.74%) obtained from the Isotopes Division, 
Oak Ridge National Laboratory was measured to 
prove that the 405-ev rescnance is due to this isotope. 

Figure 1 also shows the cross section of chlorine as 
measured with the fast chopper. The region from 16 ev 
to 70 ev was measured by using 5-usec time intervals. 
Since no consistent, sharp variations are observed, the 
data are averaged over 25-usec intervals. From 70 ev 
to 15 kev the time intervals were narrowed to 1 usec. 
Since no sharp, consistent variations except the 405-ev 
resonance are observed in the data from 70 ev to 1.6 
kev, the averaging in this region is over 5-usec intervals. 
The data from 380 to 420 ev are those obtained with the 
0.477-in. sodium chloride sample and 4-usec time inter- 
vals. These data are not averaged. The errors in absolute 
cross section from sources other than counting statistics, 
except at the resonance peaks, are believed to be less 
than +0.5 barn. The statistical fluctuations are large 
in the 1.6- to 8-kev region because here a considerable 

8D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superine 


tendent of Documents, U. S. Government Printing Office, Wash- 
ington, D. C., 1955). 





TOTAL NEUTRON CROSS SECTION OF CHLORINE AND 


part of the beam attenuation is due to the carbon in 
carbon tetrachloride. 


III. RESULTS AND INTERPRETATIONS 
Carbon 


Since this cross section does not vary from its average 
value by more than +0.5 barn, and no peaks are 
observed that resemble resonances, the data accumu- 
lated between 14 and 10000 ev were averaged. The 
average value of or is 4.69+0.10 barns. 


Chlorine 


The chlorine data are remarkably free from fluctu- 
ations below 4 ev. This is to be expected since there are 
no sharp, coherent effects in the liquid sample such as 
occur with crystalline samples. However, fluctuations 
are observed above 4 ev. There are no resonances of 
sufficient size in the impurities given in a typical 
chemical analysis of the sample material which could 
account for them. 

The resonance at 405 ev was detected in three 
different types of chlorine sample and is strongest in 
the one which was enriched in C]*, so this resonance is 
assigned to Cl**. A two-sample-area analysis’ of this 
resonance was attempted. The two samples picked for 
area analysis were “thick’’ samples and give only 
limiting values. An area from a thinner sample was too 
poor statistically to be useful. Limiting values of the 
parameters were obtained by taking the observed areas 
with their respective errors and calculating parameters 
corresponding to the limits of error. One set of limits 
of error gives impossible parameters: i.e., [,>I. The 
other set indicates that !<0.6 ev and o9>580 barns. 
For these limits, ’,=0.14 ev or I,” equals 0.007 ev 
(T.°=T,/s/E). This I’,.° is smaller by several orders of 
magnitude than the I’,"s observed in neighboring 
elements. 

The magnitude of I’,° suggests that this resonance 
might be formed by P-wave neutrons. Since the ob- 
served resonances in neighboring nuclei are above 1-kev 
neutron energy, a better comparison of the I’,° of the 
405-ev resonance might be made with the I,” of the 
negative level of chlorine. When one makes such a 
comparison, T’,.°(— 140 ev)/T’,°(405 ev) is about 10°. 
The compound nucleus theory predicts a value of I,” 
for different / values. With the notation of Feld,’ 
Tn’= (21+1)CDniGoni, where the penetration factor 
Yni(R/X) is 1 for J=0 and is (R/A)?/[1+(R/A)*] for 
l=1. For neutrons, the Gamow factor G is 1. If one 
assumes that the level spacing of S and P levels is the 
same, Dn» is equal to D,:. Therefore, for the 405-ev 
resonance, the theory predicts that I',,°(405 ev)/ 
T',0°(405 ev) is about 10~*. Thus, the I’,° for the 405-ev 


9D. J. Hughes, J. Nuclear Energy 1, 237 (1955). 
0E, Segre, Experimental Nuclear Physics (John Wiley and 
Sons, Inc., New York, 1953), Vol. 2, p. 261. 
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level lies midway between the value for an S level and 
the predicted value for a P level. It has been shown® 
that T’,° for S wave resonances can vary by several 
orders of magnitude. The 405-ev resonance appears to 
have little effect on the cross section at other energies. 

No parameters were calculated for the resonance at 
8.7+0.5 kev. However, the total experimental width 
is observed to be about 0.8 kev (0.04 usec/meter). This 
is close to the width measured by the Duke University” 
group for this level, indicating that the MTR fast 
chopper and the Duke Van de Graaff accelerator have 
comparable resolution at 8 kev. A recent publication 
by Neiler, Good, Gibbons, Banta, and Smith" concern- 
ing the ORNL Van de Graaff accelerator indicated a 
resolution of 0.6 kev at 8 kev. Thus, with the present 
techniques the Van de Graaff measurements have better 
resolution above about 6-8 kev and the MTR fast 
chopper below 6-8 kev. Comparing the magnitudes of 
our total chlorine cross sections above 6 kev to that 
obtained by Duke shows that our values are a little 
lower. However, they still agree within the experimental 
errors. 

The measured cross section at low energies is much 
larger than 47R?. It changes from an E~ distribution 
at thermal energies, to E~'/* at about 5 ev and E-*/8 at 
300 ev. The E~’® to E~*’® shift produces a knee at 
about 50 ev. This knee in the cross section indicates 
that the major contributions to the cross section at 
low energies is from a level below the knee. Since the 
thermal capture cross section of Cl** is large and that 
of Cl*’ is small, the level is probably in Cl**. Thus, the 
cross-section data were fitted with a single-level Breit- 
Wigner curve in order that the parameters of the level 
below the knee could be determined. 

Assuming that RR<1, where k is the channel wave 
number, the Breit-Wigner one-level formula may be 
written 


Stotal=Tpott4pgn aT,” 
X(T ,/4/E)+4R(E— Es) 
—a h(i 
4(E—Ey)?+(Py+Tn/E)? 





where ototal is the total cross section for the element, 
Tpot is the potential scattering for both isotopes, p is 
the isotopic abundance of the isotope having the reso- 
nance, the spin factor (g) is equal to 3[1+1/(27+1) ], 
T is the spin of the target nucleus, 27X’ is the wavelength 
of a 1-ev neutron, I’,° is the reduced neutron width 
which is equal to I’,,/./E, where I’, is the partial width 
at half-maximum for neutron emission at the resonance 
energy, R is the nuclear radius of the isotope having 
the resonance, Ep is the resonance energy, and E is the 
energy of the incident neutrons. 

Since the ground state spin of Cl* is 3, g is 3 or 3. 


" Neiler, Good, Gibbons, Banta, and Smith, Atomic Energy 
Commission Report ORNL-1975, 1955 (unpublished). 
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The isotopic abundance of Cl** is 0.754. With these 
values, Eq. (1) was programed for the MTR-IBM- 
650 digital computor. The 5 parameters, I’,.°, I'y, opot, 
R, and Ey were varied to give the best visual fit for 
each of the two possible g values. It was found that R 
and Ep» could be adjusted to give similar curves. There- 
fore, the empirical equation R= 1.45X10-"A? cm was 
applied and R was taken as 4.74 10-¥ cm. 

Once the parameters have been determined, the 
incoherent and the absorption cross sections could be 
determined from the following equations: 


Fincoh — Tse Feoh = 4rpg(1 — pg) XT." 
xT ,°+-4R(E—Ey) 
x| |, @ 
4(E— Eo)? + (Tw /E+T 





AT ,//E 3) 
4(E—E,)*+(T,.%/E+T,)9) 





Oab= peters] 


Equation (2) is derived on the assumption that all the 
scattering is due to the negative resonance, so here @pot 
is neglected. 

For g=#, the following parameters give the best 
visual fit; I',°=1.15+0.07 ev, T',=0.60+0.03 ev, 
R=4.74X 10-8 cm, opor=1.1340.10 barns, Eo= — 160 
+5 ev. The errors indicate the ranges of parameters 
that give less satisfactory fits when the parameters are 
varied individually by these amounts. For these values 
the incoherent cross section at 0.025 ev is equal to 
10.9+0.9 barns, which is larger than the value of 
3.94+3.1 barns calculated from the experimental values, 
%sc=16+3 barns and geon= 12.1+0.8.* The absorption 
cross section at 0.025 ev is equal to 31.6+2.8 barns 
and is in agreement with the 31.6+1.0 barns reported.® 
For g=%, the parameters that give the best visual fit 
are I’,°=0.72+0.05 ev, T',=0.48+0.02 ev, R=4.74 
X 10-8 cm, opor=1.13+0.10 barns, and Eo>= —140+5 
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ev. The absorption cross section at 0.025 ev is equal to 
34.5+3.4 barns and again is in good agreement with 
other experimental values. The incoherent cross section 
at 0.025 ev, however, is equal to 7.8+-0.7 barns which 
is just at the limit of error of the experimental value of 
3.94+3.1 barns. Because the value of ¢ incon for g=3 
is in better agreement than the value for g=3, the 
negative level is assigned a spin of 2 and the latter set 
of parameters. 

This set of parameters gives the solid curve of Fig. 1. 
The fit is most sensitive to I’,° in the 1-kev region, to 
I’, below 0.2 ev and to op ot at the highest energies. 
No correction of the data has been made for any 
second order effects in the monochromating crystal at 
the lowest energy. A correction for this effect would 
increase the experimental values. The value of the 
potential scattering calculated from 47R? is 2.83 barns. 
This is larger than the 1.13 barns obtained as a pa- 
rameter and the experimental cross section at 5 kev. 
Interference between the potential scattering and the 
levels above 8 kev could account for this small cross 
section at 5 kev. Since the parameters for these levels 
are not well known, no corrections were made for their 
interference effects, and the o,.¢ obtained from the 
analysis may be due to local resonance effects and may 
not represent the true @pot. 
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Electrostatic Analysis of Nuclear Reaction Energies* 
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Electrostatic analysis of incident and product particles has been used to measure the following reaction 
energies (in Mev): D(d,H*)p (4.044+0.005); D(d,He®)m (3.271+0.011); C(d,a)B"* (0.362+0.002) ; 


C4(d,p)C’ (—1.007+0.001) ; 


B"(a,d)C# (1.341+0.002); O'8(d,p)O'™*, 0.87 


level (1.048+-0.002) ; 


N'*(d,p) N%*, 7.31 level (1.308+0.002) ; 7.58 level (1.045+-0.002) ; 8.32 level (0.296+0.001) and 8.57 level 
(0.038+-0.001) ; C!#(d,p)C8* 3.68 level (—0.960+0.002) and 3.86 level (—1.130+0.002) and N"(d,a)C* 
9.6 level (3.933+4.0.014). The 30-kev width of the 9.6-Mev level of C limits the spin and parity assignment 


to 0+, 1-, 2+, or 3-, or possibly 4+. 





I. INTRODUCTION 


CCURATE measurements of nuclear reaction 

energies by electrostatic deflection of incident 
and product particles in high-resolution cylindrical! and 
spherical analyzers? have been reported in previous 
communications.*~? Further reaction energies have been 
measured using the same equipment and procedures, 
except for the following modification. A proportional 
counter or a CsI crystal with an RCA 6199 photo- 
multiplier were used interchangeably with the previous 
ZnS detector. The new detectors had a higher efficiency 
and improved particle discrimination. 

A newly designed target holder increased the capacity 
from three to seven targets in addition to the beam 
viewing quartz used on both the older and new arrange- 
ments. Nickel target backings (2500 A) were spot 
welded to 5-mil nickel washers. After the target prepara- 
tion they were clamped into concentrically arranged 
positions on the target holder. 


II. TARGET PREPARATION 


Thin solid targets (99% B") were prepared by 
evaporation of elemental boron onto the 2500-A Ni foils. 
Deuterium and nitrogen were gettered by titanium in 
an Evapor-ion pump* to form targets which were stable 
at 200°C. C™ targets were prepared in a discharge tube 
containing acetylene (enriched to 28.8% C™). 


* Supported in part by the U. S. Atomic Energy Commission 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

+ Now at State University of Iowa, Iowa City, Iowa. 

t Now at University of Utrecht, Netherlands. 

§ On leave from Téhoku University, Sendai, Japan. 
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III. PROCEDURE 


Incident particles from the electrostatic generator 
were selected in energy by a cylindrical electrostatic 
analyzer calibrated in terms of the Li’(p,m)Be’ thresh- 
old. The energy of reaction particles was determined by 
means of aspherical electrostatic analyzer. The spherical 
analyzer was again used as a secondary voltage standard 
because of the observed +0.04% voltage drifts of the 
cylindrical analyzer. Incident particles were elastically 
scattered from heated platinum targets before and after 
the Li’(p,n)Be’ threshold as well as before and after 
each reaction edge for purposes of energy calibration. 
Errors are assigned to bombarding energies consistent 
with any observed shifts in the platinum scattering 
edges and 0.05% for the uncertainty in the absolute 
voltage scale.® 

As in our earlier measurements,?* angle-sensitive 
elastic scatterings were used to fix the angle of the out- 
going to incident particle. Figure 1 shows the D(p,p)D 
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Fic. 1. High-energy edge of 2.965-Mev protons elastically 
scattered from deuterium. The abscissa is proportional to the 
energy. The base of the triangle represents the theoretical interval 
necessary for the yield to rise to its maximum value (twice the 
resolution). Uncertainty in the determination of the half-yield 
point is indicated by the rectangular box. B.G. represents the 
background. 
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TABLE I. Determination of the spherical analyzer angle by means 
of several angle sensitive reactions. 








Bombarding 
energy 
(Mev) 


2.965 
2.012 
2.012 
1.882 


Angle 


134° 27.9’ 
134° 29.7’ 
134° 22.2’ 
134° 27.9’ 
134° 27.0’ 


Reaction 


D*(p,p) 
C*(a,a) 
Li? (d,d) 
Li"(p,p) 
Weighted mean 


Uncertainty 


2.2’ 
3.8’ 
5.0’ 
6.7’ 
2.0’ 











edge. Tabie I lists the results of the angle determination 

Both angle and Q-value calculations (including rela- 
tivistic corrections and uncertainty calculations) were 
coded for an IBM 650 calculator. 

Although the targets were heated to 200°C, con- 
tamination buildup was sometimes still a problem. 
Contamination buildup was monitored by observing the 
elastically scattered protons or deuterons from carbon 
and oxygen. Contamination corrections were less than 
1 kev for all reactions except the D(d,H*)p, D(d,He*)n, 
and N*(d,a)C!* 9.6-Mev level. 


IV. RESULTS 


Figure 2 shows a typical reaction edge. Other edges 
are only shown if they require special comment. 


D(d,H*)p 


A typical set of data on the D(d,H*) p reaction is shown 
in Fig. 3. The large c.m. motion makes the triton energy 
so angle-sensitive that the rise interval is much larger 
than that from instrumental resolution. Table II sum- 
marizes our results. 

Our D(d,H*)p Q-value is in agreement with the Cali- 
fornia Institute of Technology”:'! measurement but 
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Fic. 2. A typical thick-target reaction edge: N™(d,p)N'* 
8.32 level. (See also caption for Fig. 1.) 


” Tollestrup, Jenkins, Fowler, and Lauritsen, Phys. Rev. 75, 
1947 (1949). 
” Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 
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disagrees with the Massachusetts Institute of Tech- 
nology” results. (See Table IV.) The M.I.T. target was 
prepared by allowing deuterium to accumulate in a thin 
SiO, layer (Pt-backed) as a result of bombardment by 
1-Mev deuterons. Hence there may be some question 
concerning the uniformity and stability of their targets. 
Incident deuteron energies were measured with a mag- 
netic analyzer and the reaction particles (protons) at 
90° were measured with a second magnetic analyzer. 
The angle was measured geometrically rather than by 
an angle-sensitive elastic scattering. 

The internal consistency of both the M.I.T. and the 
present experiments suggests that the error is a sys- 
tematic one. Possible systematic errors in the M.LT. 
data which could cause such a discrepancy are (a) in- 
sufficient allowance for contamination, (b) the absence 
of deuterium target atoms at the SiO» surface, or (c) an 
error in the angle determinations. It requires an error 
of only 5.6X10~ radian to change the M.I.T. Q value 
so that it would coincide with the present determination. 
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Fic. 3. High-energy edge of tritons produced in the reaction 
D(d,H*)p. Note that the rise interval is much larger than the 
instrumental resolution. This effect may be caused by target 
inhomogeneities accentuated by the large stopping power. 


Possible systematic errors in the present experiment are 
(a) the angle determination, and (b) the application of 
a contamination correction which is too large. However, 
the mean of our five determinations with no contamina- 
tion correction is still 11 kev greater than the M.LT. 
value. An error in the angle of 7.8X10~* radian would 
be necessary to make our value coincide with that of 
M.1.T. This is 5.5 times greater than the largest 
deviation from the weighted mean of four independent 
angle determinations (Table I). 


D(d,He*)n 


The large stopping power cross sections for He* and 
the kinematics of the reaction make carbon buildup 
layers a serious source of error. This effect was particu- 
larly important for this reaction since long bombarding 
times were necessitated by the low counting rate. In 
addition, wrinkling of the thin target backing can pro- 


12 Strait, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 
747 (1951). 
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duce large uncertainties when contamination corrections 
as high as 13 kev are applied to the Q value. An inspec- 
tion of the used deuterium targets indicates wrinkles 
1 mm across and also a distortion at the beam spot. 
The path length of the reaction particle in the con- 
tamination layer is doubled if the foil is inclined at 25° 
with the vertical and tripled if the inclination is 32°. 
If the foil is inclined in the opposite direction, the path 
length may be reduced by a factor of 0.7. The measure- 
ment of the contamination layer thickness by elastic 
scattering of protons from C’® is only increased by 10% 
for a 25° foil inclination. Hence, the actual contamina- 
tion correction calculated in the usual manner (13 kev) 
can be too small by a factor of two or more. 

Two determinations of the D(d,He*)n reaction energy 
(Table III) were obtained, but these do not agree if 
the ordinary correction for contamination is applied. 
Possibly the effect of target wrinkling is evident in 
these results. The reaction energy may be calculated 
from the D(d,H*)p data and the accurately measured® 
H*(p,n)He® threshold. The result is 3.280+0.005 Mev. 
This indirect value lies between and in disagreement 


TABLE II. D(d,H*)p Q values. 








Contamination 
correction 
(Mev) 


0.003 
0.001 
0.001 
0.004 
0.006 


Detector slit 
diameter 
(mm) 


Bombarding 
energy 
(Mev) 


0.3188 
0.3187 
0.3187 
0.3184 
0.4022 


Q value (Mev) 


4.040+0.005 
4.046+0.008 
4.046+0.005 
4.043+0.006 
4.043+-0.006 
4.044+0.005 











with both the Chicago" and Cal. Tech.!:'* measure- 
ments, the two most accurate direct determinations. 

In both the Chicago and Cal. Tech. experiments, 
D.O was continuously frozen to obtain a target which 
was free of contamination. It may be significant that 
both the Cal. Tech. D(d,H*)p and D(d,He*)n Q values 
are lower than the ones reported here suggesting a 
systematic difference. The Cal. Tech. angle was meas- 
ured by means of O0'*(d,d) scattering which is consider- 
ably less angle sensitive than those used in the present 
experiment. 

No discussion of the angle measurement is included 
in the Chicago paper."' Also the uncertainty appears 
to have been assigned on the basis of deviations of 
individual measurements from the weighted mean and 
would not include allowances for systematic errors. 


C'«(dja)B" 


The Q value, 0.362+0.0015 Mev, which resulted 
from this measurement is in agreement with the value, 
0.358+0.007 Mev, calculated from the Drummond!® 


13 PD. M. Van Patter and W. Whaling, Revs. Modern Phys. 26, 
402 (1954). 

4H. Argo, Phys. Rev. 74, 1293 (1948). 

5 J. E. Drummond, Phys. Rev. 97, 1004 (1955). 
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TABLE III. D(d,He*)n Q values. 








Contami- 
Detector nation 
Bombarding slit correc- 
energy diameter tion 
(Mev) (mm) (Mev) 


Uncertainty 
(with 
wrinkling 
effect) 
(Mev) 


0.025 


Uncertainty 
(no wrinkling 
effect*) 
(Mev) 


0.024 
0.007 


O value 
(Mev) 


3.305 
3.258 





0.3185 2 
0.3184 4 


0.007 
0.0138 


Weighted mean 3.271 








® The contamination correction can be too small by a factor of two or 
more as the result of wrinkles in the target. 


mass table. No other measurements of this Q have been 
reported. 


C'4(d,p)C® 


The investigation of the extremely large discrepancy" 
between the present Q value of —1.007+0.001 Mev 
and the University of Texas’® value of 0.15+0.15 Mev 
is described in detail elsewhere.’ The differential cross 
section at 135° for this reaction corresponding to the 
Texas Q value was found to be less than 0.05 mb/sterad. 
The Texas determination has now been withdrawn.'7 

The high-energy cut-off edge of the protons (Fig. 4) 
shows a stiucture which could be explained by a 9-kev 
doublet in C'® or by a 10% increase in the C™ density 
at a depth in the target of 3 kev to 2.7-Mev deuterons. 
No data of sufficient accuracy were obtained to differ- 
entiate between these two possible interpretations. No 
other evidence for a first excited state in C'® was found 
up to an excitation energy of 500 kev. However, most of 
the region corresponding to the first 350-kev excitation 
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Fic. 4. C(d,p)C. Structure of the edge is suggested by the 
double set of slant lines at the top of the figure. It could be caused 
by a close (9-kev) doublet in C! or by a 10% increase in the C¥ 
density at a depth of 3 kev to the incident beam. The abscissa is 
proportional to the proton energy. BKGD represents the back- 
ground. 





11 Note added in proof.—Professor S. K. Allison (private com- 
munication) reports a C'4(d,p)C!® Q value of —1.06+0.05 Mev 
based on measurements by his group of the Be*(Li’, p)C™ re- 
action Q value. 

16 Rickard, Hudspeth, and Clendenin, Phys. Rev. 96, 1272 
(1950). 

17 Bostrom, Hudspeth, and Morgan, Bull. Am. Phys. Soc. 
Ser. II, 1, 94 (1956). 
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TaBLE IV. Results of Q value measurements and comparison with those of other laboratories. 








Reaction (excited state levels in Mev) Q (Mev) 


Other determinations (Mev) Laboratory 





D(d,H*)p 4.044+0.005 


D(d,He*)n 3.271+0.011 
0.362+0.0015 

—1.007+0.001 
1.341+0.001 


C¥(d,a)B" 
C#(d,p)C% 
B"(a,d)C® 


O'*(d,p)0'*, 0.87 level 1.048+0.002 


N**(d,p)N"*, 7.31 level 1.308+0.0015 


7.57 level 
8.32 level 


1.045+0.0015 
0.296+0.001 


0.038+0.001 


—0.960+0.002 
— 1.130+0.002 


3.9330.014 


8.58 level 


C#(d,p)C*, 3.68 level 
3.86 level 


N*¥(d,a)C™, 9.6 level 


M.I1.T.* 
Cal. Tech.» 


Cal. Tech.> 
Chicago* 
Reaction cycle? 


4.030+0.006 
4.03620.012 


3.2650.009 
3.30 +0.010 
3.280+0.005 


0.359-+0.007 Reaction cycle® 
Texas‘ 
Cavendish* 


Reaction cycle® 
Reaction cycle! 


0.15 +0.15 


1.39 +0.01 
1.344+0.011 
1.335+0.013 


1.049-+0.007 
1.040+-0.010 


1.301+0.010 
1.306+0.005 


= 55 
4 


1.040+0.010 


0.299+0.010 
0.300+0.005 


0.044+0.010 


—0.967+0.008 
—1.138+0.007 


3.955+0.003 


<= 


rr, 


B 


— 
HSH HH RAH BB 


= 55 & 








* See reference 12. 

> See references 10 and 11. 

© See reference 14. 

4 D(d,H*®)p (present work) and H*(p,n)He? (reference 13). 

*¢ C8(d,p)C™, C4(d,a) B", and B"(d,p) B™ (see reference 13). 
{ See reference 16. 

® See reference 18. 


| 





» C12(d,p)C™ (reference 13) and C!*(p,a) B'° [Fades, private communication to A. H. Wapstra, Physica 21, 367 (1955) ]. 
i C8(d,a) B", C!2(d,p)C® (reference 13) and B'°(d,p)B", R. B. Elliott and D. J. Livesey, Proc. Roy. Soc. 224, 124 (1954). 


i Buechner, Strait, Sperduto, and Malm, Phys. Rev. 76, 1543 (1949). 
k See reference 20. 

1 R. Malm and W. W. Buechner, Phys. Rev. 80, 771 (1950). 

= R. Malm and W. W. Buechner, Phys. Rev. 81, 519 (1951). 


was obscured by proton groups from the C!*(d,p)C™* 
3.68- and 3.86-Mev levels. At 135° and 2.5-Mev bom- 
barding energy, the intensity of a group corresponding 
to the region of 350- to 500-kev excitation in C'* would 
be less than 5% of the ground state reaction intensity. 


B!°(@,d)C” 


Table IV gives the comparisons of this Q value with 
other determinations. It is in disagreement with the 
work of Shire e/ al.'* but agrees with the results obtained 
from the two most accurate reaction cycles available. 


O'*(d,p)O'"*. 0.87-Mev Level 


The target used for this reaction was one which had 
been prepared for nitrogen work and oxygen was 
present as a reasonably abundant contaminant. The 
structure displayed in Fig. 5 could be interpreted as 
exhibiting target structure, the effect of a group of 
particles from a contaminant in the target, or an 11-kev 


8 Shire, Wormald, Lindsay-Jones, Lunden, and Stanley, Phil. 
Mag. 44, 1197 (1953). 


doublet in O'’. Insufficient data were obtained to 
differentiate between these explanations. { If a doublet is 
assumed, the Q values of the two edges are 1.048+0.002 
and 1.037+0.003 Mev. The excitation energies in O”” 
would be 0.871+0.004 and 0.882+0.005 Mev if a Q 
value™ of 1.919+0.004 Mev is taken for the ground 
state reaction. It may be worth pointing out that such 
a close doublet in O'" would reconcile the discrepancy 
between the Cal. Tech. y-ray measurement of this level 
(870.542 kev)” and the best M.I.T. particle data 
(880-+5 kev).* Likewise it would give a simple explana- 
tion of the two close neutron thresholds seen at Rice 


| Note added in proof.—The target was 15 kev thick for the 
incident deuterons, and 25 kev thick for the emergent protons, 
while the instrumental resolution was about 4 kev. Thus an 
oxygen layer on the rear of the target could not produce the 
observed effect. Assuming the O!” doublet to be real, the a 
due to these states had energies of 1.667 Mev and 1.677 Mev, 
respectively, for Ez=0.998 Mev and 64,=134° 27’. These pro- 
tons were clearly distinguished from the closest known contami- 
nant group, namely, 1.630 Mev protons from the reaction 
N"(d,p)N1* 7.58 Mev level. 

19 R. G. Thomas and T. Lauritsen, Phys. Rev. 88, 969 (1953). 

* Sperduto, Buechner, Bockelman, and Browne, Phys. Rev. 96, 
1316 (1954). 
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Fic. 5. O'8(d,p)O!* 0.87-Mev level. Structure of the edge 
could be caused by a close doublet in O!*, the effect of a proton 


group from a target contaminant or a sudden 35% increase in the 
O'* density at a depth of 6 kev to the incident beam. 
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Institute”! in the mirror reaction O'(d,n)F!™* and per- 
haps also reconcile the y-ray measurements for F!™* 
(0.487+0.015 Mev)” and the neutron measurements 
of Ajzenberg® (E,=0.536+0.010 Mev). 


N'‘(d,p)N'**. 7.31-, 7.57-, 8.32-, and 
8.58-Mev Levels 


Q values to four excited states of N’® have been 
measured. Table IV shows a comparison of these results 
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Fic. 6. N“(d,a)C* 9.6-Mev level. This target produced typical 
thick-target yield curves for other N™ reactions. Hence the long 
rise interval is attributed to the width of the 9.6-Mev level in C”. 


21 Marion, Brugger, and Bonner, Phys. Rev. 100, 46 (1955). 

* Warren, Laurie, James, and Erdman, Can. J. Phys. 32, 563 
(1954). 

% Fay Ajzenberg, Phys. Rev. 83, 693 (1951). 
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with the measurements of other laboratories. Recent 
pair spectrometer measurements at Chalk River™ have 
revised earlier determinations® of the N'(n,y)N'* 
gamma-ray energies. Now there is agreement among all 
the measurements [assuming that the N'“(d,p)N* 
ground-state 0=8.614+0.007 Mev™]. Also the M.I.T. 
group” quotes 0.263+0.005 and 0.258+0.004 Mev for 
the energy separation from the 7.31 to 7.57 and 8.32 to 
8.58 Mev levels, respectively. Our corresponding values 
are 0.263+0.001 and 0.258+0.001 Mev. 


C"(d,p)C'**. 3.68- and 3.86-Mev Levels 


The present experiment gives Q values of —0.960 
+0.002 and —1.130+0.002 Mev, respectively, for re- 
actions leading to the second and third excited states 
of C™, These Q’s are in agreement with the M.L.T. 
values. The separation between these two levels in C™ 
quoted by the M.I.T. group as 0.170+0.003 Mev is also 
in excellent agreement with the present determination 
of 0.170+0.0015 Mev. 


TABLE V. Calculated maximum widths (in Mev) of the 9.6-Mev 
level of C#* corresponding to the Wigner limit on reduced widths. 
Three different interaction radii were considered. (The observed 
width is 0.030+0.008 Mev.) 








a (cm) 


5.8 X1078 


2.26 
1.61 
0.94 
0.31 
0.058 


5.0 X10-8 


2.05 
1.44 
0.63 
0.16 
0.022 


4.5 X1078 


2.00 
1.40 
0.49 
0.10 


l wave 











N'‘(d,a)C”*. 9.6-Mev Level 


Figure 6 shows the edge obtained with the same thick 
TIN target which was used for the N“(d,p) N'* reaction 
(Fig. 2). One notes that for the (d,a) reaction the rise 
interval is large compared to the instrumental resolution 
(indicated by A on the figures), whereas for the (d,p) 
reaction (Fig. 2), the observed rise interval matched 
the instrumental resolution. The large rise interval 
implies that the unbound residual state in C!* (E,=9.6 
Mev) has a natural width large compared to our instru- 
mental resolution. Very-thin-target data (not shown) 
confirmed this interpretation since the half-width of the 
thin-target data matched the rise interval of Fig. 6 
within the rather large statistical uncertainty of the 
thin-target data. The half-yield point of Fig. 6 gives a 
Q=3.93340.014 Mev in good agreement with the Q 
calculated from the peak of the thin-target data: 
Q=3.93340.020 Mev. The thick-target data are not 
quite in agreement with the M.I.T.** value of 3.955 


4 P. J. Campion and G. A. Bartholomew, Bull. Am. Phys. Soc. 
Ser. II, 1, 28 (1956), and private communication. 
( a Kinsey, Bartholomew, and Walker, Can. J. Phys. 29, 1 
1951). 
26 R. Malm and W. W. Buechner, Phys. Rev. 81, 519 (1951). 
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+0.003 Mev. In the M.LT. experiment with a N"- 
enriched target, this alpha group was not resolved 
from the overlapping alpha group expected from the 
N*(da)C™* (3.86-Mev level). A serious systematic 
error may therefore exist in the M.I.T. data. 

An experimental width (I'..m., the width at half- 
height) of 30 kev for the 9.6-Mev level in C’® was 
calculated from the energy distribution of the alpha 
particle whose energy in the recoiling center-of-mass 
system is (8/12) (2.27 Mev). Therefore, from the con- 
servation of angular momentum and parity, one can 
restrict the spin and parity assignment to the following 
values: 0*, 1-, 2+, 3-, 4+, 5- etc. A limit may be placed 
upon this series through use of the Wigner limit,”’ since 
the reduced width y?<$(h?/ua), where a is the inter- 


27R. G. Sachs, Nuclear Theory (Addison-Wesley Publishing 
Company, Cambridge, 1953), p. 310. 
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action radius. Calculated widths corresponding to the 
maximum allowed reduced width are given in Table V 
for three different interaction radii. Coulomb penetra- 
bilities were obtained from tables compiled at Chalk 
River.”* These widths are to be compared to the experi- 
mental determination of 0.030+0.008 Mev. It can be 
seen that / waves of 3 or less (and hence J values of 3 
or less) are allowed, 4 implies maximum reduced width 
and higher / values would be forbidden. 
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Excitation curves and angular distributions have been obtained for five (He®,p) reactions in which the 
initial and final states were of known spins and parities. The results give information on the reaction mecha- 
nisms involved. All the reactions studied showed resonances in the excitation curves indicating that the 
reactions proceeded at least in part by way of a compound system. In one or possibly two cases, the angular 
distributions showed a strong asymmetry about 90°, suggesting the admixture of some other reaction 


mechanism. 


INTRODUCTION 


N recent years considerable attention has been given 
to nuclear reaction mechanisms which by-pass the 
formation of a compound nucleus. Theoretical calcula- 
tions! have been conspicuously successful in interpreting 
experimental data for deuteron-induced reactions on 
light elements, where, for bombarding energies of from 
1 to 15 Mev, both protons and neutrons exhibit angular 
distributions that cannot be explained in terms of 
compound-nucleus formation. On the other hand, reac- 
tions induced by protons and alpha particles in this 
energy range yield angular distributions which are 
generally consistent with compound-nucleus formation. 
Reactions induced by bombardment with H* and He’ 
ions have produced inconclusive results. While some 
experiments? apparently show marked and consistent 


, + Supported in part by the U. S. Atomic ye Sey 


1S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951); 
Bhatia, Huang, Huby, and Newms, Phil. Mag. 43, 485 (1952). 

2 Almquist, Bromley, Gove, Litherland, and Paul, Bull. Am. 
Phys. Soc. Ser. II, 1, 195 (1956); Holmgren, Bullock, and Kunz, 
Phys. Rev. 100, 436 (1955); Holmgren, Johnston, Wolicki, and 
Greer, Bull. Am. Phys. Soc. Ser. II, 1, 211 (1956). 


asymmetries about 90° that are somewhat similar to 
those observed in deuteron reactions, others’ indicate 
resonances in yield and variations in angular distribu- 
tions with energy which can only be associated with 
levels in the compound nucleus. 

The recent availability of comparatively large quanti- 
ties of He* has made possible the acceleration of He*+ 
ions in the Rice Institute Van de Graaff accelerator. 
With a view towards studying the reaction mechanisms 
involved, excitation functions and angular distributions 
were obtained in the energy range of 1 to 5 Mev for 
several reactions involving initial and final states of 
known spins and parities. 


EXPERIMENTAL PROCEDURE 


The angular distribution chamber used in this experi- 


ment has been described previously.‘ Holes of }-inch 


diameter at 10° intervals on a 5-inch diameter cylinder 


5’ Bromley, Gove, Litherland, Paul, and Almquist, Bull. Am. 
Phys. Soc. Ser. IT, 1, 195 (1956). 

‘Bonner, Eisinger, Kraus, and Marion, Phys. Rev. 101, 209 
(1956). 
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Fic. 1. Excitation 
curve for the Li®- 
(He?,p)Be® and Be’* 
(2.9 Mev) reaction 
at 0° and 150° (labo- 
ratory angles). Cross 
sections are in milli- 
barns/steradian in 
the center-of-mass 
system. The arrows 
indicate the energies 


(MB/STER) , 
Bs 


Li®(He®,p) Be®” (2.9) 





at which angular 
distributions were 
taken. The target 
was metallic lithium, 
10 ug/cm? thick, en- 
riched to 96% Li*®. 


CROSS SECTION 





| | 








defined the solid angles of observation. Thallium- 
activated CsI crystals mounted on DuMont 6291 photo- 
multiplier tubes served as particle detectors. Target 
materials were evaporated on 2-mil foil backings, thick 
enough to stop the He* beam yet thin compared to the 
range of the proton groups studied. An Atomic Instru- 
ment Company 20-channel pulse-height analyzer was 
used to display the pulses from the photomultiplier 
tubes and to separate the different proton groups. The 
pulse-height resolution of the detectors was of the order 
of 4% for the proton groups. Enough counts were 
obtained in the experiments so that statistical fluctua- 
tions in general were less than fluctuations due to the 
nonuniformity of the targets. 


Li‘ (He*,p)Be*, Q=16.77 Mev and Li*(He*,p)Be* 
(2.9 Mev), Q=13.9 Mev® 


Metallic Li® enriched to 96% and supplied by the 
Stable Isotope Division of the Atomic Energy Com- 
mission was used in the evaporation of thin targets of 
Li metal. In order to keep the carbon and oxygen con- 
tamination to a minimum, provision was made to 
evaporate Li onto a 2-mil Ag foil backing in the bom- 
bardment chamber. 

5 Energies, Q values, and the spins and parities involved were 


obtained from the compilation of experimental data in F. Ajzen- 
berg and T. Lauritsen, Revs. Modern Phys. 27, 77 (1955). 


3.0 4.0 


He-ENERGY (MEV) 


The pulse-height distributions of the protons from 
this reaction at 1.5- and 2-Mev bombarding energy were 
very similar to that given by Moak and Wisseman.*® 
No group of protons, attributable to Be’, was observed 
other than the ground state (0+), the 2.9-Mev state 
(2+), and a broad continuum probably corresponding 
to both the three-body process and a 12.6-Mev state. 
Corrections for Li’ were made by taking pulse height 
distributions with a natural Li target at the same 
energies and angles as for Li®. It is estimated that, at 
2-Mev bombarding energy, a state up to 14 Mev of 
excitation having a width of 1 Mev or less would have 
been observed if its intensity was 2% of the first 
excited state. Pulse-height distributions at 3- and 5-Mev 
bombarding energies gave a number of peaks due to an 
oxygen contamination; no additional groups of protons 
from Li® were observed at these energies that had an 
intensity as great as 50% of that from the 2.9-Mev 
state of Be’. 

The excitation curves for this reaction at 0° and 150° 
in the laboratory system are shown in Fig. 1. The 
target was about 10 ug/cm? thick. Resonance effects 
are apparent in the curve for protons to the 2.9-Mev 
state and are present but less prominent for the ground 
state protons. The stronger resonances are listed in 


6C. D. Moak and W. R. Wisseman, Phys. Rev. 101, 1326 
(1956). 
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TABLE I. Resonances observed in (He’,p) reactions. 








Energy of 
excitation 
of compound 
nucleus 

(Mev) (Mev) 


0.25 B® 17.6 
1.5 18.6 


Resonance 
width 


Resonance 
energy 
(Mev) 


Compound 


Target 
nucleus 


nucleus 





Li® 1.6 


BY es) 23.2 
7 24.5 
.12 24.8 
AS 25.2 
5 25.7 
4 26.6 








Table I. Cross sections were determined by using a 
weighed LiF target. Some uncertainty in the cross 
section was introduced by not knowing precisely what 
fraction of the pulses to attribute to the 2.9-Mev state 
and what fraction to the continuum. It is estimated 
that this effect together with other uncertainties in 
target thickness and geometry allows an accuracy of 
20% in the cross-section determinations. None of the 
contaminants yield particle groups with enough energy 
to overlap with the groups studied. 

The angular distributions for this reaction are shown 
in Figs. 2 and 3. The excited-state group of protons 
shown in Fig. 3 appears to be reasonably symmetric 
about 90° and there would be no difficulty in fitting it 
with a compound-nucleus model, although a unique fit 
certainly does not appear possible. A similar interpreta- 
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Fic. 2. Angular distributions of protons from the Li®(He',p) Be® 
reaction. The cross-section scale is the same for each of the 
distributions. 
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tion is possible for the angular distributions shown in 
Fig. 2 for the ground state group between 1- and 2-Mev 
bombarding energy. Above 2 Mev, however, there 
appears an increasingly strong backward peak which 
would be difficult, though not impossible, to account 
for in terms of broad interfering compound states. 


B'°(He’*,p)C", Q=19.69 Mev and B!*(He*,p)C* 
(4.43 Mev), Q@=15.26 Mev 


B® enriched to 96% and supplied by the Stable 
Isotope Division of the A.E.C. was evaporated on a 
2-mil Ag backing to a thickness of 80 ug/cm?. Proton 
groups leaving C!? in its ground state (0+) and 4.43- 
Mev first excited state (2+) were clearly resolved. 
Except for some preliminary work on the protons to 
the 7.76-Mev state, no particular attempts were made 
to resolve proton groups of lower energies. 

The excitation curves for the ground state and first 
excited state groups measured at 0° and 90° in the 
laboratory system are shown in Fig. 4. The excited 
state group is more intense than the ground state by 
roughly a factor of 10 over the energy range studied. 
The excitation curves show several, more or less broad 
and overlapping, resonances and by themselves do not 
seem inconsistent with a compound nucleus interpreta- 
tion. The more obvious resonances are listed in Table I, 
but it is quite probable that more resonances contribute 
to the reactions than are listed. 

The angular distributions were taken at six energies 
as shown in Figs. 5 and 6. The ground state group has 
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Fic. 3. Angular distribution of protons from the Li®(He*,p)Be®* 
(2.9 Mev) reaction. 





REACTION MECHANISM FOR 


an asymmetric peak which is strongest at about 3.5 Mev 
and becomes weaker at the lowest and the highest 
energies studied. While this effect correlates with the 
broad resonance at 3.7 Mev, and its asymmetry may 
be ascribed to interference with another broad state or 
states of opposite parity, it might also be possible to 
account for it in terms of a non-compound-nucleus 
process. 

The proton group to the 4.43-Mev state shows 
angular distributions which, on the average, appear to 
be fairly symmetric about 90°. A resonance around 
3.7 Mev interfering with another broad resonance of the 
opposite parity can explain the slight forward peaking 
for the three distributions near this energy. 

Data for the 7.76-Mev state were also taken, but are 
not shown. Reliable results for this state would be 
comparatively more difficult to obtain because of the 
proximity of the B''(He’®,p)C™ ground-state protons. 
The proton group to the 7.76-Mev state was about 
equal in intensity to the B'(He*,p)C™ ground-state 
group. Angular distributions for it appear to be sym- 
metric about 90° on the average. 

The cross section for this reaction was determined by 
using a weighed target. The accuracy of the absolute 
cross section is estimated to be about 15%. 


C'*(He*p)N'*, Q= 10.66 Mev 


A 60% enriched C™ target, 40 ug/cm? thick, was 
deposited on a 2-mil Ni backing, by heating the backing 
foil in an atmosphere of enriched methyl] iodide vapor. 
The excitation functions for protons to the }— ground 
state of N'® are shown in Fig. 7 and exhibit several 
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Fic. 4. Excitation curves for the B(He?,p)C and C#* (4.43 
Mev) reaction at 0° and 90° (laboratory angles). The target was 
an 80-ug/cm* enriched B® (96%) evaporated on a 2-mil Ag 
backing. The arrows indicate the energies at which angular distri- 
butions were taken, 
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Fic. 5. Angular distribution of protons from 
the B(He*,»)C® reaction. 


resonances. The angular distributions shown in Fig. 8 
are characterized by strong peaking in both the back- 
ward and forward directions. Below 2.9 Mev the 
backward peak has more intensity and above this 
energy the forward peak is the more intense. For this 
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Fic. 6. Angular distribution of protons from the 
B” (He, p)C* (4.43 Mev) reaction. 
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Fic. 7. Excitation curves for the C¥(He’,p)N' reaction at 0° 
and 90° (laboratory angles). The target was a 40-ug/cm? carbon 
layer enriched in C™ to 60% and cracked onto a 2-mil Ni foil. 
The arrows indicate the energies at which angular distributions 
were taken. 
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reaction, where the spin and parity of the initial and 
final states are the same, most of the angular distri- 
butions for a compound state having spin greater than 4 
would be peaked forward and backward. A compound 
state of spin } would yield isotropy. For higher angular 
momenta, forward and backward peaking will always 
result when the incoming and outgoing channel spins 
are the same, but not always when the channel spins 
are different. It appears reasonable, therefore, that the 
observed angular distributions could be explained in 
terms of a compound-nucleus model, where interference 
between states of different parity could give rise to the 
shifting asymmetries observed. 

Cross sections for this reaction were determined by 
measuring the yield of protons from a thick graphite 
target at 90°. The target thickness in which the He’ 
ions were slowed down did not appreciably broaden the 
proton energy spread. Using the known abundance of 
C™®, the computed stopping power for He’® ions in 
carbon, and the shape of the differential excitation 
curve of Fig. 7, a cross section was computed with an 
estimated accuracy of 20%. 


CONCLUSION 


Assuming that the ground-state spins of Li®, B™, and 
C® are 1+, 3+, and 3—, respectively, and that the 
spins of the final states are as given in the text, four 
out of the five reactions studied could proceed with zero 
orbital angular momentum transfer between the initial 
and final state. The exception is the B™(He*,p)C” 
(ground state) transition, where two units of orbital 
angular momentum are needed. If some mechanism 
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similar to deuteron stripping’ were taking place in all 
of these cases, one would expect a certain measure of 
similarity between the angular distributions where the 
same amount of angular momentum was transferred. 
No such similarity is apparent in the present work. 
Since all the groups studied exhibit resonances in the 
excitation curves the reactions must proceed, at least 
in part, by way of a compound system. For those 
groups which exhibit angular distributions symmetric 
on the average about 90°, a compound-nucleus process 
may dominate. 
In the case of the Li®(He’*,p) Be® ground-state proton 
group there is a marked and consistent backward 
peaking which cannot be easily explained by a com- 
pound-nucleus reaction and some other mechanism 
might have to be invoked. Such a mechanism does not 
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Fic. 8. Angular distribution of protons from 
the C8(He',p)N*® reaction. 


appear necessary for the other reactions studied. How- 
ever, a detailed fit of the angular distributions for a 
compound-nucleus model has not been carried out 
because of the complexity of the levels involved, and 
therefore some admixture of another mechanism cannot 
be excluded. In particular, the persistent peaking at 
100° over several million volts bombarding energy of 
the B(He’,p)C” ground state group might be equally 
well explained by either interfering broad compound 
states or another reaction mechanism. 


7R. G. Thomas, “The Theory of Nuclear Exchange Collisions” 
(unpublished). 
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Scattering of 4.4-Mev Neutrons by Aluminum, Calcium, Chromium, and Bismuth* 


J. B. WEDDELL 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 


(Received June 4, 1956) 


The spectra of neutrons scattered by aluminum, chromium, calcium, and bismuth for an incident neutron 
energy of 4.4 Mev have been measured by the proton-recoil nuclear plate technique. The energies of the levels 
excited by the (»,n’y) process, given here, are obtained from previous measurements of the de-excitation 
gamma-ray energies while the cross sections are based on the nuclear plate results alone. 

The results are: aluminum, scattering angle 82°: elastic, 46+.10 mb/sterad; unresolved inelastic levels at 
0.84 and 1.01 Mev, 19+7 mb/sterad; 2.23-Mev level, 15+5 mb/sterad; 3.0-Mev level, 1045 mb/sterad; 
calcium at 82°: elastic, 49+12 mb/sterad; inelastic—none; chromium at 90°: elastic, 37+7 mb/sterad; 
1.45-Mev level, 14-5 mb/sterad; 2.43-Mev level (partially resolved), 5.0+2.5 mb/sterad; 3.13-Mev level 
(partially resolved), 14+-7 mb/sterad; bismuth at 82°: elastic, 185+40 mb/sterad; unresolved spectrum 
in energy range 0.9 Mev to 2.5 Mev, 135+45 mb/sterad. 





INTRODUCTION 


EASUREMENTS of the neutron spectrum from 
the interaction of Mev-neutrons with nuclei 
provide information on the cross section for elastic 
scattering at the angle of measurement and on the 
energies and excitation cross sections for levels excited 
in the (,n’y) process. In order to relate this informa- 
tion to the general problem of nuclear structure, these 
results may be compared to values calculated from 
some theoretical description of the fast neutron scatter- 
ing process. At the present time, the energies of the 
levels excited cannot be satisfactorily calculated, and 
these results can only be compared with energy levels 
obtained by other methods of excitation. Cross sections 
may, on the other hand, be calculated from the theory 
of Feshbach, Porter, and Weisskopf and the extension 
of this theory to inelastic scattering by Hauser and 
Feshbach. The results of such a comparison, although 
at present necessarily incomplete, give some indication 
of the validity of the theory in predicting the inelastic 
processes. 

The selection of elements which may be studied is 
limited by the experimental technique. For practical 
results, the scatterers must be essentially monoisotopic 
and in the elemental form, and the energy levels to be 
investigated must have wide level spacing. Aluminum 
and chromium were selected for a study of the detailed 
line structure, and Bi, to investigate the type of 
neutron spectrum from a heavy element. Calcium, 
although known to have no inelastic levels which may be 
observed by this technique at 4.4-Mev bombarding 
energy, was of interest because of its elastic cross 
section. 


EXPERIMENTAL 
The neutron spectra from the scattering of 4.4+0.05 


Mev neutrons by aluminum, calcium, and bismuth 
were measured at a scattering angle of 82°+5°, and by 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 


chromium at 90°+5°, by the proton-recoil nuclear plate 
technique. The exposure geometry and other details of 
the experiment are similar to those described in a pre- 
vious report.! The scatterers were in the form of flat 
elliptical disks 13.8 cm X 8.8 cm by such thickness as 
to give approximately the same number of scatterer 
atoms. The thickness of the various scatterers and the 
estimated double to single scattering ratios were: Al, 
0.44 cm, 4%; Ca, 2.54 cm, 8%; Cr, 0.64 cm, 5%; and 
Bi, 1.59 cm, 22%. 

The standard method of calculating cross sections? 
from nuclear plate exposures was employed in the 
earlier work. This method involves calculation of the 
absolute nuclear plate sensitivity and a measurement 
of the integrated absolute neutron flux incident upon 
the scatterer. The experimental quantities entering into 
these determinations are subject to possible systematic 
errors of unknown magnitude. Some of these un- 
certainties may be eliminated by adapting the well- 
known ratio method of cross-section measurement to 
the nuclear plate technique.* 














f T 
25 30 35 
Neutron Energy (Mev) 


Fic. 1. Spectrum of direct beam neutrons. 1051 
tracks measured in 51.1 mm of emulsion. 


( ‘ Jennings, Weddell, Alexeff, and Hellens, Phys. Rev. 98, 582 
1955). 

2 L. Rosen, Nucleonics 11, Nos. 7 and 8 (1953). 

3M. Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955); M. 
Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 
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TABLE I. Level energies and excitation’ cross sections. 








Level energy 
from reported 
measurements of 
de-excitations 


Mean energy 
of scattered 
neutron group 

Mev Mev 


Element, level, and 
scattering angle 


Cross section 
calculated 
from theory 
mb/sterad 


Cross section 

from other from neutron 
measurements spectrum 
Mev mb/sterad 


Level energy 


Remarks 





AF”, elastic, 82° 4.0 


0.84 
3.1 1.01 


AF’, inelastic, 82°, levels 1 and 2 


AF’, inelastic, 82°, level 3 1.9 2.23 
AF”, level 4 
AF”, inelastic, 82°, level 5 1.2 3.0 


Cr, elastic, 90° 4.2 


Not observed 


Cr®, inelastic, 90°, level 1 
2.8 


Cr®, inelastic, 90°, level 2 1.9 
Cr®, inelastic, 90°, level 3 1.3 
Ca, elastic, 82° 4.2 
Bi™, elastic, 82° 43 
Bi™, inelastic, 82°, level 1 3.4 


Bi®, inelastic, 82°, energy in- 
terval 0.9 to 2.5 Mev 


Not observed 


46 +10 49 


0.844" 
1.016* 19 +7 


2.259 15 +5 
2.7828 <3 
3.046" 10 

37 


14 
Not resolved 
Not resolved 
See discussion 


165 








* Inelastic proton scattering—reference 5. 
> B decay of V°*—reference 11. 
© 8 decay of Mn"—reference 12. 


This method, used in the present report, requires the 
exposure of an additional nuclear plate to the primary 
neutron beam in such a manner as to measure the 
integrated neutron flux at the scatterer. The nuclear 
cross section may be calculated simply from the results 
of the scattering experiment and this exposure, as- 
suming only that the nuclear plates have the same 
sensitivity.‘ It is impractical to make the primary beam 
exposure concurrently with the scatterer experiment, 
but by making them separately and monitoring both 
with a Hanson long counter the result may be cal- 
culated. The histogram, Fig. 1, shows the spectrum of 
neutrons from the source as measured in the direct 
beam exposure. 


RESULTS AND DISCUSSION 
Aluminum 


The neutron spectrum from the scattering of 4.4-Mev 
neutrons by Al?’ (Fig. 2) shows a line spectrum in which 
the levels, except for the first two, are well resolved. 
The energies of the accompanying de-excitation gamma 


‘ The differential cross section for scattering into a given energy 
interval is (do/dw)=(AD*/BN). A is the number of measured 
tracks, less background, per emulsion volume per long-counter 
event, in the given energy interval, for the scattering exposure; 
B is the corresponding number in the “peak” of the direct beam 
spectrum ; the ratio A/B is corrected for the dependence on energy 
of the neutron-proton cross section ; D is the rms average distance 
from the scatterer to the plates, and N is the number of atoms in 
the scatterer. 


rays from the 4.4-Mev bombardment of Al?” have been 
measured by Griffith,’ and by comparison with the 
neutron spectra it is evident that all gamma-ray transi- 
tions are directly to the ground state. Thus the meas- 
ured gamma-ray energies may be interpreted as energy 
levels in Al?’. The elastic cross section at 82°, the 
energies and cross sections of the inelastic processes are 
shown in Table I. 

The energy levels in Al? have been measured by 
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Fic. 2. Spectrum of neutrons scattered at 82° by Al. 2287 tracks 
measured in 523 mm! of emulsion. Background subtracted. 


‘ G, L, Griffith, Phys. Rev, 98, 579 (1953). 





SCATTERING OF 4.4-MEV 


inelastic proton scattering and the values as given by 
Reilly ef al.6 up to 3.1 Mev are included in Table I for 
comparison. All levels within the energy range measured 
here are excited by the neutron process except one at 
2.73 Mev, for which there is at present no evidence in 
either the neutron or gamma-ray spectrum from in- 
elastic neutron scattering.t 

Emmerich’ has carried out a series of calculations of 
the cross sections and angular distribution of elastic 
neutron scattering based on the cloudy crystal ball 
model of Feshbach, Porter, and Weisskopf, and has 
evaluated the necessary theoretical constants by a 
“best fit” comparison with experiment over a wide 
range of energies and elements. From this description, 
transmission coefficients were calculated for the Hauser 
and Feshbach theory of inelastic scattering and calcula- 
tions were made of the cross sections for inelastic 
scattering through the various levels in Al’’. The energy 
level scheme assumed for aluminum is shown in Fig. 3 
where the ground state spin was taken from Endt and 
Kluyver® and the ground state parity and the spins 


(Ye*) 


2.27 





Fic. 3. Energy levels in Al*’. 
(32 *) 








( Y2*) 








0 (32*) 





and parities of the first and second levels are from 
Bothe.’ A configuration of (5/2+) was assumed for 
the 2.23-Mev level to give the largest possible cross sec- 
tion as required by experiment. The sum of calculated 
values for the first two levels in Al?’, 13.2 mb/sterad, 
may be compared with the unresolved experimental 
result of 19+-7 mb/sterad and the calculated value of 
the third level, 9.2 mb/sterad, with the experimental 
result, 155 mb/sterad. While the observed values are 
about 40% greater than the predicted values, the 
theoretical and experimental ratios of the cross sections 
for the first two levels to the cross section for the third 
level are in close agreement. This suggests that the 
above spin and parity assignments are correct. 

® Reilly, Allen, Arthur, Bender, Ely, and Hausman, Phys. Rev. 
86, 857 (1952). 

t Note added in proof.—A 2.72-Mev gamma ray has since been 
observed to accompany neutron scattering. I. L. Morgan, Phys. 
Rev. 103, 1031 (1956). 

7W.S. Emmerich (private communication). 

8P, M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 115 


(1954). 
® W. Bothe, Z. Naturforsch. 9a, 402 (1954). 


NEUTRONS 
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Fic. 4. Spectrum of neutrons scattered at 90° by Cr. 1582 tracks 
measured in 258 mm? of emulsion. Background subtracted. 


Chromium 


The neutron spectrum from Cr, Fig. 4, shows the 
elastic group and one well-defined inelastic group at a 
neutron energy of 2.8 Mev. There are indications of 
two additional, poorly defined neutron groups at 1.9 and 
1.3 Mev. Measurements of the de-excitation gamma-ray 
energies have been made by Sinclair’ at 4.4 Mev and 
Scherrer, Allison, and Faust" at 3.2 Mev. A strong 
gamma ray at 1.43 Mev was found by both observers; 
it is associated with the 2.8-Mev neutron group reported 
here and is due to a transition from the first excited 
state in Cr® to the ground state. Measurements of the 
B decay of V"” and Mn®® indicate that the weaker 
0.75-Mev and 0.97-Mev gamma rays produced in 
inelastic scattering are in cascade with each other and 
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Fic. 5. Spectrum of neutrons scattered at 82° by Ca. 1657 tracks 
measured in 419 mm? of emulsion. Background subtracted. 


1 R. M. Sinclair (private communication). 

1 Scherrer, Allison, and Faust, Phys. Rev. 96, 386 (1954). 
12G. A. Renard, Ann. phys. 5, 385 (1950). 

13 W. G. Peacock and M. Deutsch, Phys. Rev. 69, 306 (1946). 
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Fic. 6. Spectrum of neutrons scattered at 82° by Bi. 2434 tracks 
measured in 238 mm! of emulsion. Background subtracted. 


with the 1.43-Mev gamma ray, and correspond to levels 
in Cr® at approximately 2.43 and 3.13 Mev. Evidence 
from the neutron spectrum is not adequate to sub- 
stantiate uniquely the presence of these two higher 
levels but is not in contradiction to it. Theoretical 
calculations of the cross sections for inelastic scattering 
from chromium have not been made as yet. 


Calcium 


The neutron spectrum from calcium is shown in 
Fig. 5. The elastic cross section at the energy and angle 
of this experiment is shown in Table I, and the absence 
of energy levels in Ca“ below the known first excited 
state at 3.35 Mev" is confirmed. 

Theoretical calculations, based on the cloudy crystal 
ball model of the nucleus, predict values of the shape 
elastic cross section of 9 to 16 mb/sterad at this energy 
and angle, depending on the value of the absorption 
constant assumed in the theory. As the elastic cross 
sections calculated from this theory for other elements 
are in good general agreement with experiment, the 
discrepancy between the theoretical value for Ca and 


4 Braams, Bockelman, Browne, and Buechner, Phys. Rev. 
91, 474 (A) (1953). 


the experimental result of 494-12 mb/sterad is out- 
standing. However, based on the present understanding 
of fast-neutron scattering, the cross section for forma- 
tion of a compound nucleus is essentially independent 
of its mode of decay. The fact that Ca® has no energy 
levels below 3.35 Mev through which inelastic scattering 
may occur suggests that the above discrepancy may be 
due to compound elastic scattering where the compound 
nucleus decays directly to the ground state. 


Bismuth 


The neutron spectrum from Bi™, Fig. 6, shows the 
elastic group and a poorly defined inelastic group at 
3.4 Mev, probably due to a known level in Bi™ at 
0.895 Mev.'® Below 2.5 Mev, a continuous spectrum 
of neutrons is observed increasing in numbers toward 
the low-energy end. This continuum shows some evi- 
dence of group structure particularly around 1.6 Mev 
which may be due to a level in Bi®™ at 2.60 Mev as 
predicted from gamma-ray evidence.'® 

The distortion of this continuous spectrum from Bi™, 
probably by partially resolved neutron groups, makes it 
impossible to apply the statistical evaporation descrip- 
tion to this part of the spectrum. 
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18 R. M. Kiehn and C. Goodman, Phys. Rev. 95, 989 (1954); 
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The Coulomb excitation of several odd-Z or odd-N medium-weight nuclei has made possible the observa- 
tion of the following gamma rays: V™, 226 kev; Ni®™, 70, 282, and 657 kev; Ga®, 322 kev; Ga”, 513 kev; 
Rb*®, 148 kev; Rb*’, 407 kev. Values of the reduced transition probability for excitation are given for each 
of the above gamma rays. Level schemes are proposed based on coincidence studies and excitation curves. 
Bombardment of the enriched odd-A isotopes of tin, Sn“*, Sn"’, and Sn”, produced no observable gamma 


rays. 





I. INTRODUCTION 


HERE has been much theoretical interest! in 
using the collective approach to explain such 
features as the energy level spacings and large reduced 
transition probabilities in the even-even nuclei. Con- 
siderable evidence now supports the existence of collec- 
tive effects essentially vibrational in nature in even-even 
nuclei of the medium-Z region. Whereas there is little 
evidence for the presence of rotational effects in these 
nuclei, Litherland e? al.’ have recently been able to ex- 
plain many of the properties of the Al*® decay scheme 
by assuming the existence of rotational bands. There- 
fore, it is reasonable to expect that rotational features 
might be exhibited in odd-A nuclei somewhat heavier 
than Al**, namely, the more deformed odd-A nuclei in 
the medium-Z region. Consequently, it was considered 
of interest to study the Coulomb excitation of several 
such nuclei. The results of this work are reported here, 
as are the results of a study of the odd isotopes of tin. 


II. EXPERIMENTAL METHOD 


The nuclei studied were bombarded with four- to five- 
Mev alpha particles from the Naval Research Labora- 
tory 5-Mv Van de Graaff accelerator. The targets were 
made by compressing powdered materials into small 
depressions in planchets of stainless steel or tin. The 
planchets were mounted at a 45° angle to the beam 
direction, and gamma rays from the front face of the 
target were observed at 90 degrees to the beam. The 
gamma rays emerging from the target surface passed 
through approximately 0.050 inch of aluminum and 
0.095 inch of magnesium oxide before reaching the 
detecting crystal. The isotopic enrichments used were 
the following: 22.83% V™, 83.06% Ni®™, 98.08% Ga”, 
89.62% Rb*’, 14.00% Sn", 75.3% Sn", and 79.823% 
Sn", 

The gamma-ray scintillation counter consisted of a 
NalI(T]) crystal 12 inches in diameter by 2 inches thick 
and an RCA 6342 photomultiplier. Pulse-height spectra 


t The work discussed in this article has been reported by Fagg, 
Geer, and Wolicki in Bull. Am. Phys. Soc. Ser. IT, 1,'165, (1956). 

4 5) Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 

2 L. Wilets and M. Jean, Phys. Rev. 102, 788 (1956). 

3 A. E. Litherland e¢ al., Phys. Rev. 102, 208 (1956). 


were obtained with a 20-channel pulse-height analyzer. 
Ba‘, Sb'*, Na”, and Cs!” sources were used for energy 
calibration. Coincidence measurements were made with 
two Nal scintillation counters in an arrangement 
described in a previous article.‘ 

The efficiency of the scintillation counter as a function 
of gamma-ray energy was determined using calculated 
values for the total gamma-ray absorption in Nal, 
experimentally checked calculated values of absorption 
in the material between the target and crystal, and ex- 
perimentally determined photopeak-to-total intensity 
ratios. This efficiency curve was checked at 511 kev by 
two different calibrated Na” sources, and it agreed with 
efficiencies given by them to within 2 percent. The 
method used for obtaining the reduced transition 
probabilities for excitation has been described in an 
earlier article.‘ Because the target-to-crystal distance 
was 1.77 cm, angular distribution effects were estimated 
to be small enough to be neglected. 

The gamma-ray energies were measured to a pre- 
cision of +1%. Absolute values of B(E2)../e?(ar+1) 
are considered accurate to about +20%. 


III. RESULTS AND DISCUSSION 


A summary of the results obtained in this investiga- 
tion is shown in Table I. The energies of the gamma rays 
that were found are given along with the corresponding 
measured values of the reduced transition probabilities. 


TABLE I. Values are given for the gamma-ray energies observed 
and reduced transition probabilities for Coulomb excitation. 
Since the multipole mixtures are not known in the decays, the 
internal conversion coefficients, ar, have not been included in the 
calculation of the reduced transition probabilities. 








B(E2)ex oy 
@(arf1)*'° 


Isotope (ch) (cm‘) 


ys 226 1.1 
Ni® 70 0.038 
282 0.090 
657 0.94 
Ga® 322 0.79 
Ga™ 513 1.2 
Rb*® 148 0.32 
Rb*? 407 0.58 











‘L. W. Fagg eé al., Phys. Rev. 100, 1299 (1955). 
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Rb® 3- 

Fic. 1. Proposed 
energy level schemes 
for the nuclei 
studied. Energies are 
in kev. 











The energy level scheme proposed for each of the nuclei 
studied is given in Fig. 1. 


ys 


The spectrum resulting from the alpha-particle 
bombardment of a V.,O; target enriched in V® is pre- 
sented in Fig. 2. Prominent peaks are seen at 226 kev® 
and 337 kev. Comparison of this spectrum with that 
obtained from a natural V.O; target (99.76% V*) 
showed that the 226-kev peak is associated with V™. 
The peak at 337 kev is a composite of the 320-kev 
gamma ray known from the Coulomb excitation of V*™ 
and the 354-kev gamma ray from the O'*(a,ny)Ne”! 
reaction. The experimental excitation curve for the 
226-kev gamma ray, obtained by measuring the yield 
of this gamma ray as a function of a-particle bombard- 
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Fic. 2. Spectrum obtained from the 4.4-Mev 
alpha-particle bombardment (V®™)2Os. 


5 The Coulomb excitation of this gamma ray has also been ob- 
served at the rtment of Terrestrial Magnetism, Carnegie 
Institution of W: 4% N. P. Heydenberg and G. M. Temmer, 
Bull. Am. Phys. Soc. Ser. IT, 1, 164 (1956). 
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ing energy, agreed well with the calculated theoretical 
curve for the Coulomb excitation of a level 226 kev 
above the ground state. Since V™® is an odd-odd 
nucleus with a ground state spin of 6+, an accurate 
angular distribution measurement of the 226-kev 
gamma ray would be of considerable interest. 


Ni® 


Figure 3 presents the spectrum obtained from the 
alpha-particle bombardment of metallic Ni®. Gamma 
rays were observed at 70, 282, and 657 kev. Comparison 
of this spectrum with that obtained from a natural 
metallic nickel target showed that all of the above 
gamma rays arise from Ni®. The peak at 350 kev is 
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Fic. 3. Spectrum obtained from the 4.4-Mev 
alpha-particle bombardment of Ni*®. 


due to a small oxygen impurity. The origin of a gamma 
ray at 890 kev, not shown in Fig. 3, has not been 
determined. Experimental excitation curves for the 
70-, 282-, and 657-kev gamma rays are in good agree- 
ment with the corresponding calculated theoretical 
curves. Coincidence studies showed no coincidences 
between any of the gamma rays in this spectrum. This 
fact, in conjunction with the results obtained from the 
excitation curve determinations, permits the proposal 
of the energy level scheme shown in Fig. 1 for Ni®. 
The results agree very well with those of other investi- 
gators® who have studied the beta decays of Co and 
Cu®, 


®R.H. Nussbaum ef al., Phys. Rev. 101, 905 (1956). 





COULOMB EXCITATION OF 


Ga*® and Ga’! 


The spectrum shown in Fig. 4 results from the alpha- 
particle bombardment of a natural metallic target of 
gallium. Since gallium melts at 29.8°C the target was 
cooled by heat conduction to dry ice through a copper 
rod. Prominent gamma rays were observed at 322 and 
513 kev. Coincidence studies revealed no coincidences 
between these two gamma rays or any other gamma ray 
which might be masked by their Compton distributions. 
The intensity of the natural gallium spectrum in the 
region below about 180 kev is roughly twice that ex- 
pected from the sum of the Compton distributions of 
the 322- and 513-kev gamma rays. Although the target 
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Fic. 4. Spectrum obtained from the 4.8-Mev alpha- 
particle bombardment of natural gallium. 





used was considered quite pure, the origin of the excess 
radiation in this region has not been determined. 

A comparison was made between the spectrum ob- 
tained from natural gallium and from gallium enriched 
in Ga”. However, since the enriched gallium came in 
the form of GaxO;, whose reduction process is not well 
known, this comparison was made between the spectra 
obtained from the targets in oxide form. Thus, despite 
the dominant gamma ray at 355 kev from the oxygen 
impurity, subtraction from the natural curve in Fig. 5 
shows that the 322-kev gamma ray comes from Ga®. 
In Fig. 5 it is also evident that the 513-kev gamma ray 
comes from Ga”. The latter gamma ray is probably the 
same as the 0.51-Mev gamma ray found in the study of 


Ni, Ga, AND Rb 


f 355 Kev 
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: Gd) 0, 
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. 5. Spectra obtained from the 4.4-Mev alpha-particle 
bombardment of natural Ga2O; and (Ga”™)2O3. 


the Zn” beta decay.’ The good agreement of the experi- 
mental excitation curves with those theoretically cal- 
culated shows that the 322- and 513-kev gamma rays 
arise from nuclear levels at the same energies above the 
ground states in Ga® and Ga”, respectively. 


Rb*® and Rb*’ 


The spectrum obtained from the alpha-particle bom- 
bardment of a target of natural RbCl is presented in 
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Fic. 6. Spectrum obtained from the 4.4-Mev alpha- 
particle bombardment of natural RbCl. 


7 LeBlanc, Cork, and Burson, Phys. Rev. 97, 750 (1955). 
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Fic. 7. Spectrum obtained from the 4.4-Mev 
alpha-particle bombardment of Rb®’Cl. 


Fig. 6. Gamma rays are seen at 148 kev® and 407 kev. 
This spectrum was compared with that resulting from 
a RbCl target enriched in Rb*’ as shown in Fig. 7. The 
comparison shows that the 407-kev gamma ray is 
associated with Rb*®’ despite the masking effect of the 
354-kev gamma ray from an unfortunate oxygen im- 
purity. Futhermore, it is obvious from this comparison 
that the 148-kev gamma ray comes from Rb*. These 
gamma rays are probably the same as the 150- and 403- 
kev gamma rays arising from the beta-decay of Kr*® 
or Sr® and Kr*’, respectively.*° The experimental 
excitation curve of the 148-kev gamma ray is in good 
agreement with the corresponding calculated theoretical 
curve. Therefore, this gamma ray results from the 


§ This gamma ray has also been observed by N. P. Heydenberg 
and G. M. Temmer (private communication). 

* TI. Bergstrom, Arkiv Fysik 5, 191 (1952); A. W. Sunyar et al., 
Phys. Rev. 86, 1023 (1952); and M. Ter-Pogassion and F. T. 
Porter, Phys. Rev. 81, 1057 (1951). 

#0 S, Thulin, Arkiv Fysik 9, 137 (1955). 


decay of a level 148 kev above the Rb® ground state. 
Because of its low intensity, a satisfactory excitation 
curve of the 407-kev gamma ray could not be obtained. 
A rough measurement of the angular distribution of the 
148-kev gamma ray showed it to be isotropic within 
5%. This result allows only the elimination of 9/2 as a 
possible value for the spin of the 148-kev state in Rb® 
whose ground state spin is 5/2. Since the remaining 
possibilities for the excited-state spin range from 1/2 
to 7/2, a more sensitive measurement is required in 
order to obtain a unique determination of this spin. 


Sn", Sn"’, and Sn" 


Although it is well known that Coulomb excitation 
is not observed in natural tin, the conclusions drawn 
from such results may not apply to the odd-A isotopes 
of tin because of their low natural abundance. It was 
felt that the last odd neutron might cause enough 
deformation of the nuclear charge to make Coulomb 
excitation possible under alpha-particle bombardment 
of separated isotopes. However, with bombarding 
energies up to 4 Mev, there are no observable gamma 
rays which could be associated with the Coulomb ex- 
citation of these isotopes. 

This paper has presented data on the low-lying levels 
of the nuclei studied. However, investigation of the 
higher levels in these and other deformed nuclei in the 
medium-Z region is necessary before any conclusions 
can be drawn concerning the possible existence of 
rotational characteristics. 
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The spin-orbit interaction in nuclei is derived in terms of the two-body interaction between nuclear parti- 
cles. A second order Born approximation with the tensor force gives an interaction of the right order of 
magnitude, but apparently somewhat too small. A more general approach using the two-body reaction 
matrix seems to predict the Ca and O” level splittings. The Thomas interaction is seen to be small. The 
mixed density function for the nucleus is computed to evaluate the matrix elements. 





I. INTRODUCTION 


XPLANATIONS of the strong spin-orbit inter- 
action in nuclei, the existence of which has been 
indicated by the success of the j-7 coupling shell model! 
and recent polarization experiments,’ have been given 
in terms of three types of interactions: (1) relativistic 
interactions, (2) a spin-orbit interaction present in the 
two-nucleon interaction, which means a_velocity- 
dependent potential, and (3) the tensor interaction. 

Calculations of a nuclear spin-orbit splitting produced 
by the first of these, the Thomas effect, have been done 
by several authors.’ These have indicated that the 
naive interpretation of this interaction, i.e., the picture 
of a nucleon moving in a simple central field, is inade- 
quate to predict those splittings of the central field 
found experimentally. Because of the dissimilarity in 
the results of these calculations, it seemed worth while 
to compute this interaction for the isotopes considered 
in this paper. Furthermore, the possibility is considered 
for a modification in the magnitude of the relativistic 
contribution to the nuclear spin-orbit interaction intro- 
duced by the use of a velocity-dependent potential for 
the interaction of the surface nuclear particle with the 
other particles in the nucleus. This modification is 
considered since such a potential leads to a reduced 
effective mass for the nuclear particle when introduced 
into the Schrédinger equation, as discussed below. 
Because of the strong dependence of the Thomas term 
on the mass of the particle, it is important to give 
careful consideration to this effect: this is done in 
Sec. II. 

Inglis‘ has given the argument that the fact that 
nucleons are coupled by the meson field might produce 
a Thomas-like term which is considerably larger in 
magnitude than the relativistic term. It is difficult to 
make any quantitative estimate of this effect, par- 


* Based on a thesis submitted to the Graduate School of Indiana 
University in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy. Much of the work was done as a National 
Science Foundation Predoctoral Fellow. 

1M. Goeppert-Mayer, Phys. Rev. 78, 16 (1950) ; Haxel, Jensen, 
and Suess, Z. Physik 128, 295 (1950). 

2 See L. Marshall and J. Marshall, Phys. Rev. 98, 1398 (1955) 
for references. Also, Albert Okazaki, Phys. Rev. 99, 55 (1955). 

3D. R. Inglis, Phys. Rev. 50, 783 (1936); S. M. Dancoff, Phys. 
Rev. 58, 326 (1940). 

4D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 


ticularly with the assumption of a pseudoscalar meson 
field. Also the presence of any other velocity-dependent 
nuclear potential which could contribute to the spin- 
orbit interaction is neglected in Sec. III, where a 
specific two-body nuclear potential is considered. Such 
interactions will contribute to the more general treat- 
ment of Sec. IV only insofar as they influence the low- 
and intermediate-energy nucleon-nucleon scattering. 

It is the object of this paper to explain the spin- 
orbit interaction within the framework of the theory of 
the nucleus developed recently by Brueckner, Levinson, 
Mahmoud, and others at Indiana University.’ (In the 
following we refer to this as the BLM theory.) This 
theory enables one to apply the knowledge of the two- 
body forces between nucleons to the many-body nuclear 
problem. The energy and wave function of the nucleus 
are determined by a self-consistent field method which 
is formulated and modified to take proper account of 
the strong interaction between nuclear particles. The 
self-consistent conditions arise because the nuclear 
potential is related by the theory to the two-body 
reaction matrices for the nuclear particles, while the 
reaction matrices themselves are dependent upon the 
nuclear potential. One prediction of the theory is that 
certain properties of the individual nuclear particles 
seem to be different from the corresponding properties 
of free nucleons. An example of this has been referred 
to above: the effective mass of the particle considered 
in the shell model is considerably less than the nucleon 
mass, if the usual shell-model potentials are to be used. 

However, this theory does demonstrate how it is 
possible for certain properties of the nucleus to be pre- 
dicted quite accurately by a suitable approximation 
method. In the case of the shell model it is to be ex- 
pected that the splitting of the low excited states for 
the case of isotopes with closed proton and neutron 
shells plus one particle can be calculated with reason- 
able accuracy, using single-particle wave functions and 
a suitable interaction between the external particle and 
the particles in the closed shells. Two such isotopes for 
which the level assignments and splittings are suffi- 


5 Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954). K. A. Brueckner, Phys. Rev. 96, 508 (1954); 97, 1353 
(1955). R. J. Eden and N. C. Francis, Phys. Rev. 97, 1336 (1955). 
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ciently well known to be of use are Ca“ and O" °; these 
are used to check the theory. 

The most obvious source of a spin-orbit interaction 
to be found in the two-body force is the tensor force, 
which can couple spins and orbits in the second order.” 
The results quoted by Keilson of his perturbation calcu- 
lation indicated that if the nuclear surface is assumed 
to be of the currently accepted form, the tensor force 
would produce a spin-orbit splitting of the wrong sign. 
However, with the correction of some trivial errors in 
the calculation, it can be seen that in Keilson’s approxi- 
mation the tensor force does give a splitting of the 
correct sign. In Sec. III a second-order Born approxima- 
tion calculation is done, using a method somewhat 
modified from that of Keilson. It is found that a nuclear 
spin-orbit splitting results which is of the right sign 
and order of magnitude. 

In Sec. IV a more general approach is utilized, one 
that takes better advantage of the formulation of the 
BLM theory. An examination of the two-body scatter- 
ing operator reveals the presence of a spin-orbit term, 
which should include the tensor force contribution plus 
any other two-nucleon spin-orbit term. Modifying this 
term to take cognizance of the changes produced in the 
interaction due to the surrounding nuclear medium, 
the prescription of the BLM theory is followed, with 
the result that a spin-orbit splitting of the correct sign 
and magnitude is found. 

That the spin-orbit interaction is essentially a finite- 
nucleus effect is obvious. It is also easy to see that this 
interaction depends on the nature of the nuclear surface. 
For this reason it is important to give careful considera- 
tion to the nuclear surface, and also to the nuclear 
mixed density function. This is done in the appendix. 


II. RELATIVISTIC INTERACTION 


The Thomas addition to the Hamiltonian is 
a-aXv/2 (1) 


for a particle with spin operator @ and velocity v ex- 
periencing the acceleration a, regardless of the force 
producing the acceleration. A simple calculation can be 
made by assuming that the particle outside the double 
closed shell can be described by the single-particle 
wave function ¢,, (74) with a potential V(r4)=Voz(ra), 
where f'2(r4)dVa4=Va4. The energy perturbation ex- 
perienced by this particle due to (1) is 


1 WV (ra 
5 J baste . xe astra (2) 


Taking the wave functions corresponding to a uniform 


6 Ql’: F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 
321 (1953); Cat: P. M. Endt and J. C. Kluyver, Revs. Modern 
Phys. 26, 152 (1954). 

7 A. M. Feingold and E. P. Wigner, Phys. Rev. 79, 221 (1950). 
J. Keilson, Phys. Rev. 82, 759 (1951), and unpublished thesis. 
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potential, Vo=50 Mev, and the radius as 0.85\,A}, 
where \, is the Compton wavelength of the r meson, 
(2) gives for the splitting of the level labeled by n, /: 


1 dp 
A(AB)n1=0.67(2141)] A552 f [Rail dr] (3) 
rdr 


where {p(r)d’r=A, the number of nucleons, and 
N,,,1R: are the normalized radial wave functions. This 
expression is evaluated with the p given in the appendix, 
the results being shown in Table I. 

Although this naive estimate of the relativistic con- 
tribution gives splittings an order of magnitude smaller 
than the empirical results, it is interesting to see how 
the magnitude of this term, with the strong mass de- 
pendence indicated by Eq. (2), might be evaluated in 
the light of recent developments which prescribe a 
reduced effective mass for a nuclear particle which is 
to be described by the shell model.* This can be done by 
using the results of III. In this paper, Brueckner shows 
that the self-consistent potential felt by a particle in 
the nuclear medium with momentum &, in the energy 
range of interest for the spin-orbit problem, is to a 
rather good approximation 


V (k) = —68+17(k/kr)? Mev, (4) 


where kp is the Fermi momentum. It can be easily 
shown that the substitution of the expression (3) in 
the Schrédinger equation leads to a reduced-mass 
value of M*/M=0.6. By this it is meant that if the 
velocity-dependent part of the potential is combined 
with the ordinary kinetic energy, there results a new 
Schrédinger equation of the usual form with a static 
potential and a particle which has the mass M*. This 
does not mean, however, that the effect of this velocity- 
dependent potential on the Thomas term can be found 
by simply using the static term of the potential and the 
reduced mass for M in Eq. (2). Recalling that expres- 
sion (2) is derived from the condition of relativistic 
transformation of velocities, while the concept of the 
reduced mass arises from an interpretation of the non- 
relativistic Schrédinger equation, the validity of such 
a prescription is clearly not obvious. 

The precise contribution of the Thomas term can be 
determined only if the origin of the velocity-dependent 
potential in the two-body interaction of one particle 
with the rest of the system is properly taken into ac- 
count. Although if the energy of a particular particle is 


TABLE I, Thomas splitting. 








Experimental Thomas 


(Ca*) 123 0.52 0.09 
(Cat) 123 >2.0 0.3 
(O) 2 5.0 0.4 


Isotope 











8M. H. Johnson and E. Teller, Phys. Rev. 98, 783 (1955). 





SPIN-ORBIT INTERACTION 


desired, it is meaningful to write 


+V(0) 


ie e 
E(k)=—+V(b)= 
2M 2M* 


for the total energy, the correct expression is 


k? 
Evotai= 2 —+3 & V (ki). (6) 

i 2M i 
Consequently there is no obvious simple relation be- 
tween the effective mass and the energy shift of the 
entire system arising in the Thomas term. 

Looking at the Thomas term for the extra-core par- 
ticle alone (for a single interacting pair, the accelera- 
tions produced by the two-body forces are equal and 
opposite, leading to cancellations in the contributions to 
the L-S interaction), one would like to evaluate the 
expression 


o-VaVX Py, 
f YA (Adder ea, (1) 


where W(1,---,A) is the actual nuclear wave function, 
V=5 4" 44, with 2,4 being the two-body interaction 
between the ith and the Ath nuclear particles. One can 
write the actual wave function in terms of the shell- 
model wave functions VF ¢(x4)¢(A —1), where $(x4) 
is the shell-model wave function for the extra-core 
particle, ¢(A4—1) is the core wave function, and F is 
the Eden-Francis model operator,® which transforms 
the model wave function to the actual wave function. 
Then the first A—1 integrations in expression (4) can 
be performed, resulting in the approximate expression 


AE= f $*(xa)Ft0-(WaV)X paFo(a)dxa/M*. (8) 


This is similar to Eq. (2), except that the transformation 
has to be explicitly carried out. It is difficult to do this 
exactly, but since the model operator preserves angular 
momentum, the result is expected to be of the order of 
the corresponding factor in Eq. (3), where the trans- 
formed potential could be taken to be Brueckner’s 
velocity-dependent potential as an approximation. 

A further reduction in the alteration of the Thomas 





1 
AE = (vs —— we) 


o— Ho 
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term from the simple expression (2) is that the last 
nucleon moves in a region of density less than the aver- 
age nuclear density. For this reason it sees a weaker 
and less velocity-dependent potential than the average 
nucleon for which the Brueckner self-consistent calcula- 
tion was made, resulting in a ratio M*/M closer to unity. 
As a summary of this discussion, it is felt that the 
Thomas term, although it is not zero, is almost cer- 
tainly too small to account for the observed splitting. 


Ill. TENSOR INTERACTION 


The second-order Born approximation for the re- 


action matrix is 
1 


which is an integral equation involving v, the two-body 
interaction between nuclear particles, and a=E—Hp, 
Ho being the kinetic energy operator. The singularity 
in 1/a is interpreted as a Cauchy principal part when 
doing the integrals implied in (8) in order to comply 
with the bound-state boundary conditions.’ According 
to the BLM theory, the nuclear potential is given as 
the sum of the expectation values of the reaction matrix 
t for all nuclear pairs, with 1/a altered to include the 
average field of all the nuclear particles. 

With a static potential for the nucleon-nucleon inter- 
action, which is the assumption of this section, the 
tensor force is the only part of the interaction which in 
the second order could lead to a spin-orbit interaction. 
The first term gives no spin-orbit contribution, since 
the expectation value of the tensor force vanishes in the 
first order when summed over the spins of the core. In 
evaluating the second-order term, the Pauli principle is 
neglected, an approximation which should not introduce 
much error in this calculation, particularly since the 
main contribution to the interaction being investigated 
here should come from interactions with particles 
whose energy is near the Fermi energy. 

Following the usual methods of the multiple elastic 
scattering theory, it is convenient to work in momentum 
space, where the coherence of the interaction is easily 
included.” Writing the ground state energy symmetrical 
in the initial and final momenta for convenience in 
integrations to be done later, the second-order split- 
ting is 


=> f Wo* (Ri)We* (Re) T (Rikoky' he’) Wo( ki’ Wo( ke’) dhid*kod*ky'd*ky’ , 


where 


(kike| v| ky’ke"’) (hike | 0| hy’ ke’) 





I (Rikok1' ke’) = bo 


spin 


9B. A. Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950). 
WN. C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953). 
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It should be noted that in this case the reduced mass is 
used, for the perturbation theory is based on the 
Schrédinger equation with a reduced mass. The value 
of M*/M appropriate in this calculation is probably 
somewhat larger than the 0.6 which the potential in 
Eq. (3) requires, as explained at the end of Sec. II. 
In this section, the value 0.7 is used. 

In the explicit evaluation of I (kik2k;'ko’), v is taken 
as the tensor part of the Jastrow potential." This 
choice was made because the Jastrow potential is a 
static potential that is able to reproduce at least 
qualitatively the nucleon-nucleon scattering up to 300 
Mev. Then 

v(r)= (0.34+-0.7P2)1.84V ye7"!"'S2= F(r)S12, (11) 
where P, is the space exchange operator, Sj: is the 
tensor operator, Vo,=69 Mev, and r,=0.75X10-* cm. 
Then, making a change in variables K=k,+hke, 
k=}(k,—k,), and r=r,— rs, a typical matrix element is 


(Rike | v| ky"ke"") 
1 


“O fiat ote ln—egetor ee nt (12) 
T 


1 
oe K—K’)o(k—k’ 
ph RK’ olk— 9, 


with 
v(k) = F(R)S12(k), 


F(k)=—4s f " RQ) je(be)vdr. 8) 


Taking the sum over the spins of the core particle, it 
can easily be shown that 


X o(k—k")o(k”—k) 
ee 184F (| — |) F (|e — |) 


k—k”)- (k’” —k’ 
Ke, (kk) (kek) ) ( ) 
|k—k” |2|k”—k’|? 





(14) 


Introducing the new variables P=k+k’, and p= k—k’, 
and z=k”’—}P, the K” integration and the angular 
part of the z integration can be done approximately, so 
that Eq. (10) becomes 


I (kikoky' ke’) 





——_ Ve 
(2m)*(1/r,)" 


" R, Jastrow, Phys. Rev. 81, 165 (1951). 


Jou (Wxx2)0(K-K, (15) 
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where, to a good approximation, 


V= PV (p,P), 
V(p,P)= 2 f dpp*(1—p*) expl —4.1317:p(1+p*)*] 
Ps 


+P 
x(2P-poin = =|); (16) 


with p=2/p. The form of (16) follows when the singu- 
larity is taken as a principal part. 

Using Eqs. (15) and (16), introducing the Fourier 
transforms of the core wave functions, Eq. (9) becomes 


ae | 
AB=———E Jf vt (eo Ret '-*9,-KX2p 
x)? 


8 (2 

Xg(K,p)wo(ki)@kid*ky’#R, (17) 
with [ ] representing the expression in square brackets 
in Eq. (15), 


g(K,p) ~— for expliK- r—(r/r.)? ](1/r) 


Xe?*PV(p,P)EP, (18) 
and K=k,+k,’, provided the approximation >> .*(r1) 
Xv-(r2)=p(R) exp[—(r/r-)*] is made. For the special 
case r,=1;, the expression g(K,p) is evaluated numeri- 
cally, and seen to be a slowly varying quantity com- 
pared to the wave functions. Taking the value of 
g(2kr,0), where the integrand should be peaked, two 
integrations by parts transform Eq. (16) to 


1 dp(R) 
R dR 
Xyo(R)(o- L&R. 


6.13779? M yu? f R 
(Qn) 


AE 


(19) 


To check the dependence of this calculation on the 
choice of nuclear surface, p(R), two nuclear surfaces 
are used with this arbitrary choice of r, in this pre- 
liminary estimate. The two cases are a uniform region 
with a boundary region approximated by a linear slope 
that has a thickness of \, and 1.5\,, respectively. If 
one takes wave functions describing the extra-core par- 
ticle as those of a uniform well, the splittings of the m,/ 
levels are given in Table II. These results demonstrate 
that the splittings are quite insensitive to this alteration 
in the nuclear surface. A more detailed calculation, 
using the results of the appendix for p(R) and r,, with 
a reevaluation of the function g(K,p) for this new value 
of r., gives the results listed in the fifth column of 
Table II. 


IV. GENERAL REACTION MATRIX 


While the tensor force in the second order does give 
rise to a spin-orbit interaction of the correct order of 
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magnitude to explain the experimental level splittings, 
there is a more general way to compute this interaction. 
The spin-orbit part of the nucleon-nucleon scattering 
operator contains the contribution due to the second- 
order tensor interaction, which has been used in the 
previous section, plus the spin-orbit effects due to 
higher order terms in the tensor interaction, in addition 
to any similar terms due to velocity-dependent terms 
present in the nucleon-nucleon interaction potential. 

The methods of Francis and Watson” have shown 
that in deriving the potential experienced by a particle 
being scattered by a collection of particles, it is con- 
venient to use the two-body scattering operator, rather 
than the two-body potentials themselves. In applying 
these methods to the bound state problem of the nucleus, 
Brueckner et ai.5 have shown how a nuclear potential 
can be derived through the use of the reaction matrix 
associated with the two-body interaction potential, but 
altered to include the entire nuclear field, in a self- 
consistent calculation. In the problem considered here, 
the self-consistency requirement is quite easy to satisfy, 
at least approximately. Therefore an approximate 
nuclear spin-orbit interaction, which includes all the 
pertinent contributions to the low-energy nucleon- 
nucleon interaction, can be derived directly from the 
nucleon-nucleon scattering operator. 

To carry out the program described above, it is 
convenient to start with the general form for the two- 
particle scattering operator, which is derived under the 
assumption of invariance under rotation, reflection, and 
time reversal. This operator for the scattering of two 
spin-} particles in the triplet state from the center-of- 
mass momentum k to k’ is” 


(k’| S| k)=A,+A2(o1+02):(kXk) 
+Aso,: (k+k’)o2: (k +k’), 


where A;, A», and A; are functions of #* and k-k’. The 
only portion of this operator which has the required 
form is the term with the coefficient A». To find this 
coefficient, three matrix elements of the scattering 
amplitude (20) are needed. Choosing k as the polar 
axis, with @ the scattering angle and ¢ the polar angle, 
in the representation of the triplet spin functions, A 
can be expressed as 


1 
RV? sinbe-i? 


(20) 


(21) 


1 
S1o——(Sur— Soo), 


1A» 4B 
with the approximation of small-angle scattering. In 
Eq. (21) the matrix elements are Smam,’, with m, and 
m,' being the components of the initial and final spins 
respectively. The formulas of Ashkin and Wu” enable 
one to express these matrix elements in terms of the 
complex phase shifts 5,7” for the partial waves when 


#1, Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 
18 J. Ashkin and Ta-You Wu, Phys. Rev. 73, 973 (1948). 
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TABLE II. Nuclear spin-orbit splittings (Mev). 








Tensor 


Slope Calculated 
1.5" slope General 


(Ca*) 1 0.52 0.32 0.27 0.8 
1 


0.23 
(Ca*) i >2.0 1 1 4 
(O") 22 5.0 1.3 1.2 1.1 4.2 


Slope 
r 


Levels Observed 











the wave function is expanded in the LSJM representa- 
tion. With the small-angle scattering approximation, 
including phase shifts up to L=2, the result for Ag is 


i 
A2(k) Sat tol 4a! + 52! 
+ (5/2)m2?+- 23?! — 98°), 


In the usual scattering problem, »=e* sind; in the 
bound state problem the n’s must be expressed in terms 
of the real eigenphase shifts. In the absence of tensor 
force, the 7’ depend only on L, and A2=0, as might 
be expected. 

In completing the evaluation of As, it is necessary to 
introduce the representation of the eigenstates of the 
scattering matrix"; i.e., to work with waves that are 
such combinations of angular momentum states that 
the percentage admixture of the angular momentum 
states remains constant throughout the interaction. 
This is appropriate for the bound-state problem. For 
the range of energies needed in this problem, only the 
J=1 even-parity phase shift and the J=2, L=2 un- 
coupled phase shift need be considered. Introducing the 
eigenphase shifts, Eq. (22) becomes 


(22) 


1 1 
Agre— 


4k’ tane+cote 
XL(9/2) (na tane+ng cote)+ (5/2)n2"], 


where 5, and dg are the eigenphase shifts for the S- 
dominant and D-dominant waves, respectively, and 
e(k) is the momentum-dependent parameter which 
specifies the mixture of S and D waves in the eigenstates. 
For the lower density in which the interactions im- 
portant in this problem take place, the appropriate 
quantity to take for » might be 4 itself,!® but the nu- 
merical computation shows that there is very little 
difference in the results if 6 or tané is used for n. Using 
the values of the eigenphase shifts and the mixture 
parameter obtained from a self-consistent calculation,'® 
the energy-dependent parameter A2(k) can be approxi- 
mately found for energies up to about 280 Mev. The 
lack of knowledge of the function A2(k) for high mo- 


(23) 


4 J. M. Blatt and L. C. Biedenharn, Phys. Rev. 86, 399 (1952). 

18 Nobuyuki Fukuda (to be published). Also K. A. Brueckner 
and W. Wada (to be published), and N. Fukuda and R. Newton 
(to be published). 

16 The results of this section make use of an unpublished calcu- 
lation of 5a, 5g, 2, and e by Dr. K. A. Brueckner. 
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menta is also a possible source of error, which has to 
be investigated. That the high-momentum contributions 
are not very important will be shown below. 

After the selection of the appropriate form for the 
function A2(k) has been completed, the determination 
of the nuclear interaction is quite straightforward. As 
before, the energy splittings are obtained by evaluating 
the matrix element of T=4}-t;; for small-angle scatter- 
ing. The displacement of the level is 


AE=(¥/)=5 f o* (ks We (a!) (ls! || ks) 


XolkilWel(k2)Pky Phe'Pkid*ke, (24) 


in which (h;’ke'|t| Rik) is related to the previously 
discussed S matrix by 


(hes'ha’ | t| Rrke) 
4 6(ki +k2— k,’— ky’) 


wie ny (ky — ke’ |. S| ki— ky), 
i us 


(25) 





where 


(k’|.S|k) = A2(k)(o1+02)- (kXk’). 


When we introduce the Fourier transform of the core 
wave functions, integrate over ke’, and sum over the 
spins of the core particles, Eqs. (24) and (25) give 


2 
forwna o(ki— ke, 2k,’—k,— kp) 
8 M (2n)® 
 p(r1,72)e7 th? gi rte kr’) «tig, - 2 (ky’ — ky) 
x (ki — ke) o(hi) dk id*ky'd*kod*r dro, (26) 


with p(r:,r2) being the mixed density function used 
previously. If we change the r coordinates to relative 
and center-of-mass variables, and use the result of the 
appendix to separate the mixed density, as was done in 
Sec. III, Eq. (26) can be rewritten to a very good 
approximation as 


4r 1 


* (Ky’— ky) X (Hey + ke -BYo(hy) 


X Pk dky'PR, (27) 
with 


1 
=- Ao(| ky’ —ko| Jet ee”) “8 — 
A(r) \f (| |)e (—1) 


 (Ko— ky’)d*(It2— ky’), (28a) 
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and 


B(|ki-+k;"|)=—— fro 
een. 


Xexp[3i(kit+ky’)-r] exp (inde (28b) 


A numerical study shows that the function B(k;,ky’) 
is insensitive to the value of A2(k) for large values of k; 
thus it is important to approximate A2(k) accurately 
only in the low momentum region, where it has been 
computed as described above. A convenient choice for 
this function which satisfies these requirements is 


Ao(k) = —i0.283 exp[—1.14(2.13—AA,)? VR. (29) 


Using Eq. (29) in Eq. (28a), a numerical evaluation of 

A(r) was then made, and from this the function 

B(4|k,:+k,’|) was computed. In the region where the 

wave functions are peaked, this function is a much 

more slowly varying function of momentum than the 

wave functions themselves. Therefore this function 

was evaluated for the peak of the shell model wave 

function in each of the three wave functions considered. 
This result is 

B= — (49r)*th,*y (Ro,n,l), 

0.0249 (Ca) 24 

om =} 01 (Ca") 23 

0.0289 (O17) 2. 


Using Eq. (30) in Eq. (27), one obtains as the energy 
shift 


24 
AE=-— {ay (Ro,n,l) 
M 


(30) 


1 
aod vr )e(R)or- Ve 
Ket’ RY Y pe** Bo (ki) Aki Pky’EBR (31) 
i 1 dp(R) 
oo). —— 
ore | aR 
X (o- L)po(R)ER, 


where the last step follows from two integrations by 
parts. This expression gives an energy splitting in 
units of the # meson rest mass p 


= | ae (Ro,n,l) 


21+1 
A (AE) = a (Ro,n,1) 


dp 
x f jn ?R—AR / f jn?R'MR. (32) 
dR 


for the n, /th level of the “double closed shell plus one 
particle” nucleus with radius Ro. The last column of 
Table II gives the values of Eq. (32) for the isotopes of 
interest here. 


V. DISCUSSION AND CONCLUSIONS 


A nuclear spin-orbit splitting arises from the two- 
body nuclear forces when these forces are transformed 
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into a nuclear potential as prescribed by the BLM 
theory. The Thomas term, which is not a two-body 
interaction in the usual sense, is an order of magnitude 
too small to account for the entire level splitting found 
experimentally, but it is certainly present and gives 
some contribution to this splitting of the levels. 

Using a static potential, in which case there is no 
interaction of the required type in the first order, the 
tensor force as the second order does give rise to a 
splitting of the proper form. The major errors pertain- 
ing to this calculation, in addition to the inherent 
inaccuracy of using only the second-order Born ap- 
proximation, are the use of wave functions given by a 
uniform potential, the approximations used for various 
functions in the calculation (although each of these 
should be good to about ten percent), and the neglect 
of the Pauli principle. These errors could be large 
enough to bring the results of this calculation within 
the experimental values; however, the theoretical values 
do seem to be a bit small. 

The more general approach, which includes the 
tensor interaction (with higher-order tensor terms 
appearing in the first order) plus contributions from 
possible velocity-dependent potentials, consists in con- 
structing that part of the complete reaction matrix 
which can lead to spin-orbit coupling. The main error 
involved in this treatment is to be found in the analysis 
of the scattering data, particularly in that these data 
have to be altered to take cognizance of the fact that 
the nuclear interaction is altered by the field of all the 
nuclear particles, and the extrapolation to high mo- 
mentum values. This correction should not be as im- 
portant in this case as in the calculation of volume 
energies. In addition, the errors associated with the 
choice of the first-order wave functions are present just 
as in the: tensor calculation. The splittings found by 
this method are certainly large enough to give the 
experimentally found splittings; indeed the results are 
as close to experimental values as could be hoped for 
with the errors involved. 

The last two columns of Table II reveal that the 
level splittings found by the general method are larger 
than those found with a second order tensor force only. 
In the first place, it might be expected that the higher 
order tensor force contributions will be considerable, 
since the second order term is so large. Moreover, these 
results could offer evidence for the presence of nonstatic 
potentials which contribute to the spin-orbit interaction. 

Also it is interesting to note that the L dependence of 
the splitting is not the simple 2L+1 dependence which 
is given by (S-L) alone; but as Table II shows, the 
ratio of the splitting of the f level to the level in 
Ca“ is 5, while the ratio given by 2L+1 alone is 2.3. 
The ratio found by experiment has as a minimum value 
3.9, and perhaps more since the higher level of the f 
doublet is not precisely recognized at this time. 

The methods applied here can be used to find split- 
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tings in other nuclei. Other “doubly closed shell plus 
one particle” isotopes are F'’, Sc#, Ca®, and Sc®, plus 
heavier isotopes. The levels of some of these have been 
measured, but in none of them is there sufficient quan- 
titative information about the positions and spins of 
the levels to be of use here. Another group of isotopes 
which could be analyzed rather easily using the for- 
mulas found here, modified with the use of different 
values for the density, is that of closed neutron sub- 
shells and one proton more than a closed proton shell. 
Examples in the medium-mass range are Cu®, Cu®, 
Sb"’, Sb”’, etc. Unfortunately, the measurements 
published at this time on these nuclei are insufficient to 
test the theory worked out here. More difficulties are 
found in the region around lead because of the large 
amount of configuration mixing which seems to be 
found there. 

The author acknowledges with gratitude the advice 
and assistance of Professor Keith A. Brueckner through- 
out the course of this work. He also wishes to thank 
Dr. Carl A. Levinson for suggesting this problem and 
Professor Julius S. Kovacs, Professor Roger G. Newton, 
and Professor Marc H. Ross for helpful discussions. 


VI. APPENDIX. THE MIXED DENSITY FUNCTION, o (rir). 


In the matrix elements of Secs. III and IV is found 
the expression 


LD de® (11) We(r2) =p(r1,72), (33) 


the mixed density function for the nuclear core, where 
¥-(r) is the wave function for a single core particle. 
Because of the lack of quantitative knowledge of the 
nuclear wave functions, an accurate description of these 
quantities has not been given. In this work, an additional 
problem arises in that it is desired to separate this func- 
tion into center-of-mass and relative coordinates. 

Although the independent-particle wave functions 
which are used in this work correspond to a uniform 
well, and the shell model says that either these wave 
unctions or harmonic oscillator wave functions (or, 
fbetter, something between the two) should be used 
there are reasons to believe that neither type is suitable 
for the determination of the nuclear density. Firstly, 
even if an independent-particle wave function is suit- 
able for a single particle outside of a double closed-shell 
core, this does not insure that similar wave functions 
can be used for the core particles. Secondly, the spin- 
orbit coupling will dissolve the degeneracy of any 
possible orbits which might be used in the description 
of the core particles, and thereby tend to smooth out 
the density. 

A better description of the density seems to be given 
by the analysis of Swiatecki,!’ in which he computes 
the nuclear surface energy in terms of the nuclear sur- 
face which arises when standing waves are made to 


17 W. J. Swiatecki, Proc. Phys. Soc. (London) A64, 226 (1951). 
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Fic. 1. Mixed density function in relative and center-of-mass 
coordinates for Ca“ with standing waves. 


vanish at an infinite plane surface. Since’the density is 
required for the entire nucleus in the present calcula- 
tion, one has to alter the boundary conditions to enclose 
the Fermi gas in a spherical box. Using the normalized 
wave functions which vanish on the plane x=0 and 
satisfy periodic boundary conditions in the y and z 
direction, which are given in reference 15, and the 
definition of Eq. (33), it can be easily shown that the 
mixed density function is 


sink r(y2—+1) sinkr(z2—21) 





p(x1yiz1; X2y222) =8 


a Fi 22— 21 





i kr » om; i k 2 1 
[= (x a) sin r(Xe+x% ) (34) 


Xo—X, Xotx1 

The expression (34) is not a convenient one since a 
transformation to relative and center-of-mass co- 
ordinates is difficult. However, an approximate ex- 
pression of more convenient form can be written if one 
makes use of the fact that nuclear correlations are 
limited to the wavelength corresponding to the highest 























Fic. 2. Mixed density function in relative and center-of-mass 
coordinates for O'* with standing waves. 


nucleon energy present,'® so that important values of 
kp|t2—1,| are less than unity. Therefore one can write, 
to within a few percent error, that 


p(x1121; X2V2%2) = 8k r* exp(—ke’r*/6) 
X(1—exp(—2kr*xyx2/3) ], 
P=2+7+27, 


as can be seen easily by expanding Eq. (34). 

To make use of this in the present calculation one has 
to interpret the nodal surface as the nuclear surface; 
ie., assume that the curvature of the nucleus is un- 
important for distances of the order of magnitude of 
the Fermi wavelength. With this model, x; and x2 are 
perpendicular distances from the points mr and rz to 
the nuclear surface. With Ro the nuclear radius, 


(35) 
where 


x%1=Ro—n1, Xe= Ro—fe. (36) 

















Fic. 3. Mixed density function in relative and center-of-mass 
coordinates for Ca, using spherical Bessel functions. 


Making the change of variables to center-of-mass and 
relative coordinates, we evaluate the mixed density 
function for three values of the angle between r and R. 
If we denote by u the cosine of the angle between r and 
R, the expression for p,(7,R) for u=1, 0, and —1 is 
Pumo(7,R) _ 8kr*{exp(— ky’r’/6) 

—exp[—kr*(Ro—R)*/3]}, (37a) 

Pumsi(t,R) = 8k? 


X {1—exp[—2kr*(Ro— (R?+1°/4)*]},  (37b) 

with the limits on r for various values of R given by 
0<7r<2(Re—R?)! 
0<r<2(Ro—R) 


A numerical evaluation of the expression given in (37) 


for »=0, 


for p=+1. (38) 


18H. A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 82 
(1936). 
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and (38) shows that it is not very sensitive to u. There- 
fore, by averaging over these values of u, one obtains a 
mixed density function separated into relative and 
center-of-mass coordinates. Figures 1 and 2 show this 
function for the special cases of Ca“ and O!’, respec- 
tively. In both cases the relationship 


p(r,R) =p(0,R) exp[-- 4.61 (r/Ro)?] 
=p(R) exp[—4.61(r/Ro)*] (39) 


holds approximately, where the function p(R) can be 
read from the figures. 
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It is interesting to see what the mixed density func- 
tion is when derived from shell-model wave functions. 
Figure 3 shows the mixed density function for Ca* 
derived from the wave functions which were used in 
this work, those associated with a uniform potential, 
but vanishing at the nuclear surface. Because of the 
large amount of s wave in the Ca nucleus, the function 
is large at the origin; but this will not affect the spin- 
orbit calculation, since all the pertinent wave functions 
vanish at the origin in that case. For the important 
values of the coordinates r and R, Figs. 1 and 3 agree 
rather well, and Eq. (39) holds except at the origin. 
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Spectrum of Z Auger Electrons from ,;T1°** and ;;Bi?!? + 
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A study of the ZL Auger spectrum emitted from a source of ThB in equilibrium with its decay products 
has been made by using a thin-magnetic-lens electron spectrometer. The ZL Auger spectrum coincident 
with alpha particles has also been measured, and this has been ascribed mainly to s:Tl™®®. Since the directly 
recorded L Auger spectrum is composed mainly from the L spectra of s;Tl®* and s3Bi**, the latter spectrum 
could be obtained by subtraction of the properly normalized alpha coincident spectrum from the directly 
recorded spectrum. The importance of the effect of nuclear recoil accompanying alpha emission on the shape 
and energies of the L Auger spectra is discussed and properly taken into account. The energies and intensities 
of fifteen lines are given for each spectrum, and a classification of these lines are made. From the experimental 
results the Auger and Coster-Kronig yields for the different ZL subshells were calculated. 


INTRODUCTION 


TOMS which have been ionized in an inner shell 

will revert to their normal unexcited state by 
emitting both a characteristic x-ray spectrum and a 
characteristic electron line spectrum of Auger electrons. 
These Auger electrons are emitted when a “hole” in a 
given shell is filled by radiationless transitions involving 
two electrons in shells of low energy, one of which is 
ejected from the atom, which is then left in a state of 
double ionization. In radioactive decay, the processes 
of internal conversion or orbital electron capture give 
rise to inner shell ionization. The characteristic x-rays 
emitted in radioactive decay have been examined 
experimentally in many instances.! The form of the K 
Auger spectrum and the values of the K-shell fluores- 
cent yield has been the subject of some theoretical 
treatment.! Accurate experimental data on the K Auger 
spectra and K fluorescent yields has only accumulated 
fairly recently as a consequence of the development in 
technique for detecting low-energy electrons. Data con- 
cerning L Auger spectra (following on L-shell vacancies) 


+ This article comprises part of the work submitted in a thesis 
by J. Burde in fulfillment of the requirements for the degree of 
Doctor of Philosophy of the Hebrew University. 

1E. H. S. Burhop, The Auger Effect (Cambridge University 
Press, New York, 1952). 


is still most meager, since the electron energies involved 
are so very low (5-15 kev even for the heaviest 
elements). 

Among the few recent investigations of L Auger 
spectra, we mention the work of Kobayashi? and 
Bashilov ef al.2 on the L Auger spectrum of RaD and 
Haynes and Ancor‘ on the L Auger spectrum of Au™, 
In the present work, the authors have examined the 
L Auger spectrum from thorium active deposit, be- 
longing essentially to the isotopes s:Tl?°* and s3Bi*!?. 
Butt® and also Flammersfeld® have earlier examined the 
low-energy electron spectrum from thorium active 
deposit, but under unfavorable conditions of poor 
resolution. Their results point to many unresolved lines. 
These previous investigators were not able to separate 
the spectra belonging to the different isotopes involved. 
In this work, higher resolution was used and the Auger 
spectra from g:Tl* and ssBi*!* were separated by 
recording coincidences between a particles and Auger 
electrons in addition to the normal direct Auger spec- 


2 Y. Kobayashi, J. Phys. Soc. Japan 8, 440 (1953). 

§ Bashilov, Dzhelepov, and Chervinskaya, Izvest. Akad. Nauk. 
S.S. S. R., Ser. Fiz. 17, 428 (1953). 

985) K. Haynes and W. T. Ancor, J. phys. radium 16, 635 
(1955). 

5D. K. Butt, Proc. Phys. Soc. (London) A63, 986 (1950). 

* A. Flammersfeld, Z. Physik 114, 227 (1939). 
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trum. It should be pointed out that a source of ThB 
prepared by recoil collection from an emanating source 
of radiothorium is essentially infinitely thin and thus 
very suitable for measuring the very low-energy elec- 
trons concerned, between 5 kev and 15 kev (although 
care must be exercised in correctly taking into account 
a-recoil effects). 

In a source of ThB in equilibrium with its products, 
an intense Auger spectra is produced as a result of 
L-shell ionization. By far the most intense contributions 
are associated with the three strongest conversion lines 
in the electron spectrum, the well-known “A” line in 
sil 18 (ThC”’) and the F and J lines in g3Bi?"? (ThC).? 
In the former case, the 40-kev transition following the 
a decay of s3Bi?* is strongly converted in the L shell 
(a,=16). In the latter case, the 238-kev transition 
following the B-decay of s2Pb?!* is converted in the K 
and L shells (ax=0.62, a, =0.107). It should be noted 
that K ionization will lead to L ionization as a conse- 
quence of either radiative x-ray transitions or Auger 
transitions involving the L shell. More than 90% of 
the number of L-shell vacancies are produced in s3Bi?!” 
by the latter processes. Thus, whereas the directly 
recorded Auger spectrum will be a mixture of the L 
spectra of bismuth and thallium, the spectrum obtained 
by coincidence with the 6.04-Mev a particles (which 
lead to the 40-kev transition) will yield only the L 
spectrum of thallium. Both the “single” and “coinci- 
dent” spectra were investigated. 

In this work the importance of the influence of the 
nuclear recoil associated with a decay on the energies 
and form of the Auger spectra which are detected 
experimentally is pointed out. A classification of the 
observed spectra for Z=81 and Z=83 is made, in 
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Fic. 1. Drawing of experimental arrangement showing source 
holder and alpha scintillator. (1) Light pipe; (2) plastic scintil- 
lator; (3) source; (4) source holder; (5) gate valve connecting 
entrance chamber to main vacuum chamber of spectrometer. 
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which these recoil effects are properly taken into 
account, 
EXPERIMENTAL METHOD 


A thin-lens iron-free spectrometer was used to ex- 
amine the electron spectrum. Using a carefully adjusted 
ring focus whose position and dimensions were deter- 
mined by direct photography of the A and F conversion 
lines from thorium active deposit, a resolution of 0.8% 
could be obtained when necessary. Most of the measure- 
ments were carried out at about 1% resolution. Care 
was taken to annul very precisely the effect of the 
earth’s magnetic field by using neutralizing coils, since 
the earth’s field may have a particularly disturbing 
effect at low energies. 

A Geiger counter with a thin window was used as the 
electron detector. Butt’ had used the technique of post- 
acceleration of the electrons which had passed through 
the spectrometer before entering the Geiger detector. 
We found this to be unnecessary, using counter windows 
of about 30 ug/cm,? which were made up of alternating 
foils of Formvar and Zapon supported on a grid of 
parallel tungsten wires. The window transmission was 
estimated by measuring the fairly sharply defined cut- 
off energy and using the experiment results of Lane 
and Zaffarano.® For a typical window the transmissions 
at 8 kev and 5 kev were 90% and 70%, respectively. 

Special attention was paid to the mounting and 
preparation of the source. This was prepared by recoil 
collection on a 2-mm diameter thin aluminum foil 
(0.17 mg/cm?) which was centered on a 2-cm diameter 
thin Zapon film, supported on a light aluminum frame. 
For coincidence measurements, this source holder was 
situated above a Perspex light guide which trans- 
mitted the a scintillations to an E.M.I. photomultiplier. 
A drawing of the experimental arrangement is shown in 
Fig. 1 which shows the source and light pipe situated in 
the entrance chamber of the spectrometer, with the 
gate valve connecting to the main vacuum chamber 
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Fic. 2. Differential pulse-height distribution in the thin plastic 
scintillator, showing the two alpha groups from a ThB source in 
equilibrium with its products. 





7K. Siegbahn and T. R. Gerholm, Beta- and G. 
Spectroscopy, edited by K. Siegbahn (North-Holland Publishing 
Company, Amsterdam, 1955). 


8 R. O. Lane and D. J. Zaffarano, U. S. Atomic Energy Com- 
mission Report ISC 439 (unpublished). 
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closed. The a@ scintillator was a thin wafer of plastic 
scintillator (1,1,4,4 tetraphenyl butadiene in poly- 
styrene), 8 mm in diameter and 0.2 mm thick, which 
sat in a suitable depression at the top end of the light 
pipe. The latter was shaped for maximum light col- 
lection. The thickness of the scintillator was such that 
while both groups of a particles from ThC and ThC’ 
(6 Mev and 8.8 Mev, respectively) lost all the energy 
in the scintillator and could be nicely resolved, the 
numerous electrons losing energy in the scintillator all 
produced smaller pulses and could be discriminated 
against, despite the fact that the light output per unit 
energy loss in the plastic scintillator is much greater 
for electrons. Figure 2 shows a typical differential 
pulse-height curve obtained from the scintillator and 
the two groups of a particles are clearly displayed above 
the electron pulses. In the coincidence measurements 
the source was about 3.5 mm from the scintillator and 
a total a-counting rate of about 3 million per minute 
was used. Despite this high counting rate, no sensible 
change in the properties of the scintillating plastic was 
noticed even after some months of continual use. This 
is in contrast to the behavior of anthracene which shows 
considerable radiation damage under a bombardment.’ 

Coincidences between the Geiger pulses and a-scintil- 
lation pulses were recorded, a resolving time of 3X 10-7 
sec being used. By using a high overvoltage on the 
counter, no coincidence losses were obtained at this 
resolving time. The coincidences measurement were 
carried out by using a discriminator which passed both 
the low- and high-energy a groups. Since the high- 
energy group is not coincident with a significant 
intensity of conversion lines, this may be done without 
increasing unwanted true coincidences, and is simpler 
than using a system of pulse analysis which selects only 
the lower group, although the random coincidence rate 
is increased. 


RECOIL EFFECTS IN THE SPECTRUM OF AUGER 
ELECTRONS ASSOCIATED WITH ALPHA DECAY 


It has been recently shown by the authors” that 
conversion electrons emitted in the de-excitation of 
excited nuclear states which are formed after alpha 
decay may show considerable broadening and even 
shifts in energy, as a consequence of nuclear recoil. 
The energy of the conversion electrons may be altered 
on two accounts: on the one hand, electrons may be 
emitted from recoil nuclei which are still in motion, and 
on the other hand, recoil nuclei, by virtue of their 
initial momentum, may penetrate the source backing, 
so that electrons emitted from these nuclei in a direction 
outwards from the source backing, will be retarded to 
some extent, even though the parent source may be 
infinitely thin. Since Auger electrons are emitted within 
a very short time after conversion electrons (of the 


; : J B. Birks, Scintillation Counters (Pergamon Press, London, 
953). 
10 J. Burde and S. G. Cohen, Phys. Rev. 101, 495 (1956). 
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order of 10-'* sec for ZL Auger electrons) they should 
also show similar effects, in general even to a greater 
extent, because of the low velocity of the Auger elec- 
trons. Thus, if an electron is emitted at an angle 6 
with respect to the direction of nuclear recoil, then 
the momentum p of the emitted electron will be 
p= pol 1+ (vn/v) cos], where po would be the mo- 
mentum of the electron emitted by a stationary nucleus, 
?, is the velocity of the recoiling nucleus at the moment 
the electron is ejected, and vg is the velocity of the 
emitted electron. Assuming there is no angular corre- 
lation between the Auger electrons and a particles, it 
follows that for an ideally thin source situated in 
vacuum on an ideally thin backing, the resulting mo- 
mentum distribution will be a rectangle of relative 
half-width Ap/p equal to v,/vg. Thus, for the example 
important in this work, the velocity v, of the 116-kev 
recoil nucleus of s;Tl?°* in the 40-kev excited state, 
produced after the emission of an alpha particle of 
energy 6.04 Mev, is 3.310’ cm/sec and the energy of 
the most intense line in the L Auger spectrum produced 
after the LZ internal conversion of this transition is 
about 7.6 kev, corresponding to an electron velocity of 
5.2 10° cm/sec. The ratio v,,/vg should thus be about 
0.63%. In general, the source will be mounted on a 
backing which will be greater than or comparable to 
the range of the recoil nuclei. The average range of 
the recoil nuclei of s:Tl*** in aluminum! is about 
6 ug/cm? and they are stopped in about 2 10-® sec. 
The Auger electrons, emitted from nuclei which have 
penetrated the backing, will emerge in the perpendicular 
direction outwards from the source after passing 
through a thickness of backing material on the average 
equal to half the average range of the recoil nuclei. The 
average loss of a 7-kev electron passing through 
3-ug/cm? aluminum is above 70 ev.* Thus, in general, 
one-half of the Auger electrons emitted in a given 
direction out of the source will have an increased energy, 
corresponding to recoil nuclei moving away from the 
backing, and one-half will have a reduced energy, 
corresponding to recoil nuclei which have penetrated 
the source. 

The a-coincident arrangement described above, how- 
ever, effectively selects recoil nuclei which leave the 
source into the vacuum, and therefore the coincident 
spectrum of Auger electrons will show increased 
energies. The momentum displacement will depend on 
the solid angle which the a counter subtends at the 
source; if the solid angle is small the mean momentum 
will be close to the maximum of the recoil distribution, 
i.e., po(1+v,/vg). In most of the coincidence measure- 
ments carried out in this work, the solid angle was 


1 The range distributions of s;T1** recoil nuclei in various mate- 
rials has been measured in this Laboratory by allowing a beam 
of recoil nuclei to penetrate thin foils and measuring the 3.1-min 
s1 1 activity induced in the foils. The average ranges found for 
Formvar, aluminum, silver, and gold were about 11, 6, 7, and 
15 ug/cm?, respectively [S. G. Cohen and A. Marinov (to be pub- 
lished) ]. 
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Fic. 3. L Auger spectrum from thorium active deposit observed 
with a spectrometer resolution of 0.8%. 


about 2 steradians, corresponding to an extreme value 
of cos#=0.66. From the coincidence measurements the 
correction for the recoil can accurately be subtracted in 
order to obtain the true energy of the Auger lines; for 
the noncoincident spectra, however, it is more difficult 
to correct accurately for the retardation of electrons 
emitted from recoil nuclei which have penetrated below 
- the surface. There is thus a further advantage in using 
coincidence techniques for examining the Auger spectra 
following alpha decay. 


EXPERIMENTAL RESULTS AND THE CORRECTED L 
AUGER SPECTRA FOR Tl” AND ,;Bi*? 


Figure 3 shows the Auger spectrum recorded without 
coincidences using a spectrometer resolution of 0.8% 


(measured on the thorium F line). The results are 
corrected for the dependence of transmission of the 
Geiger window on energy and for the decay of the 
source during the experiment. In this spectrum, we see 
eleven apparently resolved lines, and it may be thought 
at first that each “line” represents an Auger transition 
belonging to a definite atomic number Z=81 or 83. 
That this is not the case, however, follows from an 
inspection of the a-coincident spectrum. Figure 4 shows 
the two simultaneously recorded direct and coincident 
spectra, taken with a resolution of 1.2% (poorer resolu- 
tion was used in order to obtain a higher coincident 
counting rate), again corrected for window transmission 
and decay of the source. The coincident counting rate 
at the peak of the most intense Auger line was about 
100 pulses per minute. The coincident spectrum, which, 
as explained in the introduction, belongs essentially to 
311178, shows at least fourteen lines, none of which 
coincide with the peaks in the “singles” spectrum. The 
latter is in fact compounded from the Auger spectra of 
s111”°8 and s3Bi?!*. The spectrum of s;Bi?!* was obtained 
by subtracting from the direct or composite spectrum 
the coincident spectrum belonging to s:Tl*, after 
applying the proper normalization, and also the neces- 
sary corrections to the energies due to the change in 
recoil effects to be expected in the “singles” spectrum 
with respect to those obtaining in the coincident spec- 
trum. The normalization factor is equal to the reciprocal 
of the over-all efficiency of the a-scintillation counter. 
This was measured experimentally in the actual experi- 
mental conditions in which Fig. 4 was obtained by 
measuring the ratio between the singles and a-coincident 
counting rate obtained with the 24.5-kev “A” line, 
resulting from the L conversion of the 40-kev transition. 
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. 4. Direct and alpha coincident Z Auger spectra. The full line represents the directly observed spectrum. 
The broken line is the alpha coincident spectrum. 
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Fic. 5. The ZL Auger spectrum of s;Bi*"? obtained by the difference between the directly recorded and the alpha-coinci- 
dent Auger spectra. Curve (a): Directly recorded Z Auger spectrum after subtraction of background. Curve (b) : Normal- 
ized and corrected coincident Auger spectrum. Curve (c): Difference spectrum to be ascribed mainly to the Z Auger 


spectrum of s3Bi?"?. 


Since every such conversion electron coincides with a 
6.04-Mev a particle, this ratio gives directly the effi- 
ciency of the a@ scintillation counter. The necessary 
correction to the coincidence spectrum, taking into 
account recoil effects, was obtained in the following 
way. The coincident spectra was resolved into its com- 
ponent lines. This could be done in a fairly unambiguous 
way. For each such Auger line, the shape and mo- 
mentum of the corresponding line to be expected in the 
directly recorded spectrum of s:T1?°® was computed as 
the sum of two close lines of equal intensity: the first 
line results from Auger electrons which are ejected into 
the acceptance cone of the spectrometer from recoil 
nuclei moving out of the source into the vacuum and 
therefore have momentum between po and po+ (vn/%8) po; 
the second results from Auger electrons emitted from 
recoil nuclei which are at rest after having penetrated 
the source backing.'? The results of Lane and Zaffarano® 
were used to estimate the average energy loss suffered 
by electrons in passing through half the average range 
of the recoil nuclei (3 ug/cm?). The finite resolution of 
the spectrometer was of course taken into account in 
estimating the final line shapes. 

Figure 5 shows once again the observed composite 
direct spectrum, together with the corrected normalized 
coincident spectrum of s;Tl*°’, and the resultant spec- 
trum obtained by subtraction of the latter from the 
former. This difference spectrum must be ascribed 
mainly to the L Auger spectrum of 3Bi*!*. 

Finally, Fig. 6 shows the two L Auger spectra of 
thallium and bismuth plotted together for the sake of 
convenient visual comparison. The thallium spectrum 
has been corrected for the effect of recoil shifts to give 


12 Measurements of the lifetime of the 40-kev transition in s:T1 
by the authors, using recoil shifts of the conversion electrons, give 
a value of about 1X10~" sec which is considerably greater than 
the slowing-down time in aluminum (2X 10~" sec). J. Burde and 
S. G. Cohen, following paper [Phys. Rev. 104, 1093 (1956)]. 


the energies corresponding to the spectrum which would 
be observed from stationary nuclei. 


IDENTIFICATION OF LINES, AND DISCUSSION 


From Fig. 6 it is immediately apparent that there is 
a marked correspondence between the forms of the two 
Auger spectra. This is to be expected for two elements 
differing in atomic number by two. On the other hand, 
apart from the relative displacement of corresponding 
lines, there are some differences in relative intensities, 
and there are a few lines which seem only to occur in 
one or other of the spectra. These differences result 
from the difference in distribution of vacancies in the 
L subshells which precede the emission of ZL Auger 
electrons in the two cases. We must distinguish here 
between the initial and final distribution of L vacancies, 
since the initial distribution will be altered by the 
possibility of Coster-Kronig transitions which take place 
between the L subshells. The initial distribution can be 
estimated for the two isotopes from the knowledge of 
the various conversion coefficients and for s;Bi?!? the 
K fluorescent yield, and the relative intensities of the 
lines in the K x-ray spectrum. 

Table I shows the initial distribution of holes in the 
subshells found in this way. It has been known for 
some time that the L;—Lyn type of Coster-Kronig 


TABLE I. Initial distribution of ionization and distribution of 
Auger electrons in Ly, Zy1, and Ly subshells, per disintegration 
of ThC 








Z =83 
Li Lu Lin 


Z=81 
Li In Lm 





Initial distribution of 
ionization per dis- 


integration of ThC 0.16 0.02 0.01 0.06 0.085 0.16 


Distribution of Auger 
electrons per disin- 


tegration of ThC 0.025 0.02 0.05 0.01 0.035 0.10 
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Fic. 6. The Z Auger spectra of thallium and bismuth. 


transition has a high probability in this region of the 
periodic table, and hence one will expect the Auger 
lines originating in the Zi subshell to be intense in 
both isotopes although the amount of initial Z; ioniza- 
tion is appreciable in both cases. 

For the identification of the lines, the table of 
atomic absorption edges prepared by Hill, Church, and 
Mihelich™ was used. For some lines, the knowledge of 
the L binding energies was sufficient to ensure identifi- 
cation on energetic grounds alone. This is so despite 
the large number of transitions which are energetically 
possible for the lower energy group of high-intensity 
lines of the type Lim1—MM which appear in both 
spectra in roughly the same ratio of intensities. 

Some lines, however, cannot be unambiguously 
identified on energetic grounds alone, since the large 
number of a priori possible transitions are very large 
and in some cases more than one energetically possible 
transition gives the observed energy. In these cases it 
happens that the ambiguity can be removed taking 
into account the differences in form between the two 
spectra together with the distribution of vacancies in 
the L subshells mentioned earlier. The relative intensi- 
ties of the group of Auger lines originating in the Lin 
subshell vacancy should be approximately the same for 
Z=81 and Z=83. If the intensity of corresponding 
Auger lines relative to a group of Auger lines which 
have been definitely assigned to the Zi subshell is 
markedly different for the two isotopes, then it may 
be assumed that these corresponding lines originate in 
the L; or Li: subshells. Owing to the fact that the ratio 


18 Hill, Church, and Mihelich, Rev. Sci. Instr, 23, 523 (1952). 


of the number of primary holes in the Ly subshell to 
that in the Ly: subshell differs markedly for the two 
isotopes, one can find out in which subshell the lines 
originate by comparing the intensities of the corre- 
sponding lines for the two isotopes. Thus, for example, 
the line C, appears quite strongly in the thallium spectra 
but is unresolved and weak in the bismuth spectrum. 
Similarly, C; is much stronger in thallium than the 
corresponding line in bismuth. Now, from energetic 
considerations alone, these lines might originate from 
Lyn or Ly or Ly vacancies. However, the main Ly 
Auger lines show a fixed ratio; thus the lines cannot 
involve the Ly: shell; in fact the marked differences in 
Ly vacancies indicated in the table, shows that these 
lines involve the Ly shell: this, together with a knowl- 
edge of the binding energies, leads to a fairly certain 
classification of the lines. 

Table II shows the classification of the ZL Auger 
lines for thallium and bismuth obtained in this way, 
together with the measured energies and intensities. 
The energies calculated from the atomic absorption 
edges, assuming the stated classifications, are also 
listed. The energy of an atom simultaneously ionized in 
the M and N shell was estimated in the usual way by 
taking the sum of the ionization energy of a singly 
ionized atom in the M shell for the element concerned 
of atomic number Z with the ionization energy of atom 
singly ionized in the N shell belonging to element of 
atomic number Z+1. 

The L Auger spectrum of s3Bi*", appearing in the dis- 
integration of RaD, has been investigated by Bashilov 
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TABLE II. Classification of the ZL Auger lines for thallium (Z=81) and bismuth (Z = 83). The measured energy of each line is compared 
with the calculated energy for the assumed classification. Intensities are given in percent of the total number of Auger electrons due to 


the investigated element. Electrons from Li, Lr, and Ly subshells are designated by A;, B;, and C;, respectively. 








Z=81 
Energy 
calculated Intensity 
percent 


Energy 
measured 


Auger : 
kev Auger transition kev 


Z =83 
Energy Energy 
measured calculated 
kev Auger transition kev 


Intensity 
percent 
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et al.“ and Kobayashi.” These spectra resemble closely 
in form the spectrum of g:Tl*°* obtained in this work 
and not that of s;Bi*!. This is indeed very reasonable, 
since the Auger transitions in s;Bi?! result from the 
conversion of a magnetic dipole 47-kev transition in 
ssBi? which leads to a distribution of L subshell 
vacancies very similar to that produced by conversion 
of the 40-kev magnetic dipole transition in g,T1**. 


CALCULATION OF AUGER AND COSTER-KRONIG 
YIELDS 


From the experimental results, one may easily obtain 
the over-all L Auger yield for the two isotopes. The 
Auger yield is defined as the total number of L Auger 
electrons emitted per vacancy in the L shell. For 
sil 1*8, the L Auger yield is obtained by comparing 
under identical geometrical conditions the total number 
of Auger electrons per coincident a particle with the 
total number of electrons recorded in the “A” line per 
coincident a particle. In the calculation, the small con- 
tribution to L ionization arising from low-intensity 
conversion lines other than the “‘A”’ line which appear 
in the de-excitation of the higher excited states of 
31118 was taken into account. (The most intense line 
of this type is the Ga line of energy 287 kev and in- 
tensity of about 1% relative to the A line.) Similarly 
for s3Bi*!2, the number of L Auger electrons was com- 
pared with the number of conversion electrons belonging 
to the F and J lines (corresponding to the K and L 
conversion of the 238-kev transition), both of which 
contribute to the number of L vacancies. In the calcu- 
lation of this Auger yield, small corrections were made 

4 The authors unfortunately have not been able to see the 
original paper of Bashilov ef a/. and are acquainted with the 


spectrum only through the reproduction given in the paper of 
M. A. S. Ross e¢ al. 


for (a) some weak converted transitions appearing in 
the decay of ThB which contribute slightly to L ioniza- 
tion and (b) the contribution of ZL Auger electrons 
belonging to Z=82 to the Auger spectrum shown in 
Curve 2 of Fig. 6. The latter arises from the low in- 
tensity lines produced after the 6 decay of s:Tl** and 
was estimated at about 2% of the total Auger electrons 
recorded. 

In this way the values of 0.50-++0.02 was found for 
the L Auger yield in g:Tl** and 0.49+0.03 for s;Bi?!?. 
From measurements of the intensity of the L x-ray 
spectrum of RaD, Kinsey’ has obtained the values of 
0.47 for the L fluorescence yield (the complement of the 
L Auger yield) for g3Bi?"’. 

From the experimental results it is also possible to 
calculate the separate Auger yields for the different 
subshells, together with the Coster-Kronig yields, if 
some very reasonable assumptions concerning these 
quantities are made. These coefficients are more funda- 
mental quantities than the over-all yields given above, 
since they do not depend on the mode of ionization of 
the L subshells and are characteristic of a given atomic 
number. In this analysis we follow the spirit of Ross 
et al.,'® who recently calculated the coefficients for 
Z=83 by analyzing the experimental data of many 
workers (and therefore in some cases these data are 
somewhat contradictory and confusing) who had meas- 
ured separately the intensity of x-rays and L Auger 
lines appearing in this disintegration of RaD. In the 
present analysis the results are obtained only from the 
combined experimental data for Z=81 and Z=83 
presented in this work, with the following assumptions : 


16 B. B. Kinsey, Canadian J. Research 26, A404 (1948). 
16 Ross, Cochram, Hughes, and Feather, Proc. Phys. Soc. 
(London) A68, 612 (1955). 
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TABLE III. Auger and Coster-Kronig yields. 








Results of the 
prsent work: 
average for Z =81 

and Z =83 for 


Results of Ross et al. 
Z =83 





0.11 
0.62 
0.60 
0.19 
0.58 








(1) The LZ subshell Auger and Coster-Kronig coeffi- 
cients are assumed to be identical for Z=81 and Z=83. 
This is of course only an approximation, but the change 
may be expected to be small and the results may be 
interpreted as a kind of average for the two atomic 
numbers. 

(2) Coster-Kronig transitions of the type Ly—Lin 
are assumed not to take place. For energetic reasons, 
transitions of this type can involve only the N shell or 
shells even further out. Coster-Kronig transitions of the 
type L;—Ly similarly can involve only the N shell or 
shells further out. The kinetic energy of the electrons 
emitted in the Coster-Kronig process will be larger in 
the latter case than in the former. For example, for 
Z=83 the kinetic energy of the electrons emitted in the 
L;—LuNry transition will be only about 200 ev, 
whereas for the Ly1— LuV transition the kinetic energy 
will be about 1.3 kev. The theoretical treatment of 
Coster and Kronig’ for the dependence of transition 
probability on momentum of the emitted electron 
shows that the former transition should have a much 
larger probability than the latter. The only available 
result based on experiment for the probability of the 
Lu—LurN transition is that given by Ross ef al.!® who 
give a value of 0.06+0.14. 

Then, using a notation similar to that of Ross ef al.,!® 
we define m:n; to be the primary number of holes in 
the LyLy,Lin subshells of s;T]** per disintegration of 
ThC, @;a2@3 as the separate Auger yields for the L sub- 
shells, fiz and fis as the Coster-Kronig yields for the 


17 Reference 1, pp. 71-76, 


I;—Ly and L;—Ly transitions respectively, and 
A,A2A; as the number of Auger electrons originating 
from the L;Ly;Li1 subshells per disintegration of ThC. 
The dashed symbols indicate the corresponding quanti- 
ties for ssBi?"*. Then, with the above assumptions, we 
obtain the following equations: 


aim= Ai, (1) 

a2 (mot f 121) = Ao, (2) 
a3(nst+ fis) =Asz, (3) 
ayn;'= Ay’. (4) 

2(m2'+ fim’) =A’, (5) 
a3(ms'+fisms’)=Ay’. (6) 


The A’s are known from the spectra and classification, 
the n’s have been calculated, and both are shown in 
Table I. Equations (1) and (4) yield independent values 
for a;, and in principle can be used to examine the 
reliability of assumption (1). The values obtained are 
0.15 and 0.21, respectively. However, as the Ly lines 
are of very low intensity for Z=83, we rely on the 
former value as being more exact. From the remaining 
equations the other coefficients are determined. The 
results are shown in Table III. 

The values obtained by the independent analysis of 
Ross et al. for Z=83 are also shown. 

It is seen that good agreement exists except for ae. 
This coefficient is sensitive to the assumed classification 
of the Z Auger lines, and the discrepancy arises in that 
the classification of the Ly lines given by Kobayashi 
and Bashilov for the L spectra of RaD, on which the 
analysis is based, differs from our classification. 
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The lifetime of the 40-kev excited state of s:Tl®* which is produced after a decay has been measured by 


using recoil shifts of the conversion electrons. 


By using an alpha-particle—conversion-electron coincidence arrangement, a beam of moving recoil 
nuclei in vacuum is effectively selected. The momenta of electrons emitted from such moving nuclei into 
the acceptance angle of a lens spectrometer are shifted towards higher values. A thin stopping foil placed 
at a small distance from the source will or will not affect the momentum shifts according as the conversion 
electrons are emitted after or before the recoil nuclei are stopped in the film. A measurement of the mo- 
mentum shift as a function of the distance of the stopping film from the source, thus permits an estimate of 
the lifetime to be obtained. In this way a value of (1.00.5) X 10-” sec has been obtained for the half-life. 
This value is about six times smaller than that to be expected theoretically for a magnetic dipole transition 
between the two component levels of the doublet belonging to the configuration (s1/2g9/2). 





INTRODUCTION 


HE measurement of the lifetimes of excited states 

of nuclei has been important in the development 
of our knowledge of nuclear structure. In the region of 
very short lifetimes (less than about 10-™ sec), the 
fastest electronic methods are of no avail and special 
methods have to be employed. In recent years the 
method of resonant scattering of y rays has been used 
in some favorable cases to find the width of excited 
levels, which is simply related to the lifetime. The 
method of Coulomb excitation has also provided a 
powerful tool for measuring the probability of exciting 
particular excited levels from the ground state. This 
probability is reciprocally related to the lifetime for 
decay of the excited level. Nuclear recoil techniques 
have been used to advantage, in some cases,! in order 
to determine the lifetime of high-energy excited states 
produced in nuclear reactions. In this technique, meas- 
urements are made either of the distances moved in 
vacuum by the excited recoiling nuclei before emitting 
y radiation,® or of the Doppler shifts of the y rays 
emitted by the moving nuclei when they are slowed 
down in different media.*~’ In the former case a knowl- 
edge of the velocity of the recoiling nuclei permits an 
estimate of the lifetime to be made, and in the latter 
case one needs to know the slowing down time of the 
recoil nuclei in the stopping medium. This may be 
estimated, if one knows or assumes the range-energy 
relation for the recoil nuclei. 


* This article comprises part of the work submitted in a thesis 
by J. Burde in fulfillment of the requirements for the degree of 
Doctor of Philosophy of the Hebrew University. 
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In this work, the possibility of using recoil techniques 
to measure the lifetimes of short-lived excited states 
which are formed after a-particle emission in alpha- 
active nuclei has been investigated, and the recoil 
shifts of conversion electrons has been successfully 
used to measure the lifetime of the 40-kev excited state 
of si T1?°8. This is an odd-odd nucleus which is formed 
after the a decay of s;Bi?"? (ThC) in the products of 
disintegration of ThB. 

s3Bi?!* decays both by a and @ decay. In the alpha 
branch, 27% of the decays lead to the ground state of 
gi 118, and 70% lead to the 40-kev excited state after 
the emission of a 6.04-Mev alpha particle. Some higher 
excited states of much weaker intensity are also formed. 
The 40-kev level is strongly converted in the L shell® 
(az= 15.7) giving the well-known “A” conversion line 
(24.5 kev)® and is also converted in the M, N, and O 
shells to give a total conversion coefficient of a= 19.6. 
The 40-kev transition is almost certainly a pure mag- 
netic dipole transition. The spins and parities of the 
ground state and first excited state have been fixed 
as 5+ and 4+ respectively. 

In a previous work” the authors have demonstrated 
the influence of recoil effects in a decay on the energies 
of associated conversion electrons, and from an estimate 
of slowing down time of s:T1*°* recoil nuclei in aluminum, 
a lower limit of 2X 10~" sec for the lifetime of the 40-kev 
state has been deduced. Graham and Bell!! have shown 
by the method of delayed coincidences that the lifetime 
is less than 7107"! sec. In this work, the lifetime has 
been obtained from measurements of the recoil shifts 
of the conversion electrons, in a manner practically 
independent of the time required for slowing-down in 
media. 

8 J. W. Weale, Proc. Phys. Soc. (London) A68, 35 (1955). 

® The conversion in the L shell takes place mostly in the Z; sub- 
shell giving the “A” line. Only about 10% of the conversions occur 
in the Ly; and Ly subshells. In the present work these lines are 
not resolved, but this does not affect the results described. 


10 J. Burde and S. G. Cohen, Phys. Rev. 101, 495 (1956). 
4 R. L. Graham and R. E. Bell, Can. J. Phys. 31, 374 (1953). 
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PRINCIPLES OF EXPERIMENTAL METHOD 


The initial velocity of a heavy nucleus (say A= 208, 
as with s:Tl”*) recoiling after the emission of an 
a particle of about 6 Mev is about 3.3X 107 cm/sec. 

An excited recoil nucleus will move a finite distance 
before decaying. If the recoil nuclei travel unimpeded 
in vacuum then, for example, they will move an average 
distance of 3X10 cm if the lifetime is 10- sec, and 
an average distance of about 3X 10~* cm if the lifetime 
is 10-™ sec. Furthermore, this velocity of recoil, al- 
though small (about an order of magnitude smaller 
than the velocities of recoiling nuclei which have been 
produced in nuclear reactions and which have been 
utilized to measure lifetimes as mentioned above), may 
be enough to produce measurable changes in the energies 
of rays or conversion electrons emitted from the recoil 
nuclei. In this work the recoil shifts of the conversion 
electrons have been used to measure the distance of 
flight of recoil nuclei in vacuum before decaying. From 
the known initial velocity the lifetime can be found. 

As in the previous discussions,”:!? the momentum p 
of an electron emitted at an angle 6 from a moving 
recoil nucleus of velocity 0, is p= pol 1+ (vn/vg) cos6]. 
The maximum relative shift in momentum Ap/? is 0,,/,. 
For the “A” line of g:T1**, xg is about 9X 10° cm/sec, 
and thus the maximum relative momentum shift is 
about 0.36% which leads to detectable effects even if 
one uses a conventional electron spectrometer of 
moderate resolution. The maximum relative Doppler 
shift in energy for + rays is v,/c (where c is the velocity 
of light), and for the 40-kev transition under discussion 
this is 0.1%. The relative effect is thus greater for 
conversion electrons, especially for low-energy transi- 
tions. Doppler shifts of y rays emitted after a decay 
have not yet been detected, but this should be possible 
under favorable circumstances and with appropriate 
techniques. 

With the arrangement for recording coincidences 
between alpha particles and conversion electrons de- 
scribed by the authors in the earlier work,” a beam of 
recoil nuclei in vacuum may be effectively selected, in 
which the nuclei move outwards from the source and 
the source backing, with their recoil velocity v,, which 
is equal to their initial velocity if the source is very 
thin. If the solid angle subtended by the a@ counter is 
small (this was about 0.5 steradian in the present work), 
then electrons emitted from these recoil nuclei into the 
narrow acceptance angle of the lens spectrometer will 
have a momentum close to the maximum value 
po(1+,/vg), if the half-angle of the spectrometer is 
small (this was about seven degrees for the lens spec- 
trometer used in this work). 

If now a thin stopping film (whose thickness is 
greater than the range of the recoil nuclei) is placed in 
the beam of these recoil nuclei, then (as illustrated 


12 J. Burde and S. G. Cohen, preceding paper [Phys. Rev. 104, 
1085 (1956). 
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schematically in Fig. 1) the energy of a conversion 
electron will be different according as to whether it is 
emitted before or after the parent recoil nucleus is 
stopped in the film. (If the material of the recoil stopper 
is aluminum, the stopping time is about 2 10-" sec,"-"4) 
The ratio of the number of nuclei decaying before 
reaching the stopping film to those decaying in the 
stopping film will be determined by the distance of the 
stopping film from the source, the velocity of the recoil 
nuclei, and their lifetime for decay. The observed 
energy of the conversion line will thus depend on the 
distance between the source and the stopping film, 
provided these distances are sufficiently small for the 
time of flight between source and stopping film to be 
comparable to the lifetime. A measurement of the 
change of momentum of the conversion line with dis- 
tance of the stopping film from the source should enable 
an estimate of the lifetime to be made. 

In interpreting the experimental results, one must 
take into account that the electrons will suffer some 
energy loss in the stopping foil. The average energy 
loss from this cause will be dependent on the distance 
between source and film, since, if the electrons are 
emitted before the nuclei enter the film, they have to 
pass through the total thickness of the stopping film, 
whereas electrons that are emitted from nuclei which 
are stopped in,the film have to pass through the total 
thickness less the range of the recoil nuclei. The extra 
loss of energy suffered by electrons emitted from nuclei 
before reaching the film tends to cancel the increase in 
energy resulting from the recoil shift described above. 
The proposed method is feasible only if this extra 
energy loss is less than the shift resulting from the recoil 
motion. This indeed turns out to be the case if aluminum 
is chosen as the stopping material. The average range 
in aluminum in units of ug/cm? is the smallest among 
the various materials investigated (Zapon, aluminum, 
silver, and gold). Since the retardation of electrons is 
to a first approximation determined by the superficial 
density and is independent of the material, aluminum 
should be most favorable. Thus the average retardation 
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Fic. 1. Schematic diagram showing (a) conversion electron 
emitted from a recoil nucleus moving in vacuum away from the 
source; (b) conversion electron emitted from recoiling nucleus 
which has been slowed down in the stopping foil. 


18 The average range (as measured in this laboratory") is about 
6 ug/cm?. The assumptions of a linear range relation between 
velocity and residual range for the recoil nuclei gives a slowing- 
down time of about 2X 10~® sec. 

4S. G. Cohen and A. Marinov (to be published); results are 
given in reference 11 of preceding paper.'? 
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of a 24.5-kev electron through 6-ug/cm? aluminum 
should be about 50 ev. This is equivalent to about a 
0.1% change in momentum, i.e., about one-third of 
the maximum recoil shift. 

In order to obtain the lifetime from the experimental 
results, one must establish the relation between the 
observed momenta of the conversion line and the dis- 
tance x of the stopping foil from the source. One must 
first decide on the criterion to be adopted for measuring 
the shifts in momentum. In this work, the momentum 
of a line was defined as the momentum corresponding to 
the midpoint of the line joining the two points of half 
the maximum intensity (to be denoted for the rest of 
the article as “the midpoint’). The momentum shifts 
of a line were measured as the changes in momentum 
between the corresponding “midpoints.” This criterion 
was chosen for two reasons: (1) It is experimentally 
well defined; it is much better defined, for example, 
than the momentum corresponding to the peak in- 
tensity. (2) There exists a particularly simple relation 
between the observed shifts and the distance x between 
source and stopping film, which is independent of the 
spectrometer resolution over a wide range. 

For a particular distance x, if m is the fraction of 
nuclei which decay before being stopped, then (1—1) is 
the fraction of nuclei which decay in the stopping film. 
If the slowing down time in the stopping film is assumed 
to be small compared to the lifetime, then the observed 
conversion line will be the result of compounding two 
lines of different energies, corresponding to the energies 
of the electrons emitted from moving or stationary 
nuclei, the intensity of the component lines being 
weighted by the factor m and (1—%) respectively. If the 
solid angle subtended by the a counter is small, (1—) 
is an exponential function of the distance x and is 
given by 1—n=e~*/"", where r is the lifetime and V is 
the recoil velocity in vacuum. 

If f(p) describes the line shape obtained in the spec- 
trometer for electrons of momentum fo, emitted by 
stationary recoil nuclei, then f(p—4o) will describe the 
same line shape obtained from electrons of momentum 
potéo emitted from moving nuclei, where do is the 
difference between the maximum recoil shift to be 
expected and the average extra momentum retardation 
suffered by electrons which pass through the total 
thickness of stopping films, as discussed above. Then, 
if F(p) is the resultant line shape, 


F(p)=nf(p—60)+ (1—n) f(p) 
om (1—e-*/"") f(p—5o) +67" f(p). 


For example, Fig. 2 shows the line shape obtained when 
the film is placed at a distance such that half the nuclei 
decay before reaching the film. The line is then com- 
pounded from two displaced lines of equal intensity 
yielding a resultant line whose midpoint is midway 
between the two component midpoints. The resultant 
line shape clearly depends on the spectrometer resolu- 
tion. (In the extreme case of very high resolution, two 
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Fic. 2. The coincident line shape obtained by compounding 
two displaced lines of equal intensity, corresponding to when the 
stopping film is placed at a distance such that half the recoil 
nuclei decay before reaching the stopping film. The arrows indicate 
the midpoints. 


lines or an apparent doublet should actually be ob- 
served.) 

If 6 is the shift in momentum of the ‘“‘midpoint” of 
the conversion line for a given distance x with respect 
to the midpoint of the line for very large x (i.e., s>>Vr); 
then 6 may be directly computed as a function of x 
knowing the characteristic line shape of the spec- 
trometer f(p). This was carried out for the characteristic 
line shapes used in the present work, and it was numeri- 
cally shown that to a very good approximation the 
following simple exponential relation hold: 


6=d9e77/ "7, 


This very simple relation, which is independent of f(), 
can also be shown to be approximately true by using 
a Taylor expansion for f(p—69) in the neighborhood of 
the points corresponding to half-maximum, the neces- 
sary condition for approximate validity being that the 
second and higher derivatives in the neighborhood of 
these points vanish. 

A measurement of the dependence of 6 upon x should 
thus be equivalent to measuring the exponential decay 
curve. A plot of logé against x/V should yield a straight 
line, the slope of which gives 1/7 from which the life- 
time is immediately obtained. 


EXPERIMENTAL METHOD 


The L conversion electrons of the 40-kev transition 
were detected in an iron-free lens spectrometer whose 
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Fic. 3. Schematic diagram of the experimental arrangement used 
in the neighborhood of the source for measuring the lifetime. 


axis of symmetry was vertical, and the a particles 
were detected in a thin wafer of plastic scintillator 
situated below the source, in a similar general arrange- 
ment to that described in previous work.”:? 

It was expected that the lifetime would fall in the 
range between 10-' and 10-” sec. For the shortest 
lifetimes within these limits, the distances to be used 
between the source and the stopping film would have 
to be of the order of a wavelength of light, and hence 
special arrangements were made to fix the parallelism 
of the surfaces and to enable an estimate of the distance 
between source and stopping film to be made as accu- 
rately as possible. A schematic diagram (not to scale) 
of the experimental setup in the neighborhood of the 
source is shown in Fig. 3. The source support was a 
specially ground, optically flat aluminum disk (examined 
interferometrically) with a hole of 2 mm at the center 
through which the a particles can reach the scintillator. 
A Zapon film of about 70 uwg/cm? (this was itself made 
up of a number of thinner films), on which had been 
evaporated a thin silver layer, was stretched taut on 
the disk, and the source itself was deposited by recoil 
collection from an emanating radiothorium source on a 
circle of about 1.5-mm diameter centered on the silver- 
covered Zapon film. The distance between the source 
and the stopping film was fixed by a spacer consisting 
of an annular layer of silver evaporated to the desired 
thickness on the Zapon support surrounding the source. 
The thickness of the spacer was determined by a direct 
weighing of the spacer, using a microbalance and taking 
the density of the silver layer as equal to the macro- 
scopic density of silver.’ Silver was chosen for the 
material of the spacer because of its high density, in 
order to increase the accuracy of the weighing. Thus 
for a distance of 2.6 10~* cm, corresponding to a time 
of flight of 0.8 10-' sec the weight of a silver spacer 


16 The density of thin metal films differs significantly from the 
macroscopic density only for films very much thinner than those 
used in this work, and the difference seems to occur at thicknesses 
where it becomes difficult to secure homogeneity of structure. 


would be about 110 ug, which could be determined to 
an accuracy of about 10% with the microbalance at 
our disposal. Gold was also tried as a spacer but was 
not used in the final measurements despite the higher 
density, since the evaporation had to be carried out at 
a higher temperature, and this was apt to spoil the 
Zapon films. (There was also a tendency for the stopping 
film to stick to the spacer if gold was used—this did 
not occur with silver.) The stopping film was a film 
of Zapon coated on its underside with a layer of 
aluminum of about 15 ug/cm*. This is greater than the 
average range of the recoil nuclei, and thus ensured 
that the recoil nuclei stopped entirely in aluminum. 
The stopping film was stretched on the spacer and held 
taut by an aluminum frame in the manner shown in 
the diagram. This frame, holding the stopper, was 
normally held to the sides of the light pipe. In the set 
of measurements carried out for a particular source- 
to-stopper distance x, the coincident line was always 
compared with the line obtained with the stopping film 
at a large distance from the source (about 2 mm). 
From the two measurements, 6 can be determined. It 
was thus necessary to move the stopping film to a 
distance of about 2 mm from the source after measure- 
ments had been made with the stopping film in contact 
with the spacer, without in any way disturbing or 
moving the source in the spectrometer. For the stopping 
film in the second position, it is not important, of 
course, that the source and stopper should be parallel 
to optical accuracy, and thus the mechanical require- 
ments fixing the second position are not very critical. 
By applying an external magnet outside the light-pipe 
housing, the frame (to which was connected a light 
soft iron ring) supporting the stopping film could be 
moved against the frictional force holding it to the 
side of the light pipe and the stopping film could be 
moved away from the spacer to the desired distance in 
a matter of seconds without disturbing the vacuum or 
moving the source. It was not possible to carry out the 
reverse procedure and bring the stopper back to the 
spacer without spoiling the parallelism or even breaking 
the films. The critical setting-up of the stopping film in 
the first position in contact with the spacer was carried 
out outside the spectrometer with extreme care. The 
spacer was provided with a radial channel (produced as 
a “shadow” during the evaporation) so that air trapped 
between the source and the stopping film could escape 
during the pumping process and thus prevent rupture 
or distortion of the films. The system of source, spacer, 
and stopping film has optical properties similar to a 
Fabry-Perot interferometer. For sufficiently large spacer 
distances, interference fringes could be seen when 
examined with light from a sodium lamp. This was 
used to examine the efficacy of the setup from the point 
of view of parallelism and to investigate possible changes 
of the distance between source and stopping film due to 
trapped air during the pumping process. 

As explained in the previous section, a set of meas- 
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urements of 6 as a function of x permits a value of the 
lifetime to be made. In this work we thought it advisable 
to include a measurement corresponding to «=0, or, in 
other words, a measurement of 6». In principle, this 
seems not to be necessary, since r can be obtained 
from the logarithmic plot of 6 against «. However, 
measurements for finite values of x less than 2.5X 10-5 
cm corresponding to times less than 0.8X10~" sec 
would be extremely difficult (and less accurate), and on 
the other hand, measurements for large « yield little 
further information. Thus a measurement for x equal 
to zero, would help in establishing a wider variation in 
the values of « for which 6 is measured, and would thus 
increase the accuracy of the measurement. However, 
measurements of 59 by the above method cannot be 
carried out, since if the source is first in contact with 
the stopping film, the latter cannot be pulled away from 
the former without a transfer of radioactivity to the 
latter, even assuming that the source backing could be 
undisturbed. Furthermore, as pointed out above, the 
reverse operation (i.e., bringing the stopping film to 
cover the source from the remote position) could not 
be successfully carried out. For these reasons a more 
indirect but, nevertheless, simple and accurate estimate 
of 59 was made in the following way. The single and 
a-coincident lines were compared simultaneously, when 
the source was covered with a thin evaporated alumi- 
num layer greater than the range of the recoils. In these 
experiments the source was collected on a Zapon film 
covered with aluminum and not with silver as in the 
previous experiments, so that the source should be 
sandwiched on both sides by the same material which 
constituted the stopping film in the earlier experiments. 
Then the shift between the midpoints of the single and 
coincident lines should be (D—éo), where D is the 
difference in momentum between the electrons emitted 
from the recoiling and stationary nuclei in the coincident 
arrangement, neglecting entirely the effect of retarda- 
tion in the stopping film; D can be calculated exactly. 
This can be seen by the following crude argument, 
that can be justified more exactly. In Fig. 4, a sphere is 
described around the source equal to the range of recoil 
of the nuclei. (It is assumed for simplicity that there is 
no straggling; the existence of range straggling does 
not effect the final result, however.) Then, since we 
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Fic. 4. Schematic diagram of source sandwiched on both sides by 
stopping medium, to illustrate method of determining do. 
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Fic. 5. Experimental lines shapes which give the shifts 6 for 
three spacer distances x. The full curve is obtained when the 
stopping film is distant from the source, and the broken curve 
when the stopping film is at a small distance x from the source. 
The arrows indicate the midpoints. (a) x= 2.6 10~' cm, §=0.16% 
+0.06%; (b) x=4.4X10~° cm, 6=0.06%+0.03%; (c) x=7.4 
X 10-5 cm, 6=0.045%+-0.04%. 


assume that 7 is greater than the slowing-down time in 
aluminum, the electrons are emitted from nuclei on 
the surface of the sphere. Whereas the coincident elec- 
trons have only to pass through a distance of aluminum 
equal to d (the difference between the thickness of the 
upper half of the sandwich and the range R), the non- 
coincident electrons have to pass through more material. 
Since for every electron passing through a distance of 
aluminum equal to d+.R(1—cos@), there is an electron 
emitted from a nucleus at a diametrically opposite 
point which passes through a distance d+R(1+cos6) 
of material, the center of gravity of the line (and also 
midpoint) will be equivalent to that produced by 
nuclei situated at the center of the sphere and emitting 
electrons upwards which pass through a distance of 
aluminum R+d. Thus the difference in the midpoint 
between the two lines corresponds to the retardation 
produced in the range R. The difference between the 
recoil shift D and this average retardation is precisely do. 
Since one of the lines in this comparison is “single” 
(i.e., not obtained in a coincident measurement), the 
statistical accuracy for this line is high and hence 6» can 
be determined with better statistical accuracy than 6. 


EXPERIMENTAL RESULTS 


Typical experimental normalized line shapes for three 
different distances are shown in Fig. 5 together with 
the observed shifts. The coincident counting rates at 
the peaks of the conversion lines was about 700-800 per 
ten minutes. This was usually the time taken for 
measuring each point. A measurement of the shift 6 for 
a single distance « would take a day’s run. But because 
of the experimental difficulties such runs would not 
always be successful. Occasionally the stopping film 
would rupture during the change in position. Trouble 
was always apparent from the results and from a visual 
inspection of the arrangement after extraction from the 
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Fic. 6. The single and coincident lines obtained with the source 
sandwiched between aluminum in order to estimate 59. Broken 
curve shows the “single” counting rate, and the full curve shows 
the coincident rate. 


Ampere 


spectrometer. The line shapes obtained for determina- 
tion of 59 as explained above, in the previous section, 
are shown in Fig. 6. 

The final results are shown in Fig. 7 in which logé is 
plotted as a function of x/V. It is difficult to give a 
precise estimate of the errors, and the limits of the 
errors indicated have purposely been taken to be rather 
wide in view of the difficulty of the measurements. On 
the other hand, the fact that the points lie close to the 
straight line corresponding to a value of 71/2 equal to 
1X10-" sec suggests that the errors have been some- 
what overestimated, and the internal consistency of 
the results seem quite good. However, assuming the 
stated errors, we arrive at a value of 74/2= (1.0+0.5) 
X10~- sec for the half-life of the 40-kev transition. 


COMPARISON WITH THEORY 


The isotope s:T1*°* and its excited levels are of par- 
ticular interest, having one proton hole and one neutron 
outside a double-closed-shell structure. From shell- 
model considerations, Pryce'® has interpreted the ground 
state and the first excited state as a doublet resulting 
from the splitting of an (s1/2g9/2) configuration, the 
ground state having a spin equal to 5+ and the first 
excited state (40-kev level) a spin of 4+. The internal 
conversion data and angular correlation measurements® 
indicate an M1 transition from the 40-kev level. 

The observed result for the lifetime, after correcting 


1M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773, 962 
(1952). 


for the speeding-up of the transition by the process of 
internal conversion, is shorter than the theoretical 
value for a single proton transition!” by a factor of 
eighteen, neglecting statistical weight factors. This is in 
contrast to most of the known magnetic dipole transi- 
tions, which are generally retarded with respect to the 
single-particle values. If the initial and final state of 
the transition indeed constitute a doublet belonging to 
the same neutron-proton configuration, it is to be 
expected that the transition will be allowed. The fact 
that the transition is at least not retarded supports the 
assumption that the initial and final states belong to 
the same configuration. 

Dr. A. de-Shalit has very kindly calculated the 
transition probability for the two-particle (neutron- 
proton) magnetic dipole transition, assuming the con- 














ee ERS ier SI ene eer ae ee oe we Retains 
O2 040608 1 2 4 6 8 202224262830 idm 


Fic. 7. Final results showing the plot of logé as a function of x/V. 


figuration (s1/2g9/2) for both initial and final states, and 
using the Racah tensor algebra. The transition proba- 
bility turns out to be greater than that of the single- 
particle proton transition by a factor of about three. 
The observed lifetime is thus six times faster than the 
calculated value for the assumed configuration. 
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The yield of inelastically scattered protons from the first excited state of C!2 was measured as a function 
of bombarding energy from 5.3 to 7.3 Mev. The angular distribution of these protons was also measured at 
6.13, 6.51, and 6.90 Mev. The absolute cross section was obtained by comparison with the known (d,p) 
cross section. The results indicate that, in this energy range, this inelastic scattering process proceeds largely 
by way of compound-nucleus formation, which obscures any direct interaction effects that may be present. 





I. INTRODUCTION 


N recent years, a number of measurements of the 

angular distributions of the reaction products from 
nucleon inelastic scattering and from (m,p) and (p,m) 
reactions have yielded results that differ considerably 
from predictions of statistical compound-nucleus theory. 
For instance, in several cases, where the theory might 
be expected to be valid, the angular distributions are 
strongly forward-peaked, whereas the theory gives 
either symmetry about 90 degrees or isotropy in the 
center-of-mass system. 

Austern, Butler, and McManus! have interpreted 
these angular distributions in terms of a direct collision 
process between the incident nucleon and one of the 
nucleons of the target nucleus, and this theory has been 
qualitatively successful in accounting for some of the 
observed data. More detailed calculations of this type 
of process have been in progress by a number of 
authors,?~ and the results of these will appear shortly. 

The extent to which the direct interaction process 
competes with compound-nucleus formation is not 
presently known. At low bombarding energies (S14 
Mev), we can expect direct interaction to occur through- 
out the entire nuclear volume because of the com- 
parative transparency of the nucleus at these energies.® 
At higher energies, however, the nucleon mean free path 
is considerably reduced, and any nucleon that pene- 
trates to within the nuclear radius is more likely to 
form a compound system, except for some light nuclei. 
Thus, at these energies, we can expect direct interac- 
tions to occur only outside the nucleus. We might 
therefore expect to find an increasing contribution from 
compound-nucleus formation with increasing energy. 

t This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

* Now at University of Notre Dame, Notre Dame, Indiana. 

t Now at New York University, University Heights, New York, 
New York. 

1 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 

2 J. R. Lamarsh and H. Feshbach, Bull. Am. Phys. Soc. Ser. II, 
1, 36 (1956). 

- I and B. Margolis, Bull. Am. Phys. Soc. Ser. II, 1, 66 
4 Banerjee, Levinson, Albright, and Tobocman, Bull. Am. Phys. 


Soc. Ser. II, 1, 194 (1 956 ). 
5 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 


On the other hand, as the bombarding energy is in- 
creased, more excited states of the target nucleus be- 
come accessible to the decaying compound nucleus, and 
the excitation of any one level by this mechanism 
should eventually decrease. It is not clear, therefore, 
whether in any energy region one mechanism dominates 
the reaction cross section. In general, we must expect 
that both processes will be present in these reactions. 

In order to determine the contributions to the cross 
section of the two competing mechanisms and to check 
the accuracy of direct interaction calculations, it is 
desirable to separate the two mechanisms. This can be 
done in either of two ways. First, the angular distribu- 
tions can be measured at intermediate energies for 
intermediate weight or heavy (but nonmagic) nuclei, 
using an incident beam whose energy spread is larger 
than the widths of any of the compound-nucleus levels 
that can be excited at these energies. The compound- 
nucleus process in this case will be incoherent with the 
direct interaction, and the reaction products from the 
decay of the compound nucleus will appear as a fairly 
isotropic background. Any large anisotropies will then 
be due to the direct interaction process. 

Another method by which it should be possible to 
isolate the direct interaction mechanism is by perform- 
ing measurements at bombarding energies that corre- 
spond to energies in the compound nucleus that lie 
between well-isolated resonances. In this case, the in- 
cident beam should have a small energy spread. Then 
the contributions to the cross section from nearby 
resonances will add coherently with the direct inter- 
action. However, if the resonances are sufficiently 
separated and narrow, their effect will be small and can 
be estimated from the resonance parameters. 

In this paper we report an attempt to measure, by 
the second of these methods, the direct-interaction 
contribution to the cross section for the excitation of 
the 4.431-Mev® level in C”. Previous measurements’~* 


6 The position of this level is known to be 4.431+0.005 Mev 
(C. P. Browne, unpublished). 

7 Martin, Schneider, and Semper, Helv. Phys. Acta 26, 595 (1953). 

* Maider, Martin, Muller, and Schneider, Helv. Phys. Acta 27, 
167 (1954). 

® Reich, Phillips, Russell, and Henry, Bull. Am. Phys. Soc. 
Ser. II, 1, 96 (1956). 
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Fic. 1. Yield of inelastically scattered protons from C” as a function of bombarding energy. The three crosses at positions 
marked by the vertical arrows are data from the nuclear track plates used in the angular distributions at these energies while 
the other symbols represent different runs with the scintillation counter. Statistical counting errors are indicated on a few 


representative points. 


of elastically scattered protons and of gamma rays 
from inelastic scattering showed resonances at 4.8 Mev, 
5.37 Mev, and 5.90 Mev, with an indication of another 
resonance at about 7 Mev. Thus, the known levels of 
the compound nucleus N™® appeared to be fairly 
widely spaced. 

Also, the second excited state of the target nucleus 
C® lies more than 3 Mev above the first. This simplifies 
theoretical calculations, since the effects of higher states 
upon the excitation of the first state can be ignored for 
bombarding energies up to several Mev above threshold. 
Furthermore, the structure of C” is fairly well under- 
stood, and one can have some confidence in making 
calculations for this nucleus. 


Il. EXPERIMENTAL PROCEDURES AND RESULTS 
Yield Curve 


To investigate the direct interaction process, two 
measurements must be made. First, the inelastic yield 
must be measured as a function of bombarding energy 
to determine the location and nature of the resonances. 
Then, angular distributions must be obtained at some 
distance from the resonances. In the present work, the 
yield of protons leaving C” in the 4.43-Mev level was 
measured at an angle of 45 degrees in the laboratory 
system for bombarding energies from 5.4 to 7.3 Mev. 

The MIT-ONR broad-range spectrograph” was used 


”C. P. Browne and W. W. Buechner, Rev. Sci. Instr. (to be 
published). 


to isolate the proton groups, and counting was done 
with a scintillation counter mounted at a fixed position 
on the focal surface. The field of the spectrograph was 
changed in step with the bombarding energy to keep the 
proton group centered on the counter. The centering 
was checked frequently by varying the spectrograph 
field with a fixed bombarding energy and determining 
the center of the resulting “momentum distribution.” 
Pulses from counter were amplified and fed to two 
scalers with biases set to give a single pulse-height 
channel. A background, caused by the flux of gamma 
rays and neutrons present in the target room whenever 
a beam is accelerated, was measured with the protons 
blocked off from the spectrograph. This background, 
which never exceeded 10% of the proton counts, was 
determined as a function of time and subtracted from 
the total counts for each point. 

As shown in Fig. 1, the resonances at 5.3 Mev and 
5.9 Mev are observed with a smooth, gradually rising 
yield above the latter. This curve was taken with an 
input energy spread of about 0.1% and a target thick- 
ness of about 5 kev. The input energy was varied in 
steps of 30 kev, except in the region of the 5.90 Mev 
resonance, where 12 kev steps were used. As shown in 
the figure, the observed half-width of this resonance is 
59 kev. Subtracting incident energy spread and target 
thickness leaves a width of about 55 kev, in agreement 
with previous measurements. The peak of the resonance 
lies at 5.891 Mev. 





INELASTIC SCATTERING 


Angular Distributions 


Angular distributions were taken at energies of 6.13, 
6.51, and 6.90 Mev. These energies are marked by 
arrows on the yield curve. 

At each angle, an exposure was made at each of the 
three energies on one strip of nuclear track plate. The 
spectrograph field was varied to separate the three 
groups. In view of the slow variation in the yield at 
these energies, the slight variations in input energy 
(+0.1%) caused by this process of cycling the field of 
the input magnet introduced a negligible error. 

Target stability was checked by repeating a point on 
the 6.90-Mev curve at the end of the first run, and the 
over-all reproducibility was checked by repeating three 
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Fic. 2. Experimental angular distributions of inelastically 
scattered protons from C”. As described in the text, the vertical 
scale was obtained by comparing the yield with the vield from 
C(d,p)C. The three curves are labeled with the bombarding 
energies at which they were obtained. Only one point at 12 degrees 
could be obtained because of the intense background from slit 
edge scattering, and this point has the large uncertainty indicated. 


points on this curve in a second run. All input points 
agreed within 5%. 

The absolute cross section was determined by com- 
paring the yield of the inelastic protons with the known 
yield of protons from the C(d,p) reaction." The 
comparison was made at 90 degrees with an incident 
proton energy of 6.90 Mev and an incident deuteron 
energy of 3.29 Mev. The target was not moved between 
exposures. The (d,p) yield was measured before and 
after the (p,p’) yield, the two runs agreeing to 
within 4%. 

The angular distributions are shown in Fig. 2, with 
the absolute differential cross section plotted against 
center-of-mass angle. Background from slit-edge scatter- 
ing prevented observation at angles below 10 degrees. 


1 Holmgren, Blair, Simmons, and Stuart, Phys. Rev. 95, 1544 
(1954). 
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Fic. 3. Theoretical angular distribution of inelastically scattered 
protons from C” with excitation of the 4.43-Mev level; energy of 
incident protons is 6.5 Mev. 


III. DISCUSSION 


The experimental angular distributions bear little 
resemblance to the theoretical angular distribution for 
the direct interaction process which is shown for 6.5 
Mev in Fig. 3. This curve was computed, using formulas 
developed in a paper by H. Feshbach and one of the 
present authors (JRL); the paper is scheduled to ap- 
pear shortly. The principal assumption involved in the 
calculation is that the 4.43-Mev level arises from single- 
particle excitation. Although this curve was computed 
only at 6.5 Mev (lab energy), the angular distribution 
does not change very much with changes in energy of 
a Mev or so. 

The most serious discrepancy, however, between the 
theoretical and experimental curves is in the absolute 
cross section. It will be noted that the theoretical cross 
section is two orders of magnitude smaller. 

Recent work of Schneider" on the elastic scattering 
of protons from C” indicates the presence of other levels 
in this region that do not appear in the inelastic yield 
probably because of a high centrifugal barrier. It is to be 
noted that the present yield curve, while confirming 
resonances at 5.3 and 5.9 Mev, gives no indication of a 
level at 6.65 Mev. It is possible, however, that a broad 
level somewhere above 7.3 Mev overlapping the broad 
level reported by Schneider at 6.65 Mev could account 
for the observed yield. 

In any case, it appears that the number and widths of 
the levels in the compound nucleus for this energy 
region are sufficient to make compound-nucleus forma- 
tion the dominant reaction mechanism. 
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The recent phase-shift fits of Feshbach and Lomon to the nucleon-nucleon scattering data in the energy 
range 0 <E<274 Mev are examined in detail. An attempt is made to improve the agreement with experi- 
ment, and the limitations of the Feshbach-Lomon fits are brought out. It is not found possible to obtain 
agreement with the data at all energies, even if all previously omitted phase shifts for L<3 are included. 
An independent fit to the proton-proton data is then developed by a boundary value method similar to that 
used by Breit and Bouricius, and a set of phase shifts for L <4 is found which fits the proton-proton cross 
section and polarization throughout the energy range 0 < E <310 Mev. There seems to be no major obstacle 
to using the proposed /-p fit as the basis for a charge-independent fit to all the nucleon-nucleon scattering 


data. 





I. INTRODUCTION AND NOTATION 


BOUNDARY-VALUE approach to the analysis 
of proton-proton scattering at low energies was 
shown to be possible by Breit and Bouricius.! These 
authors pointed out that such an approach has more 
generality than a treatment by means of a potential 
energy. In particular, they stress the fact that changes 
in the kinetic energy of the incident nucleon can be 
partially masked in the interaction region, provided 
that many mesons are present and that the incident 
energy is shared with them. The extreme situation of 
many mesons and strong sharing of the energy leads to 
the possibility of approximate energy independence of 
the logarithmic derivative of the nucleon-nucleon wave 
function near the boundary of the interaction region. 
Breit and Hull? pointed out the relationship of an 
energy-independent boundary condition at such a fixed 
internucleon distance to the limiting case of interaction 
through a very deep, very short-ranged potential acting 
outside an infinitely repulsive core. The connection of 
the boundary value approach to the phenomenological 
potential of Jastrow* and the meson-theoretic potential 
of Lévy‘ and the subsequently proposed modifications 
of Blatt and Kalos® and others was thus made clear. 
The extension to energy-dependent values of the 
logarithmic derivative and the boundary radius allows, 
furthermore, a possible description of the nucleon- 
nucleon interaction even when potential energy de- 
scriptions become velocity dependent or fail entirely. 
The following is a list of the notations used in this 


paper. 


6 nucleon scattering angle in the center-of- 
mass system. 


* This research was supported by the Office of Ordnance Re- 
search, U. S. Army. 

t Based in part on a dissertation presented for the degree of 
Doctor of Philosophy in Yale University by A. M. Saperstein. 

t National Science Foundation Predoctoral Fellow. 

1G. Breit and W. G. Bouricius, Phys. Rev. 75, 1029 (1949). 

2G. Breit and M. H. Hull, Jr., Am. J. Phys. 21, 184 (1953). 

* R. Jastrow, Phys. Rev. 79, 389 (1950) ; 81, 165 (1951). 

4M. M. Lévy, Phys. Rev. 88, 725 (1952). 

5 J. M. Blatt and M. H. Kalos, Phys. Rev. 92, 1563 (1953). 


nucleon scattering angle in the laboratory. 
laboratory energy of the incident nucleon. 
laboratory velocity of the incident nucleon. 
where 2 is the relativistic relative velocity of 
the colliding nucleons. 

times the relativistic wave number of relative 
motion of the nucleons. 

triplet phase shift for the state with total 
angular momentum J, and which would have 
orbital angular momentum J in the limit of 
zero coupling. 

the coupling parameter between triplet states 
of the total angular momentum J, orbital 
angular momenta J—1, J+1. 

singlet phase shift for angular momentum L. 
differential scattering cross section as a func- 
tion of @ in the center of mass. 

polarization times the differential cross sec- 
tion as a function of 6 in the center of mass. 
Coulomb interference terms in the p-p cross 
section op.p(6). 


Kr 
a(6) 


Po (6) 


I(@) 


II. COMPARISON OF FESHBACH-LOMON P-P 
FITS WITH EXPERIMENT 


Feshbach and Lomon® have recently attempted a 
charge-independent boundary value fit to the nucleon- 
nucleon scattering, spanning the energy range from zero 
to 274 Mev. In all states except the ‘So state, the 
radius at which boundary values were applied was kept 
constant; in the ‘So state, the boundary radius was 
allowed to decrease with increasing energy. In all 
states, the value of the logarithmic derivative of the 
wave function at the boundary was taken to be inde- 
pendent of the energy. The data fitted were the proton- 
proton and neutron-proton differential scattering cross 
sections and the magnitude of the proton-proton po- 
larization at a scattering angle of O= 20° in the labora- 
tory. Two sets of proton-proton phase shifts were 
determined, sets A and B. These have the same bound- 

°H. Feshbach and E. Lomon, Phys. Rev. 102, 891 (1956). The 
considerations in the introduction to this reference regarding the 


bearing on meson theory and relationsip to hard core potentials 
are essentially the same as in references 1 and 2. 
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NUCLEON-NUCLEON PHASE SHIFTS 


ary condition in the *P» state, hence, the same phase 
shifts *5?9 for that state, but differ otherwise. Fit A 
contains nonvanishing values of the singlet phase 
shifts Ko, Ke and the triplet phase shifts °5?o, #6”, 96”. 
only, The parameters *65,, €;, and °6; are then added 
to fit the neutron-proton data. Fit B is similarly con- 
fined to Ko, Ka, 55Po, 35P., 55F 55F 555,, €1, 89. This 
work does not consider the neutron-proton polarization 
and the angular distribution of the proton-proton 
polarization, nor does it consider ‘Coulomb interference 
effects in the proton-proton polarization and cross 
section. Consequently, the fits have been examined here 
with regard to these features. 

Coulomb interference in the small-angle cross section 
can rule out an otherwise acceptable p-p cross section 
fit,’ as can the angular distribution of the polarization.*® 
The Feshbach-Lomon -p fits have been examined in 
these particulars, and to allow greater leeway in fitting 
the additional data, the possible existence of small 
phase shifts in those states with L<3 left undeter- 
mined by the Feshbach-Lomon fits has been assumed. 
Thus, small *5”, °6”'3, °6”, were added to p-p fit A; and 
small *5”;, *6”, to fit B. The additions were kept small 
so as not to depart from the approximately angle- 
independent p-p cross section obtained at larger angles 
from the Feshbach-Lomon fits. The J=2 coupling 
parameter, €2, was not used, since this would necessitate 
changes in the J=2 boundary values; furthermore, 
numerical computations have shown that o».,(0) and 
Pay-»(9) are not too sensitive to small values of €:. 

The polarization was first computed using those 
parts of Eq. (1) of Hull and Saperstein’ not involving 
Coulomb interference effects: 


k? Po pp=sind cosb(a+b cos*é+c cos‘). (1) 


The coefficients a and 6 were obtained from the least- 
squares analysis of Fischer and Baldwin,” while ¢ was 
kept small. The values used are given in Table I. The 


TABLE I. Coefficients for (Po) pp, in Eq. (1). The experimental 
values at 130 and 170 Mev are from Fischer and Baldwin.” The 
274-Mev data are interpolated from Fig. 5 of Fischer and Baldwin. 








Experiment F-L fit A F-L fit B 
Emev a b a b a b 


130 §=0.13+0.06 0.25+0.12 0.356 0.000 0.462 0.020 
170 §=0.23+0.07 0.23+0.11 0.595 0.000 0.652 0.042 
274 = 0.60+0.27 0.5340.26 0.836 0.000 0.783 0.054 











7 Breit, Condon and Present, Phys. Rev. 50, 825 (1936) ; Breit, 
Thaxton, and Eisenbud, Phys. Rev. 55, 1018 (1939); Breit, 
Kittel, and Thaxton, Phys. Rev. 57, 155 (1940) ; Thaler, Bengston, 
and Breit, Phys. Rev. 94, 683 (1954); R. M. Thaler and J. Bengs- 
ton, Phys. Rev. 94, 679 (1954); H. P. Stapp, University of Cali- 
fornia Radiation Laboratory Report UCRL 3098, 1955 (un- 
published) ; C. A. Klein, Nuovo cimento 1 (Series 10), 581 (1955); 
S. Ohnuma and D. Feldman, Phys. Rev. 102, 1641 (1956). 

8 Breit, Ehrman, Saperstein, and Hull, Phys. Rev. 96, 807 

1954 


°M. H. Hull, Jr., and A. M. Saperstein, Phys. Rev. 96, 806 
(1954). 
10 —). Fischer and J. Baldwin, Phys. Rev. 100, 1445 (1955). 


TABLE II. Feshbach-Lomon p-p phase shifts for 
their cases A and B. 








Phase 98 Mev 130 Mev 170 Mev 274 Mev 
shift A B A B A B A B 
Ko 25° 20° 16° 9° 11° 0 24.72° 12.60° 


Kz 1.1 2 1.6 3 2.2 4.1 0.75 4.68 
—40 —77.93 —77.93 
2.3 0 


1.95 
— 6.03 
1,2 





3§Po —31 —31 
35P; 2 eee 2. 
35P 2 6 7.5 7.3 
ee bak aaa sie 
= ee 

35F, 


—40 —52 —52 
ee 2.1 ioe 
8.7 8.4 7.9 8.22 
08 <++» — 16 vee 
0.17 0.37 








Coulomb interference term J (6) in the cross section was 
computed using a form" linear in 7: 


2n 
I a oe csc20{ S5y+5S?2P2(cos6) 


+[58?2+3S?i +S? | cos’6 
+[9S? +75? 3+55" > ](cos#) P3(cosé)}. (2) 


Here S“;=}3 sin26“,; the relativistic value” of n= e?/ho 
should be used, and k/27 is the wave number of relative 
motion: 1/k’<~830/Emey mb. The calculations were 
later repeated exactly, using the a; form of the scatter- 
ing matrix due to Breit, Ehrman, and Hull.” 


Feshbach-Lomon p-p Fit at High Energies 


The phase shifts given by Feshbach and Lomon for 
fits A and B at the energies E= 130, 170, and 274 Mev 
are shown in Table II. The values of a, b computed from 
these phase shifts are given in Table I, along with the 
experimental values. Comparison of the theoretical and 
experimental values shows that a is always considerably 
too large and 6, too small. With some study of the 
magnitudes and signs of the Feshbach-Lomon phase 
shifts, and the formulas for a, b of Hull and Saperstein,® 
it becomes apparent that the effects of adding small F 
phase shifts to the fit will appear primarily in the inter- 
ference terms between *5” and °6”o. The large size of 
|3§?o| relative to |86?;| and |*5?.| makes it by far the 
dominant P wave. One wishes to decrease a while in- 
creasing 5 and is restricted to small *6” 7 so as not to 
destroy the isotropy of op.p(0) at large angles. There is 
no interference between the */;—*Pp states, so a small 
56” will have very little effect on the polarization. The 
3F,—*Po interference appears only in a, but the *F4—*Po 
interference appears in both a and 6, and with the 
correct sign, i.e., positive in b, negative in a if *6”,>0. 
Thus, the fitting procedure was to fit a,b as well as 
possible using the phase shift *6”,>0. For set A, the 
55”, phase shift was free, and was used to adjust @ 
further, while *5”; was used to adjust the isotropy of the 
cross section or the Coulomb interference. For set B, 


1M. H. Hull, Jr. (private communication). 

2G. Breit, Phys. Rev. 99, 1581 (1955) has shown that rela- 
tivistic effects can be accounted for, to first order, by using the 
relativistic velocity in 7. 

13 Breit, Ehrman, and Hull, Phys. Rev. 97, 1051 (1955). 
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Fic. 1. The upper curves give the p-p cross sections at 130 Mev 
and 170 Mev derived from the modified Feshbach-Lomon phase 
shift sets. The curves are explained in the text. The lower curves 


give the corresponding polarizations at 130 and 170 Mev. Curve A 
is the unmodified Feshbach-Lomon A fit at 130 Mev. 


the *6”, phase shift was again free, but °6”; and °5”, 
were already specified. The remaining phase shift was 
5§”,. Small values of *5”, produce negligible effects on 
a, b, but may be important in /(6) and a».,(@). 

At 130 Mev, fit A without additions yields a=0.356, 
b=c=0. The addition to fit A of *67,=2°, %5?,4=1°, 
makes a=0.16, 5=0.26, an acceptable fit to the large- 
angle polarization. There are no small-angle cross 
section data at this energy, but fit A with and without 
the above additions shows a large dip in the small- 
angle cross section caused by destructive Coulomb 
interference. There is no such pronounced dip at 170 
Mev. The recent 142-Mev data from Harwell'* do show 
considerable interference in the small angle region but 
not as much as required by Feshbach and Lomon. The 
130-Mev data’ and fit are given in Fig. 1, curve A1. 

Using fit B without additions, a=0.462, b=0.020. 
Small *5”; does not help a@ or 6 appreciably, and *6", 
must be used to improve the fit. Assuming *§”,=2° 
makes a=0.238, but 5=0.562. Further increase in *6", 
will reduce @ to within the experimental limits, but d is 
too large already and will continue to increase. Thus, 


“A. Taylor (private communication of Harwell data to Pro- 
fessor G. Breit). 
16 J, M. Dickson and D. C. Salter, Nature 173, 946 (1954). 


fit B cannot be made to fit Po,., at E=130 Mev 
through the addition of phase shifts for states L <3. 

At 170 Mev,""* fit A yields a=0.595, b=c=0, again 
making Po much too large. The *F,—*Pp interference is 
used to reduce a and increase }; with *57,=1°, one 
obtains a= 0.430, b=0.396, so that both coefficients are 
too large. Decreasing *6”, to 0.65° makes b=0.255, an 
acceptable value, and a=0.489. The *F,—*Pp inter- 
ference is now used with *§”,.=4° to reduce a to 0.222. 
This is a fit to the least-squares polarization coeffi- 
cients: a=0.23+0.07, b=0.2340.11; but the new fit 
makes the Coulomb interference in the cross section 
assume a value of —4.96 mb at 6=10°, as shown in 
Fig. 1, curve a;. The experimental data show a gradual 
rise in op.p(@) from 6=90° to = 10°, followed by the 
steep Coulomb rise for 6<10°. Thus, the Coulomb 
interference term /(6) must just cancel the pure Coulomb 
rise in op.p(6) in the range 10°<@<30°. The nuclear 
cross section is assumed to be relatively flat, even at 
small angles. Computation from the data then implies 
I(10°)~~—2.6 mb. The discrepancy can be corrected 
at 6=10° by making *5”;=—3°; the polarization co- 
efficients are not changed appreciably (a=0.217, 
b=0.253) but the resultant cross section then has a 
large dip at @= 20° and is too big at larger angles as is 
shown by curve a2 of Fig. 1. Thus, the addition of fairly 
large F phase shifts, necessary to fit the additional re- 
quirements of small angle cross section and polarization, 
has destroyed the large-angle cross section fit originally 
given by case A. 

Case B at 170 Mev gives a=0.652, b=0.042, and 
c=0.0. Since the results are insensitive to small values 
of *§”,, the phase shift *6”, is picked to give a correct 
value of 6; for *6”,=0.6°, one obtains )=0.272 and 
a=0.555. As *6”, is increased, 6 will increase at a rate 
greater than that at which a decreases; hence further 
change of *§”, will not improve the B fit at 170 Mev. 

The highest energy for which Feshbach and Lomon 
give phase shifts is 274 Mev. The nearest experimental 
differential cross section is at 260 Mev, the nearest 
polarization angular distribution, at 310 Mev. For 
convenience in first calculations, values of a and b are 
obtained at 274 Mev by linear interpolation between 
170 and 310 Mev in Fig. $ of Fischer and Baldwin”; 
one obtains a=0.60+0.27 and b=0.530.26. Without 
additions, fit A yields a2=0.836 and b=0. By adding a 
5§”,.= 1°, the following fit to the polarization coefficients 
is obtained: a=0.589, 5=0.582. To duplicate the dif- 
ferential cross section at 6=10°, the magnitude of the 
destructive Coulomb interference must be reduced; 
from Eq. (2) this can be done by adding negative *5”, 
and *§”; phase shifts, P3(cos@) being positive in this 
region. A comparison of the desired amount of Coulomb 
interference with that actually obtained without the 
56”. and °6”; additions, similar to the comparison illus- 
trated at 170 Mev, provides the upper limits on the 


16Q. Chamberlain and J. D. Garrison, Phys. Rev. 95, 1349 
(1954). 
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phase shifts. Rather than taking either phase shift 
individually very negative, it was found desirable for 
7p-p(8) to have |*5" | as small as possible: thus, *5”, 
=*§";=—2.5°. Taking these upper limits in the addi- 
tions gives the just acceptable coefficients a=0.80, 
b=0.65; the addition of such large F phase shifts pro- 
duces a dubious, but perhaps allowable, hump in ap.p(6) 
in the region around 6= 40°. The quantities Poy.» and 
7 p-p(9) are shown in Fig. 2 with the 250-Mev, 260-Mev, 
and 310-Mev data.‘ Comparing Po,» with the 
polarization data at 310 Mev, fit A, as modified above, 
produces too much polarization at large angles and too 
little at small angles; correcting the Coulomb inter- 
ference term in the cross section has still left too much 
destructive interference in the polarization. 

Case B implies a=0.783, b=0.0535 at 274 Mev. 
When a %§¥,=1° is added, a=0.544, b5=0.557. The 
additional F phase shift is not large enough to destroy 
the isotropy of the large-angle cross section; further- 
more the negative Ko diminishes the destructive Cou- 
lomb interference so as to provide a good small-angle 
cross section as shown in curve B of the upper part of 
Fig. 2. However, there appears to be too much de- 
structive Coulomb interference in the polarization: 
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Fic. 2. The curves show the p-p cross sections and polarizations 
at 274 Mev calculated from Feshbach-Lomon fits A and B with 
F wave phase shifts added. The curves are explained in the text. 


17 Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 923 (1951)- 

18 Marshall, Marshall, and Carvalho, Phys. Rev. 93, 1431 (1954). 

19 Chamberlain, Pettengill, Segre, and Wiegand, Phys. Rev. 95, 
1348 (1954). 
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when compared with the 310-Mev data, the polarization 
decreases too rapidly at small angles. 


Attempts at Modification of the 
Feshbach-Lomon Fits 


The Feshbach-Lomon fits are hardest to justify at 
170 Mev. This energy is at about the middle of the 
interval over which their model is supposed to be valid, 
so failure at 170 Mev can hardly be disregarded. In 
the hope that the Feshbach-Lomon fits are in the 
neighborhood of a correct fit at 170 Mev, they were 
re-examined at this energy, allowing for the possibility 
of a readjustment. 

Feshbach and Lomon assumed a pure sin@ cos@ varia- 
tion of Po. They obtained the consequently large value 
of a by using a °6”5 of very large absolute value. The 
coefficient 6 then arises through interference between 
56”, and °6?5, but |85?o| has been taken so large that 5 
becomes extremely sensitive to *6"4; a very small value 
of *6”, thus gives a suitable value for } but is too small 
to decrease a sufficiently. The fits were modified there- 
fore by reducing |*5?o| by 10°: 7.e., taking *6?9= —42° 
at 170 Mev. In order to maintain the value of the cross 
section at 6=90° and simultaneously keep the large 
angle cross section angle independent, |Ko| was in- 
creased, keeping sin?Ko+sin?(*6"o) constant. This gave 
Ko=27.2° for case A and Ko=24.6° for case B. 

With these changes, fit A gives a=0.43,b=c=0. 
Adding *674=1° makes a=0.31 and b=0.28, which is 
the best that can be done by changing *6”, alone, since 
a further increase in *6”, will increase 6 more rapidly 
than a is decreased. A reasonable value of 7(10°) can 
be obtained by taking *6’3;=—1.7°, °67,=—1°; these 
additions change the polarization only very slightly. 
The resultant plot of the cross section against scattering 
angle is too low at 6= 20° and is not sufficiently flat, as 
seen in curve a; of the upper part of Fig. 1. 

With reduced *5”o, case B gives, at 170 Mev, a=0.455 
and 6=0,.042; the best fit to Po is obtained with *6”, 
=1°, the polarization again being relatively insensitive 
to *6”;, the other free parameter. The polarization co- 
efficients are still too large: a=0.33, b=0.32. To fit the 
Coulomb interference in the cross section at 6=10° 
requires the addition of *6?;<—7.2°. The addition 
§§?;=—7.2° increases the polarization coefficients 
slightly to a=0.37, b=0.34. These values are consider- 
ably outside the rather liberal limit of experimental 
error for a, and just reach the limit for 5. The relatively 
large size of |*6?,| also adversely affects op.,(@) for 
6> 30°. 


Feshbach-Lomon p-p Fits at Low Energies 


Feshbach and Lomon’s low-energy fits are also not 
very satisfactory. When (90°) is calculated, cases A 
and B are acceptable at 38.5 Mev incident energy, but 
at 80 Mev, A is 0.2 mb and B is 0.4 mb below the lower 
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TABLE III. The boundary values given by Feshbach and 
Lomon* were used to compute f for their cases. The boundar 
values for the present work were taken as: Y¥o=0.131—0.00615 
at r»= 1.32 10-" cm for E<5S0 Mev. The phase shift calculated 
from Yo was supplemented by that caused by the potential tail 
discussed in the text. 
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experimental limits.”” Both cases produce a differential 
cross section which increases from @=30° to 6=90° 
whereas the 95-Mev data of Kruse, Teem, and Ramsey” 
show just the opposite slope in this angular range. 

At energies below 30 Mev the f function of Breit, 
Condon, and Present’ can be computed for cases A and 
B and compared with the experimental results as sum- 
marized in Yovits, Smith, Hull, Bengston, and Breit.”! 
Some results are tabulated in Table III. Considering 
the precision of the low-energy experiments, it is seen 
that the Feshbach-Lomon fits are not entirely 
satisfactory. 


Summary of Examination of Feshbach-Lomon 
Proton-Proton Fits 


Neither of the Feshbach-Lomon p-? fits is completely 
satisfactory over the entire high-energy range 100 
Mev <E<300 Mev. Unmodified, neither fit A nor fit 
B gives an adequate representation of the angular dis- 
tribution of the polarization at any energy. Thus, the 
parameters for L <3 left free by Feshbach and Lomon 
were added in an attempt to improve the fitting. At 
130 Mev, fit A with the additions *57,= 2° and *6”,=1° 
gives an acceptable fit to both Poy.» and c»y.,(@). At 
170 Mev, the addition of *67,=4° and *5”,=1° gives a 
barely acceptable fit to Poy.», but causes excessive 
Coulomb interference in the cross section at @= 10°. 
This may be corrected with *6”;= —3°, but this change 
in turn destroys the agreement of o».,(6) with experi- 
ment near 20° and at large angles. The alteration of the 
Feshbach-Lomon fit at 170 Mev with respect to the 
very large value of |*5?o| was considered. For 6” 
changed to —42°, and with the phase shifts *67,= —1°, 
46” ,= —1.7°, and *§”4=1° added, some improvement in 
the fit to o».p(6) was found; but Po was made slightly 
too big at large angles by these changes, and further 
adjustment of the Feshbach-Lomon phases seemed 
necessary. At 274 Mev, with added phase shifts *5”, 
= —2.5°, %§¥;=—2.5°, and *§”,4=1°, case A fits both 


* Kruse, Teem, and Ramsey, Phys. Rev. 94, 1795 (1954). 
21 Yovits, Smith, Hull, Bengston, and Breit, Phys. Rev. 85, 
540 (1952). 
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Poy.» and o»y.y(9), but not well. The quantities Po and 
7 »p-p(9) are both too large in the region about 6= 40°. 

Fit B fares less well; at 130 Mev there seems no 
chance of a fit starting with the Feshbach-Lomon phase 
shifts and adding only small *5”; and *5”, phase shifts. 
Case B also fails to fit the angular distribution of the 
polarization at 170 Mev; the fit can be improved some- 
what by modifying *6"o, but an increase by 10° is not 
sufficient to bring a and } within the experimental 
limits. The Coulomb interference and the large-angle 
isotropy of o».p(@) cannot be fitted simultaneously in 
the modified case. However, at 274 Mev, case B, with 
added *6”4, does fit o».,(0) and Poy.» reasonably well. 
A possible exception is the small-angle polarization: 
there the effect of too much destructive Coulomb inter- 
ference is apparent. 

It would appear that major modifications of the 
Feshbach-Lomon fits are necessary in order to fit 
satisfactorily the high-energy proton-proton scattering 
data. The fits have been improved somewhat by the 
addition of further phase shifts, but no attempt has 
been made to add these in a manner consistent with 
constant boundary values for the logarithmic deriva- 
tive. This arbitrariness in the introduction of additional 
phase shifts, contrary to the spirit of the boundary- 
value method, can be taken as an argument against 
interpreting the modified phase shift sets too hopefully. 
Coupled with the lack of a consistently good high- 
energy fit, is the failure of the Feshbach-Lomon phase 
shifts to fit the low-energy p-p scattering to within the 
accuracy of the experiments. It seems, therefore, diffi- 
cult to accept the Feshbach-Lomon proton-proton fits 
without allowing for major modifications. 


III. FESHBACH-LOMON n-p FITS AT HIGH ENERGY 


The Feshbach-Lomon charge-independent fits to the 
n-p scattering data are not, as given, satisfactory. 
Some defects in the n-p cross sections have been dis- 
cussed by the authors themselves,® but the -p polariza- 
tion has not been examined by them. Neutron-proton 
polarization data are available only at 98 Mev,".?? 310 
Mev,” and at 350 Mev.”4 The 310-Mev data are at an 
energy close enough to the Feshbach-Lomon fit at 274- 
Mev to make comparison of Po,., at the two energies 
possess some validity. 

At 98 Mev the Harwell group":”? has measured the 
angular distribution of Po,., in the angular range 20° 
<6@<180°. The experimental data are reproduced in 
Fig. 3. To the Feshbach-Lomon #-p phase shifts at 98 
Mev given in Table II, the n-p fit adds the following 
phase shifts: Ky=—13°, *65;=46°, e,=27° and %8?, 
=—12°. The n-p polarization and cross section com- 
puted using these sets of phase shifts are shown in 


2 P. Hillman and G. H. Stafford, Harwell (private communica- 
tion of data to Professor G. Breit). 

Chamberlain, Donaldson, Segré, Tripp, 
Ypsilantis, Phys. Rev. 95, 850 (1954). 

™ Siegel, Hartzler, and Love, Phys. Rev. 101, 838 (1956). 


Wiegand, and 
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Fig. 3, curves A and B. The cross section calculated 
at 98 Mev was normalized to 90 Mev using the approxi- 
mate E~ dependence of the m-p total cross section. 
Both sets A and B yield cross sections which are too 
low by several millibarns near 0=0° and 6= 180°. The 
cross section for set A is slightly too asymmetric about 
6=90°, on-p(180°) being about 1.5 mb higher than 
on-p(0°). The cross section at 6=90° is slightly low for 
both cases compared to the 90-Mev experimental data,”* 
but this discrepancy may not be significant due to the 
uncertainty in the absolute normalization of the data. 
The n-p polarization given by sets A and B is in some- 
what better agreement with the experiments. The 
agreement is good for small angles, but Pon.» is sys- 
tematically too large for 6>60°, and fails to become 
negative at very large scattering angles. Set A gives a 
somewhat better polarization than does set B. 

The isotopic singlet phase shifts *5”2, 623, and K; are 
available to improve the agreement of the Feshbach- 
Lomon n-p fits with experiment. The isotopic triplet 


phase shifts added in the foregoing p-p analysis are . 


also available, but since these are, to some extent, 
determined by the adjustment of the p-p fits, these 
phase shifts should be used only if absolutely necessary. 
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25 R. H. Stahl and N. F. Ramsey, Phys. Rev. 96, 1310 (1954). 
The 90-Mev n-p experimental data are summarized in this paper. 
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Since the expansions of on.» and Poy.» in terms of 
trigonometric functions of the phase shifts are rather 
unwieldy, the n-p calculations were carried out using 
the a; formulation of the scattering matrix, due to 
Breit, Ehrman, and Hull," computing each a; sepa- 
rately. Examination of the amplitudes and the Fesh- 
bach-Lomon phase shifts at 98 Mev indicates that 
Pon.» is a sensitive function of *6?3. A small *5?; phase 
shift may produce quite large changes in the polariza- 
tion, mainly through its interference effects with the 
large *S,+°D, phase shifts. For *6?;>0, the changes 
will increase Po,., at smail angles and decrease it at 
large angles. The interference effects with the isotopic 
triplet phase shifts are small, increasing Po,»., at both 
large and small angles. The net change arising from 
§§?;>0 is in the desired direction. On the other hand, 
5§?;>0 decreases the already low cross section at 
6=90°. This effect in on.» may be canceled by the 
addition of *6?.>0, an addition which tends to decrease 
Po,-p at small angles and increase it at large angles. 
The polarization is not as sensitive to *6?2 as it is to 
3§?;, so a compromise may be reached improving both 
On-p and Poy-y. The inclusion of *§?;=3° with set A 
improved the 98-Mev n-p polarization somewhat, 
especially in the region @>140°, where Pon.» became 
negative in agreement with experiment. However, 
On-p(90°) was reduced by 0.4 millibarn to considerably 
below the experimental limits. Although the 0° and 180° 
cross sections were both increased by adding *673, the 
asymmetry in the cross section was also increased. The 
8§?, phase shift was added next. After some experi- 
mentation, the combination *6?.=*§?,;= 4° was settled 
upon. The polarization could not be improved by 
further adjustment of these D-wave phase shifts without 
making the fit to on.» worse. The defects in a.» could 
not be corrected using K; alone, so the F-wave phase 
shifts were examined. From the adjustment of the p-p 
fits required at higher energies, one would expect the 
addition of *6”,>0 to the Feshbach-Lomon fits to be 
necessary to correct the angular distribution of Pop.» 
at 98 Mev. However, the addition of *6”,= 1° under the 
assumption of charge independence of the nucleon- 
nucleon interaction led to undesirable effects on Pon.» 
and on-». Changing the sign of the phase shift gave 
some improvement in the fit, but, as one would like to 
keep the same sign of *5”, at 98 Mev as that required 
by the p-p work at the nearby energy of 130 Mev, this 
phase shift was dropped from consideration. The n-p 
polarization is quite insensitive to °6”3, but *6’3;=—1° 
made the cross section more symmetric about = 90°. 
The use of *6”; was not ultimately necessary, as both 
Pon-p and on.» Were sufficiently improved by the addi- 
tion to set A of *§”.=2°. This phase shift has the same 
sign as that required by the p-p analysis. The cross 
section was further improved by the addition of Ks 
= —1°. Increasing both *6”, and | K;| slightly will help 
On-p at all angles, but larger *6”2 will increase the already 
too large value of Po,., at 90°. The two phase shifts 
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must be adjusted together so as not to destroy the 
symmetry characteristics of the cross section. The 
final modification of the Feshbach-Lomon set A con- 
tained the additions: *§9.=*§?;=4°, %§?,=2°, and 
K;=—1°. The final fits are shown in Fig. 3, curves A1. 
The cross section is much improved over that for the 
unmodified set A, and the polarization is improved at 
large angles, remaining too large in the region 60° <6 
<130°. The symmetry of on., about 90° is fitted quite 
well : on.»(180°) is slightly larger than o,.,(0°), and the 
minimum in the cross section occurs for 6<90°. The 
magnitude of the cross section is not fitted quite so 
well, especially near 0° and 180°. Despite the improve- 
ments, the fit to the data is considerably outside the 
supposed limits of experimental error for on.» at low 
and high angles. Its agreement with measurements of 
P on-p is slightly outside the limits of error. It is also 
questionable whether the adjusted fit is meaningful, as 
it relies heavily on the F-wave phase shift *5’2, a phase 
shift to which the p-p polarization and, especially, the 
p-p cross section are sensitive. It is conceivable there- 
fore that a simultaneous fit to ay.» and (Po) -p at 95 
Mev will be impossible for the *6” needed to satisfy the 
n-p data. Data on (Po) ».» at this energy might help to 
clarify this point. 

Case B at 98 Mev behaved quite similarly to case A, 
but it was not possible to obtain as good a fit to the 
experimental data as with case A, the *5”, and *6”; 
phase shifts already being specified. Aside from the 
D-wave phase shifts, the remaining parameters were 
5§?,, to which Po,., is not very sensitive, and *5",, 
which did not help much. The best fits were obtained 
with 5, and *§?; positive and located in the general 
range 3°<6<5°. The polarization for the unmodified 
set B was too large, and any such additions, designed to 
improve Po,., in the large-angle region where agree- 
ment with the data was worst, caused the agreement to 
become worse at small angles. As this case could not be 
improved nearly so much as case A, final curves of 
Pon-p and on» are not given. 

The main difficulty with the Feshbach-Lomon fits at 
98 Mev arises from the large value of *6”5 relative to 
6°, a condition resulting from the method used for 
fitting the p-p polarization. The interference of this 
35? )—*§?, combination with the *S,+*D, and the *6?; 
phase shifts produces a large asymmetric term in the 
cross section which builds up on.,(180°) and reduces 
On-p(0°). Since the *S;+*D, phase shifts are fixed, and 
since the asymmetry in ¢,.» cannot be corrected using 
K; alone, the allowable asymmetry provides an upper 
limit on the size of *6?;. The size of *8?» is fixed by *5?; 
and the 90° cross section; the possibility of improving 
Pon.» and on.» simultaneously using D-wave phase 
shifts and K; alone is thus virtually nonexistent. With 
a smaller |*5?9| and a larger *6”:, these limitations 
would not be so severe. 

At 274 Mev, the Feshbach-Lomon n-p fits are formed 
by supplementing the p-p phase shifts at this energy, as 
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given in Table II, by the isotopic singlet parameters 
§5;=16.5°, «=55.3°, and %§2,;=—54.3°. Using the 
Feshbach-Lomon sets A and B, on.» and Pon.» were 
calculated, and the results are shown in Fig. 4, curves 
A and B. The experimental data used for comparison 
with on.» are at 310 Mev” and at 260 Mev,”’ effectively 
bracketing the energy of the calculation. Neither set A 
nor set B yields a cross section in complete agreement 
with the data. The cross section calculated from fit A 
does not have the proper shape near 6= 90°, the mini- 
mum in ¢n.»(@) falling near 6=80°, while the experi- 
mental minimum appears to lie above 90°. The cross 
section is also somewhat too large in the angular regions 
6<40° and 100°<6@<160° as shown in Fig. 4. The 
cross section corresponding to fit B is much better for 
6> 60°, but is too high at smaller angles. This excessive 
size of the small-angle cross section cannot be reduced 
through the addition of the available singlet phase 
shift Ks; alone, without simultaneously destroying the 
match to the data at large angles. The 310-Mev n-p 
polarization data* are not fitted at all well, as shown in 
Fig. 4. Some discrepancy between the theoretical 
polarization and the data might well be permissible 
since the calculated polarization is at 274 Mev, but the 
predicted angular distributions and magnitudes of 
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Fic. 4. The m-p cross section and polarizations at 274 Mev from 


the unmodified and the modified Feshbach-Lomon fit. The 
modifications are explained in the text. 


26 J. de Pangher, Phys. Rev. 99, 1446 (1955). 
27 Kelly, Leith, Segré, and Wiegand, Phys. Rev. 79, 96 (1950). 
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Pon.» are quite different from those observed thus far 
at any energy. The lack of agreement with experiment 
is especially striking near 6= 140°. 

Since the Feshbach-Lomon fits at 274 Mev to the 
n-p polarization are definitely unsatisfactory, the main 
efforts to improve the fits centered on Pon». The 
effects of adding positive *6?; and *5?. phase shifts to 
sets A and B were to improve the small-angle polariza- 
tion considerably, without significantly altering the 
results at large angles, even for phase shifts as large 
as 8°. The positive D-wave phase shifts added to Pon.» 
the desired odd term, negative for @>90°, mainly 
through interference between the added phase shifts 
56. and *§; and the large *S;+*D, phase shifts. This 
term was, however, swamped near 0° and 180° by a 
large positive, even interference term between the 
added phase shifts and the isotopic triplet phase shifts. 
The net result was a rapid increase in Poy.» at small 
angles, some improvement at 6=90°, and virtually no 
change at large angles. The size of the added D-wave 
phase shifts was limited by the rapid buildup of Pon.» 
for 6<60°. The positive D-wave phase shifts also 
affected o,.» adversely. The cross section was lowered 
at 180°, raised slightly at 0°, and raised significantly at 
90°. This reversal of the desired asymmetry in on.» was 
not amenable to correction through the addition of K3. 
These effects are seen on curves A and A, of Fig. 4. 
The behavior of sets A and B was in this respect quite 
similar. As it did not seem possible to improve the 
Feshbach-Lomon fits substantially through the addition 
of D-wave phase shifts alone, the effect of adding the 
F-wave phase shifts and, for set B, of adding *5”;, was 
examined, with improvements in Po,., at large angles 
again essentially nil. This work was carried out using 
semianalytic formulas for the changes in Pon.» at 
various angles caused by the addition of one or two 
phase shifts, and it seems fairly certain that it will not 
be possible to fit the ”-p polarization data by adding 
only phase shifts for L <4, The upper size limits on the 
phase shifts tried were determined by the point at 
which the cross section or the small angle polarization 
began to go bad. The best fit obtained is shown in Fig. 
4, curve A,. This is set A with the following additions: 
3§P,= 8°, 9§9?,=8°, 957,=1°, and *3”;=—6°. A more 
thorough search might improve this fit somewhat, but 
the attainment of a really satisfactory fit to both on.» 
and Pon.» appears very unlikely. Set B was not ex- 
tensively examined, as the situation was very similar 
to that with set A, except that fewer parameters were 
available for making adjustments. 

The conclusion seems apparent that the sets of phase 
shifts proposed by Feshbach and Lomon as a fit to the 
high-energy 1-p cross section data are not adequate if 
the cross sections are examined in detail and if the n-p 
polarization data are utilized. It is not obvious to what 
extent the failure of the n-p fits is due to the inadequacy 
of the isotopic singlet phase shifts alone, as the con- 
siderations at 98 Mev and the foregoing examination 


1109 


of the p-p fits suggest that the p-p phase shifts may be 
largely to blame. This should be especially true at 98 
Mev, where the *S,;+*D, phase shifts are still fairly 
well determined by the low-energy data,* and at which 
energy the remaining D-wave phase shifts would be 
expected to be small. — 


IV. INDEPENDENT BOUNDARY-VALUE FIT 
TO THE p-p DATA 


An attempt has been made to obtain a better fit to 
the p-p data than that given by Feshbach and Lomon, 
using techniques of calculation similar to those em- 
ployed there® and in Breit and Bouricius.' The failure 
of the Feshbach-Lomon, fits seemed to eliminate the 
possibility of fitting the data with both the boundary 
radii and the boundary values of the logarithmic de- 
rivatives held energy-independent in the L>0 states. 
In the ‘So state Feshbach and Lomon themselves 
allowed the boundary radius to change with the energy 
of the incident nucleon. To allow a more general type 
of description, the boundary values of the logarithmic 
derivatives were assumed to depend on £, the energy of 
the incident nucleon, but the boundary radii were kept 
fixed. In this matter the present treatment follows 
closely that of Breit and Bouricius! who have con- 
sidered both constant and energy dependent values of 
the homogeneous logarithmic derivative at a constant 
radius. The general formalism is otherwise quite similar 
to that of Feshbach and Lomon. 

The following formalism was employed. Let yy be 
the nucleon-nucleon wave function corresponding to 
total angular momentum J, considered in the center-of- 
mass system. Then for values of r>r,, where rp is the 
boundary radius, n/J can be expressed for the general 
case in which coupling is present in the form: 


MWs= Yor, Fs, iF Ys, F541, J, (3) 


where Yr, y is the standard angular spin function as in 
Breit, Ehrman, and Hull.” The functions $;,, are 
linear combinations of the regular and irregular Cou- 
lomb functions F;,G,. The boundary values Y are 
then defined at r=r, by the condition: 


rds y- u/dr Vy-ius Y;° Fy-1J 
Se 
rdF 741, 7/dr Y;° ¥ 343,57 \OI4i,3 


Here superscript ¢ indicates coupling. The second sub- 
script refers to the value of the total angular momen- 
tum. In the figures and tables the specification of the 
orbital angular momentum quantum number L is 
usually made by using the letters S,P,D--- for 
L=0, 1, 2, ---. For uncoupled states 


rd$1,5/dr=YV 1, 71,3, (3.2) 
as in the work of Breit and Bouricius.! Equation (3.1) 
is'equivalent to the procedure of Feshbach and Lomon. 
The quantity called by them fy, x is related to the Vz, y 
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Fic. 5. The p-p cross section at 6=90° as a function of the 
incident proton energy, from the data of Kruse, Teem, and 
Ramsey.” The theoretical curve is for the new fit to the p-p data 
proposed in this paper. 





used here by 
far=Y1 5-1 


for the coupled and uncoupled cases and by 


fxy= Y;* 


(3.3) 


(3.4) 


for the off-diagonal element of the boundary value 
matrix. The employment of the homogeneous loga- 
rithmic derivative is convenient as a safeguard regard- 
ing errors in changes of units of length. Specification of 
the Y;,, and Y,° and r, at any energy determines the 
scattering matrix at that energy. The boundary radius 
r, may depend on the state considered. 

As a starting point for the numerical work of fitting 
the data, some hypothesis regarding the energy varia- 
tion of the Y’s was necessary. The assumption was 
made that the state of the two-nucleon system was 
everywhere describable by a many-body Schrédinger 
equation containing only energy-independent inter- 
action terms, and that no free mesons are present. 
Under this assumption, and assuming no nucleon- 
nucleon interaction for internucleon separations r>1», 
it is necessary for the uncoupled case that the loga- 
rithmic derivative of the wave function for given L, J, 
evaluated at a fixed boundary radius, satisfy the 
inequality’ 


dY z, 7(E) 
———<0. 
dE 


(4) 


The meaning of this condition has been discussed by 
Breit and Bouricius.' This condition was imposed upon 
the Y’s as a tentative hypothesis, and was met by the 
final fit. A generalization of Eq. (4) was used for the 
coupled case. This generalization applies if d/dr enters 
only as the usual d?/dr? in the diagonal terms of the 
coupled differential equations. A sufficient condition 
that the p-p system possess no bound state is that® 


Y,,,(0)>—L (5) 


provided no coupling is present. This condition was 
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assumed in all cases. Further information regarding the 
energy dependence of the Y’s was deduced from the 
experimental data. 

Below 30 Mev, the p-p data can be fitted fairly well 
with almost pure 'Ss—Coulomb scattering, all other 
states contributing only slightly. The Yz,, for L>0 
cannot, however, be determined in the low-energy 
region with available experimental information. Assum- 
ing a nucleon-nucleon interaction of the type discussed 
in the introduction, it would be reasonable to assume 
energy independence of the boundary values for low 
enough incident nucleon energies. At higher energies, 
a decrease in the boundary values with energy would be 
expected. At about 100 Mev, there is a marked change 
in the p-p scattering. Below this energy, the p-p cross 
section for 6=90° falls off approximately as E-, as 
shown in Fig. 5. At 95 Mev, there is still a definite 
angular dependence of the differential scattering cross 
section in the large angle region.*® However, for energies 
between 100 Mev and 400 Mev, the 90° cross section 
remains approximately constant at 3.7 mb, and the 
differential cross section is practically isotropic for 
6>30°. The p-p polarization has virtually the same 
shape from 130 Mev to 440 Mev, but it increases 
slowly in magnitude. The change in the behavior of 
the proton-proton data near 100 Mev should perhaps 
be reflected in a change in the energy variation of the 
Y,,,7 near this energy. If, furthermore, the expansion 
of the cross section in Legendre polynomials as given 
by Feshbach and Lomon,*® and the expansion of the 
polarization in powers of cos#, as given by Hull and 
Saperstein,® are examined, it is seen that the high- 
energy characteristics of the data can be approximately 
represented by taking the sines of all phase shifts pro- 
portional to k for 100 Mev<E<400 Mev. The 90° 
cross section will then remain roughly constant, and 
the polarization will retain the same general shape, but 
its magnitude will be nearly proportional to k. The 
desired isotropy of op.,(@) will be obtained if Ko and 
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Fic. 6. The variation with energy of the most rapidly changing 
of the homogeneous logarithmic derivatives Vz, 7. The boundary 
radii are: Yo, r»>=1.32X 10-8 cm; VY po, rp>=2.11K10-8 cm; Fr, y, 
ryp=2.11XK10-8 cm. At 260 Mev, Yo=+294.1. At 310 Mev, 
Yo=+7.54 and Yp.2=—12.3. There is a singularity in Yo be- 
tween 170 Mev and 260 Mev corresponding to a zero of the wave 
function at the boundary. 
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5?) are the dominant phase shifts. Given one set of 
phase shifts in the high-energy region, this simple 
hypothesis for the energy dependence of sind”, gives a 
method for finding fits at other energies. Having an 
approximate energy dependence for the phase shifts, 
the boundary radii 7, for each state can be determined 
by requiring the Y for that state to satisfy Eq. (4), to 
have a minimum variation with energy at high energies, 
and to extrapolate smoothly into a constant value at 
low energies. 

The low- and high-energy regions were treated inter- 
dependently. The low-energy data do not determine the 
L>0 phase shifts, but only limits on their size. The 
polarization depends critically on the P and F wave 
phase shifts, so possible sets of these parameters may be 
found in the high-energy region, and from them the 
corresponding Y’s and 7's. With boundary radii so 
determined, the preliminary boundary values were 
changed so as to simultaneously improve the agreement 
with the data and to smooth out their variation with 
energy. 

The low-energy p-p scattering data were fitted in 
terms of the f function of Breit, Condon, and Present.’ 
Using the f function values of YSHBB* to compute 
Yo, it was found that Yo decreased nearly linearly with 
energy in the range 14 Mev<E<50 Mev, while the 
boundary value work of Breit and Bouricius'! showed 
that the experimental values of the f function for 
E<14 Mev could be satisfied with constant r,= 1.32 
X10-" cm and constant Yo. In order to extend the 
approximately linear variation of Yo with energy over 
the entire range 0< E<50 Mev, a small attractive 
potential, 


V=Voexp(—1/ro) (6) 


was assumed to exist outside the radius r, at which the 
boundary value Yo was applied. The potential had a 
range r9>=2.83X10-" cm; and a depth Vo=—0.454 
Mev, chosen so that the total phase shift from the 
boundary condition and the potential roughly matched 
the experimental phase shift at E=2 Mev and at 10 
Mev. The added potential was important only for 
E<S50 Mev; the effects produced at higher energies 
were negligible. The final values of the f function are 
given in Table II, along with the experimental values 
and the values of Feshbach and Lomon. 

It was pointed out to the authors by Professor 


TABLE IV. Values at the energy independent boundary radii rp of 
the homogeneous logarithmic derivatives Yz, 7(Z). 
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Fic. 7. The cross section and polarization at 95 Mev, 130 Mev, 
and 170 Mev given by new fit to the -p scattering data proposed 
in this paper. The phase shifts at these energies are given in 
Table V. The Harnwell cross-section data are at 142 Mev rather 
than 130 Mev as marked on the figure. 


G. Breit at the beginning of this work, that the po- 
tential energy type of nucleon-nucleon interaction may 
be believed more literally for larger internucleon dis- 
tances, since the phenomena leading one to expect a 
breakdown of the potential energy description are 
weakest under these conditions. A treatment of nucleon- 
nucleon interactions which substitutes a boundary 
condition for the strong interactions at small distances, 
but still retains a potential energy tail for large separa- 
tions, would appear to be more plausible than either a 
pure boundary-value treatment or a pure potential- 
energy type of treatment and was part of the suggestion 
just referred to. Feshbach and Lomon® have subse- 
quently expounded a similar view. It is not as yet clear 
to what degree such potential tails in other states 
would affect the present energy dependence of the 
boundary values. 

The final adjustments of the fit were made using the 
Coulomb interference effects in the high-energy data, 
and the 310-Mev triple scattering data. No exhaustive 
search for a “best fit” was attempted, nor were the 
possible effects of phase shifts for L>4 considered. 
Some further adjustment of the p-p fit may be neces- 
sary, particularly if H waves are required by the 310- 
Mev data. The final values of the Y’s are shown in 
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Fic. 8. The cross section and polarization at 260 Mev and 310 
Mev given by the new fit to the p-p scattering data proposed in 
this paper. The phase shifts at these energies are given in Table V. 


Fig. 6 and Table IV for the entire energy range 0< E 
<310 Mev. The final fits to the p-p cross section and 
polarization data are shown in Figs. 7 and 8, and the 
phase shifts at the corresponding energies are given in 
Table V. The cross section and polarization are fitted 
reasonably well at all energies through 310 Mev. The 
Coulomb interference in the cross section is not always 
quite correct, but the deviation from experiment is not 
large. The fit to the triple-scattering experiments is 
not as good as the fit to the cross section and polariza- 
tion experiments: the 310-Mev depolarization fit is 
good up to 6=75° but fails at larger angles, and the 
310-Mev rotation data are fitted rather poorly. It may 
well be possible to improve the 310-Mev fits through 
the addition of very small H waves, but this has not 
yet been investigated. On the whole, this new fit to 
the proton-proton scattering data is considerably more 
satisfactory than either of the Feshbach-Lomon fits. 
The p-p cross section is fitted at least as well as by 
their phase shift sets, and the angular distribution of 
the polarization is fitted much better. The new fit also 
shows good agreement with the low-energy data, while 
the Feshbach-Lomon fits do not. 

The recent Harwell data“ on the proton-proton 
polarization and cross section at 142 Mev have not been 
used in obtaining this new fit, but the polarization and 
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cross section calculated from it agree fairly well with 
these experimental results. The new p-p phase shifts 
have not been extensively tested regarding their suita- 
bility as a basis for a charge independent fit to the n-p 
data. Some preliminary work has produced a good fit 
to the -p cross section and polarization at 95 Mev, 
and there appears to be no major obstacle to obtaining 
charge independent fits at other energies as well. 


V. CONCLUSION 


The fits to the nucleon-nucleon scattering data ob- 
tained through a boundary value method by Feshbach 
and Lomon have been examined in some detail. The 
failure of these fits with respect to the p-p and n-p 
polarization experiments was brought out, and improve- 
ments were attempted. It was not found possible to 
bring the Feshbach-Lomon fits into agreement with 
both the polarization and cross-section data through the 
addition of those phase shifts for L<4 which were 
neglected in the original work. An independent fit to 
the proton-proton scattering data was then developed, 
using another boundary-value approach. It is not 


TABLE V. Phase shifts for the new /-p fit presented in this paper. 
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claimed that the new fit is the only one consistent with 
the data used. The p-p cross section and polarization 
are fitted quite well, but the requirements of the triple- 
scattering experiments are satisfied only crudely. Fur- 
thermore, as work proceeds on the extension of the p-p 
fit into a charge-independent n-p fit, it may become 
necessary to alter the p-p phase shifts and the boundary 
conditions somewhat, perhaps by adding supplementary 
potentials similar to that used for the 'So state. The 
boundary-value method as such is completely general, 
being equivalent to the general phase shift method.’ In 
this paper the variation of the boundary values has been 
restricted by conditions which can be interpreted in 
terms of physical pictures. It may be of interest that 
these restrictions still allow a fit to the data. 
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Goldberger’s relations for the forward scattering of pions are used in the following way. Two linear 
functions of v?, where » is the total pion energy in the laboratory system, are constructed from quantities 
taken from experiment, i.e., forward amplitudes and integrals over total cross sections. The extrapolation 
of one of these functions to »=0 gives 2/?, where f is the renormalized pion-nucleon coupling constant. 
Various sets of phase shifts are compared as to their compatibility with the above functions. 


I. DISPERSION RELATIONS 


N a recent paper Goldberger, Miyazawa, and Oehme! 
have written down dispersion relations for the for- 
ward amplitude for pion-nucleon scattering. They split 
the forward scattering amplitude of a pion from an 
isotopic spin state 8 to an isotopic spin state a into two 
parts, corresponding to no isotopic spin flip and isotopic 
spin flip, respectively : 


Tap (v) = 6agT (v)+3[ tate |T (v), (1) 


where » is the total energy in the laboratory system. 
T®(v), which is the amplitude we shall discuss first, 
can be expressed in terms of the coherent m and at 
scattering amplitudes or the isotopic spin } and 3 
amplitudes. 


T® (v)=}(T_(v)—T+(v))=3(TH(v)—TH(»)). (2) 


Using the relation between the imaginary part of 
the coherent scattering amplitude and the total cross 
section we then find the following equation : 


2 v 


+ —— 
—vp? Qn? 


x f (S22) (3) 


u 


ReT®(r) = 





f is the renormalized pion nucleon coupling constant ; 
vp=p?/2M where uw and M are the pion and nucleon 
masses, respectively. o. and o, are the total cross 
sections for negative (positive) pions on protons, and 
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1 Goldberg, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 


q= (v’—y?)!. All quantities are in the laboratory system. 
Now we make use under the integral of the following 
identity : 

1 1 y 


oe © 


p?—y? yi y/2( yt y)’ 





and multiply both sides by (v’—v,)/y to obtain 


y— vp? *(v?— vp?) 
( ) ReT (y)———__— 
Qn? 


y 
® fa_(v’)—o4(v’) q'dv’ 
x 
J ( 2 pot 


v—vp ¢® (o_(v’)—04(r’)\ q'dv 
= 22+ f (—— ) . (4 
f a ; a (4) 





Since vz?=0.55X10-°u?, we may neglect it and obtain 
a simplified expression : 


yi r® fa_(v’)—04(v’ ‘dy’ 
» Ret) -— ff ( )—o+( ’) g av 
Qn? Sy 2 py’? (y’?— y*) 


YP f® o_(v’)—o4(v’) gd’ 
a? roi ees ithllntnanst A 
Qn? J, 


2 y” 





(4’) 


From (2) one finds for ReT® (v): 


1 2y. 
ey ea 
69 M M 


X [sin2a;+sin2e1;+2 sin2a:3+ - -- 
—sin2a;—sin2a3:—2 sin2a3;—---]. (5) 


The a’s are the phase shifts in their usual notation. 
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Fic. 1. The left-hand side of Eq. (4’) plotted against »*. The 
experimental points are taken from the following papers: (a) J. 
Orear, Phys. Rev. 100, 288 (1955); (b) H. L. Anderson e¢ al., 
Phys. Rev. 100, 268-279 (1955), 165 and 189 Mev, respectively; 
(c) J. Ashkin ef al., Phys. Rev. 101, 1149 (1956), 150 Mev; 
M. O. Stern et al., Bull. Am. Phys. Soc. Ser. II, 1, 72 (1956), 220 
Mev; (d) W. Rarita (private communication to Professor Ber- 
nardini), 217 Mev. 


The integral on the left-hand side of (4’) is certainly 
rapidly convergent and should be well approximated by 
replacing the upper limit by 1.9 Bev. The integral on 
the right-hand side will converge only if 


M, so 5—(v)--04.(v) }=0. 


Let us assume that this is the case. Then the apparently 
complicated v dependence indicated by the left-hand 
side of (4’) boils down to a linear function of v*. Its 
value at v=0 is equal to 2/? and its slope is given by 
the integral. If we do not want to assume the con- 
vergence of the integral on the right-hand side of (4’), 
we may write down a dispersion relation for T(v)/v.? 
This will result in the same equation as in (4’), with 
the divergent integral replaced by an unknown constant. 
Actually, as will be seen later, the value of the coefficient 
of v? as determined by the slope is very close to that 
found by performing the integration up to 1.9 Bev. 
This may be taken as an indication that the integral 
converges.! 


II. COUPLING CONSTANT 


The results of the calculation are shown in Fig. 1.5 
The energy scale is taken in units of u?. For the deter- 
mination of the straight line the following two points 
were used: (1) »r*=1, ie., zero kinetic energy. This 
point is practically determined by the difference be- 
tween the scattering lengths, a,—a;=0.27. The con- 
tribution of the integral on the left-hand side of (4’) is 


? This has to be performed with some care. See Gell-Mann, Gold- 
berger, and Thirring, Phys. Rev. 95, 1612 (1954). An alternative 
procedure is to write down Eq. (3) for some particular value of », 
say y=y, and subtract it from (3) itself. This was done by Gold- 
berger et al.! 

3 The total cross section were taken from Anderson, Davidon, 
and Kruse, Phys. Rev. 100, 337 (1955), R. L. Cool and O. Piccioni, 
Bull. Am. Phys. Soc. Ser. II, 1, 173 (1956). 
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only about 10%. (2) v’=4 or 140 Mev kinetic energy. 
Here a33~45° and therefore 2 sin2a;;=2, which means 
that the most important contribution to ReT®(y) at 
this point comes from a33 and yet it is very insensitive 
to the exact value of a3. It will be noted that only 
around 140 Mev are the results of the various sets of 
phase shifts in agreement with each other. The extrapo- 
lation to »=0 yields 2 f?= 0.164. Considering the experi- 
mental error for a;—a3 we find f?=0.082+0.015. The 
quoted error is meant only as an indication of the un- 
certainties involved. 

This value of the coupling constant is in close 
agreement with the one found by Chew and Low‘ by 
using quite a different method of extrapolation. Whereas 
their procedure involves a linear function of v and 
depends on the ($, }) state only, our method de- 
pends both on s and states, and requires a smaller 
extrapolation due to the linearity in »’. 

The value of the right-hand integral in (4’) as given 
by the slope is Zs1ope= — 5.1 10~? as compared to the 
calculated value Ieaie= —5.15X 10-. They are certainly 
equal within experimental errors even when allowance 
is made for possible small contributions from higher 
energies. We can, therefore, also define the straight 
line by using only the point at v=1 and the slope as 
given by the integral, thus using only total cross sections. 


III. PHASE SHIFTS 


Continuing our straight line towards higher energies 
(Fig. 1), we notice that the points calculated with 
Orear’s prescription for the phase shifts® fall pretty 
well on it. The exception at v?=4.75 (165 Mev) is not 
disturbing since that point is very sensitive to the 
exact shape of 4[o_(v)—o,(v)] in the vicinity of the 
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Fic. 2. The left-hand side of Eq. (7) plotted against »*. The ex- 
perimental points are taken from the same papers as in Fig. 1. 


4G. E. Chew and F. E. Low, ~~ Rev. 101, 1570 (1956). 
5 J. Orear, Phys. Rev. 100, 288 (19 55). 
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maximum. This is not the case for the other points, 
ie., those at 189 and 220 Mev. One may wonder if 
the good fit of the Orear phase shifts (with an=a13 
=a3:=0) has some deep meaning or is merely the 
result of an accidental cancellation. To investigate 
this question, we return to the non-isotopic-spin-flip 
amplitude T“(v). Like T®(v), it can be expressed in 
the following form: 


T® (v)=3(T_@)+T+(r))=§(THy)+2TH(r)). (6) 


It is readily seen that the dispersion integral for T® 
will diverge and we therefore write it from the start for 
T“ (v)/v? and obtain 


v? (»?— vp?) 
(v°— vp?) ReT® (y) —-———— 


fC 


m 





g° 
dis *T(0)+2| T%(0)—— | 
ve’ T® (0) (0) 


where g’?= (2M/y)*f?. T (0) is the amplitude at zero 
total energy and is an unknown real number. ReT“ (v) 
will again be expressed in terms of phase shifts: 


1 2» 4 
ReT (v)= _( 1 +=4+—) 
69 M M 


X [sia2e;+sin2a1:+2 sin2ai3+ - :- 
+2 sin2a3;+2 sin2a3;+4 sin2a33+ “1. -]. (8) 


Evaluating (7) for v=1, we obtain an equation for 
T“ (0) which yields T“ (0) = 2.07. It should be noticed 
that the main contribution to the left-hand side of (7) 
for v=1 comes from the integral since a;+2a;= —0.06 
is small. Using the above value for T“(0), we find 
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that the straight line defined by (7) starts out very 
close to the origin and goes down with a slope 
T (0)—g?/M=-—0.13. The integral has been evalu- 
ated numerically up to 1.9 Bev and analytically from 
there on, assuming a constant value for the sum of the 
cross sections 3(¢_-++0,)= 28.7 mb. 

We can now use the dispersion relation for T“ as 
an additional test for the various sets of phase shifts 
used previously in the dispersion relation for T®. 
The results are shown in Fig. 2. We notice that the 
points obtained with Orear’s precription for the phase 
shifts lead in the wrong direction as the energy increases, 
This may indicate that some contributions of the small 
p-phase shifts and perhaps a nonlinear behavior of the 
s-phase shifts canceled out in (4’) but added up in (7). 
Also the other points in Fig. 2 are quite far from the line. 

One has, of course, to bear in mind that these tests 
are fairly severe. The functional form of the right 
hand side of (4) and (7) results from the cancellations 
of two large terms. The distance of the points in Fig. 1 
and 2 from the straight lines is therefore a “‘second- 
order” effect as compared to the general behavior of 
the scattering amplitudes found by Anderson ef al 
In some cases, though, the effect is quite large. This 
need not always be due to the incorrectness of the set 
of phase shifts in question. The total cross sections 
are not known accurately enough to permit the drawing 
of unique curves for o_ and o, as functions of energy. 
The uncertainties may be important for principal- 
value integrals evaluated in the vicinity of the reson- 
ance. The straight line in (7), however, depends on the 
value of the integral at v=1 and is therefore quite 
reliable. 
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A cylindrical plastic scintillator weighing one kilogram has been used as both the absorber and the detector 
for the stopping of (omnidirectional) low-energy cosmic-ray » mesons. Simultaneous delayed coincidences 
in each of two photomultipliers that view the scintillator serve to identify the decays of stopped mesons. 
A correction is made for mesons that decay outside the recorded delay intervals. A further correction is made 
for edge effects (decay beta particles which escape from the scintillator with insufficient energy loss to 
actuate the detector). The number of stopping mesons of average range 7 g/cm? (air equivalent) is 7.29+0.21 
X10~* sec g“. Assuming a cos@ distribution yields for the vertical intensity 4.64+-0.13X10-® g“ sec 


sterad", 





INTRODUCTION 


HE low-energy spectrum of cosmic-ray ~ mesons 

has been examined thoroughly by several cloud- 
chamber investigators' in an attempt to separate the 
contributions of the mesons, electrons, and protons 
to the soft component. Cloud-chamber methods based 
on the simultaneous determination of the momentum 
and ionization of the particle are unsuitable at the 
lowest energies because of the magnetic field bias 
against low-energy particles. Moreover, even those 
methods in which the distinction between the particles 
is based on ionization and residual range become in- 
creasingly uncertain as the energy decreases. Thus the 
intensity of cosmic-ray ~ mesons with residual ranges 
less than 50 g/cm? is indefinite by more than 20% 
because of the difficulty in identifying the electron 
component. Fortunately, an unambiguous measure- 
ment of the absolute intensity of low-energy » mesons 
can be made by using a large scintillator as the meson 
absorber and identifying the stopped mesons by the 
method of delayed coincidences.” 


METHOD 


A large cylinder of plastic scintillator was used. 
The cylinder was 10.7 cm in diameter and 10.7 cm long, 
and weighed 992 grams. Its chemical formula* was es- 
sentially CyHio and its diametral range was, therefore, 
12 g/cm? (air equivalent). 

As is shown in Fig. 1, each of the two flat faces of the 
cylinder was viewed by a 5-inch type-6364 photo- 
multiplier. The outputs were fed through distributed 
amplifiers to a coincidence amplifier that produced out- 
put pulses only if both photomultipliers furnished 


* Work assisted by the Office of Naval Research. 

t Presented at the 1956 Annual Meeting of the American 
Physical Society. [Bull. Am. Phys. Soc. Ser. II, 1, 65 (1956) ]. 

t Now at the Hughes Aircraft Company, Research Laboratories, 
Culver City, California. 

1See, e.g., P. G. Lichtenstein, Phys. Rev. 93, 858 (1954); 
C. M. York, Phys. Rev. 85, 998 (1952); B. Rossi, Revs. Modern 
Phys. 20, 537 (1948). 

2 A. Fafarman and M. H. Shamos, Phys. Rev. 96, 1096 (1954). 

3 This scintillator was furnished through the courtesy of the 
National Radiac Company (their Sintilon brand) ; its composition 
was polyvinyl toluene plus small amounts of tetraphenyl buta- 
diene and other additives. 


signals simultaneously. This minimized the effects of 
photomultiplier noise pulses, afterpulsing, and other 
spurious effects. The output of the coincidence amplifier, 
therefore, provided essentially a record only of the 
scintillations in the plastic. This output was then ex- 
amined for delayed coincidences. The delayed coin- 
cidences were then sorted by time delay in a four- 
channel delay discriminator.‘ 

a Figure 2 is a schematic of the coincidence amplifier 
and gated coincidence portions of the circuit. The 
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Fic. 1. Apparatus for measurement of u-meson intensity. Two 
five-inch photomultipliers view a cylinder of plastic scintillator. 
The two channels are fed via preamplifiers and distributed ampli- 
fiers to a coincidence amplifier. A coincidence in the two channels 
generates the u-gate pulse. A second coincidence in the two 
channels having a delay of 0.4 to about 10 usec generates the A- 
output pulse. The events are sorted in a four-channel time-delay 
discriminator. Mu metal and light shields (not shown) are placed 
around photomultipliers and plastic. 


‘Since extreme accuracy in timing was not essential for this 
experiment, the secondary pulses (u gate and 8 pulse—see Fig. 1) 
were used in the interests of simplicity, rather than a more in- 
volved gating scheme using the original distributed amplifier 
outputs. 
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6BN6 gated beam tube proved quite useful as the 
coincidence amplifier. Each coincidence output of the 
6BN6 tube was amplified (and inverted) and generated 
a pw gate. A second coincidence occurring with a delay of 
from 0.4 usec to 10 ywsec was able to pass through 
another 6BN6 (gated coincidence circuit) and generate 
the 6-output pulse. The switch S; is used to remove the 
bias from one of the grids of the 6BN6 gated coinci- 
dence circuit when the fy ratejis to be monitored 
(during equipment checks). 


EXPERIMENTAL RESULTS 


The y2 rate was monitored continuously; this two- 
fold coincidence rate was about 194 per minute (for 
events greater than 2.0 Mev). Periodic checks of the 
counting rate in the delayed coincidence channel 
(812 rate) were made; this twofold coincidence rate was 
about 680 per minute (for events greater than 750 kev). 


TABLE I. Time distribution of delayed coincidences. 








Delayed coincidences 
(corrected for accidentals) 


Hours Channel* 1 2 


17.9 186 75 
20.7 225 81 
20.6 212 103 
23.2 256 91 
82.4 879 349 


Average = (17.5+0.5)/hr 





Totals 








* Channel boundaries: (1) 0.49-2.21 psec; (2) 2.22-3.95 psec; (3) 3.97- 
5.83 usec; (4) 5.84-7.74 usec. 


For the selected runs, the maximum observed variation 
of the uy2-energy bias was 0.1 Mev, and that of the Bi2- 
energy bias was 60 kev. 

The following delayed coincidence rate data were 
noted: (a) sum of observed rates in Channels 1, 2, 3, 
and 4; (b) observed rates corrected for accidental rate; 
(c) observed total minus four times the rate in Channel 
4. This result (c) is to be interpreted as the number of 
delayed coincidences in Channels 1, 2, and 3, minus 
three times the number of delayed coincidences in 
Channel 4, and includes no accidental events. This 
procedure corresponds to using Channel 4 as an experi- 
mental recorder of random accidentals. 

Data from runs in which the #2 bias was less than 
700 kev were not utilized, since below this bias it was 
possible for a delayed coincidence in only one of the 
photomultipliers to be registered. 

The delayed coincidence results are: 


(18.4+0.3)/hr. 
(b) Total minus computed accidentals, (17.50.2)/hr. 
(13.8+0.6)/hr. 


(a) Total channels 1-4, 


(c) Total minus 4X (channel 4 rate), 


5 Another double delayed coincidence scheme utilizing crystal 
diodes was tested and proved unsatisfactory. 
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Fic. 2. Schematic diagram of coincidence amplifier and gating 
circuits. Simultaneous delayed coincidences in Channels 1 and 2 
result in the generation of a u-gate pulse and a delayed 8-output 
pulse. Events are sorted by time delay between the leading edges 
of these pulses in a four-channel delay discriminator (not shown). 


The distribution of events in the delay channels is 
shown in Table I. The total rate (corrected for acci- 
dentals) is (17.5+0.5)/hr*®; the (integral) delay dis- 
tribution is shown in Fig. 3 and is closest to a 2.07-ysec 
mean life. 

CORRECTIONS 


In order to determine the absolute rate of mesons 
stopping in the absorber, two additional corrections 
must be applied to the data. 


(a) Mesons decaying outside the delay intervals 
accepted by Channels 1-4. By using the measured 
channel edges (Table I), and a mean life of 2.07 usec, 
it is calculated that only 76% of the decays are re- 
corded by the 4 channels. 

(b) Correction for edge effects. This correction must 
be made for mesons which stop near the surface of the 
cylinder and the decay beta particles of which lose less 
than 750 kev in escaping from the scintillator. This is 
equivalent to reducing the effective volume of the 
scintillator. 


In the spectrum of decay beta particles, only about 
one percent have energies below 10 Mev.’ The most 
probable (collision) energy loss, A,.-., for electrons in- 
cluded in this spectrum is given closely by the relation® 


Ay.c.(Mev) =0.1537D(XZ/¥A){19.43+1n(D/p)}, 


6 The error limit here is the standard error based on the number 
of events, whereas that used in the paragraph above is the average 
deviation of the individual runs from the mean. The alternative 
calculation based on the use of Channel 4 as an experimental 
recorder of random accidentals yielded a value of (17.120.7)/hr. 
This value is in agreement within the statistical error with the 
above value of (17.5++0.2)/hr. The value (17.5+0.5)/hr was used. 

7H. Bramson and W. W. Havens, Phys. Rev. 83, 861 (1951). 

8 Goldwasser, Mills, and Hansen, Phys. Rev. 88, 1137 (1955). 
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Fic. 3. Integral delay distribution of u:2-812-time delays. The 
points are obtained from Table I and include a correction for 
mesons that decay beyond 7.74 usec. 


where the absorber thickness is D g/cm’ and its density 
p g/cm*. Solving for the D corresponding to Ay...=0.75 
Mev, gives D=0.485 g/cm? or 0.47 cm. 

Hence, within a layer extending 0.47 cm in from the 
surface of the cylinder, only # of the decay beta particles 
will have path lengths greater than 0.47 cm (and lose 
more than 750 kev) in the scintillator.® 

The effective volume is then decreased by 6V cor- 
responding to the fractional decrease in linear dimen- 
sions (6a/a) 


—5V/V = (4)3(6a/a)=0.066. 


A similar, much smaller correction can be made for 
mesons that stop in the surface layer of the scintillator 
(losing less than 2 Mev), and gives —6V/V =0.007. 

The above correction for the edge effect is based on 
energy calibrations which correspond to the peak of 
the pulse height distribution. It is estimated from the 
pulse-height resolution of the detectors that this cor- 
rection should be increased by 60% (30% for each 
photomultiplier). 


CORRECTED RESULT AND DISCUSSION 


The application of these corrections to the observed 
rate of 17.5 per hour yields for the number of stopping 


® The fraction of decay beta particles in this lamina which have 
path lengths less than D in the scintillator (and escape detection) 
is }. This is shown readily by using a cylindrical geometry. The 
fraction escaping is 


z 


(5) Nw 2x (1—COSMm)ds ; COS m = 7, 
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Fic. 4. Range spectrum of low-energy cosmic-ray » mesons. The 
ordinate is the vertical intensity J,(g~ sec sterad-) ; the abscissa 
is the residual range in g/cm? (air equivalent). The graph shows 
the relation of the present measurement to the results of cloud- 
chamber investigations (reference 1). The clear blocks are meas- 
urements of Lichtenstein, the cross-hatched blocks are those of 
York, and the dashed lines are their results corrected for the 
electron component. The present measurement lies below the 
cloud-chamber results but appears to be in good agreement with 
the curve given by Rossi. 


mesons of average range 7 g/cm? (air equivalent)": 
I= (7.2940.21) XK 10-®sec—! g-, 


Assuming a cos*@ distribution” with zenith angle, 
one obtains for the vertical directional intensity cor- 
responding to the above value: 


1(0)= (2/r)I = (4.64+0.13) X 10-®g— sec sterad—. 


This value appears to fall below the extrapolation of 
cloud-chamber measurements, even when a stringent 
elimination of electrons is made.! A comparable result 
for mesons stopping in a polystyrene absorber has been 
given.” 

The major uncertainty in the present measurement 
is the correction for the edge effect.” The uncertainty 
in the correction is somewhat greater than the statistical 
standard error; however, the corrected result includes 
only the standard error.*® 

No estimate is made of other errors (e.g., use of cos*@ 
distribution and fluctuations of cosmic-ray intensity). 

The relation of this measurement to the cloud- 
chamber measurements is shown in Fig. 4. As antici- 
pated by Lichtenstein, cloud-chamber measurements of 
low-energy mesons seem to give a value at least 10% 
higher than that given on the basis of Rossi’s extra- 
polated curve (which appears quite accurate from the 


10 ~1 g/cm? (air equivalent) minimum absorber above scintil- 
lator (roof and light shield). Diametral thickness of scintillator 
was 12 g/cm? (air equivalent). 

1 J. Zar, Phys. Rev. 83, 761 (1951). 

12 J. Steinberger, Phys. Rev. 75, 1136 (1949). However, the 
values quoted are for mesons of average range 100 g/cm?. 

8 This correction would appear to be relatively less important 
if the experiment had been performed with a larger scintillator. 
However, in that case one has the increased difficulty of adequate 
light collection in the larger scintillator. 





LOW-ENERGY COSMIC-RAY uz MESONS 


results of the present experiment). Combining this 
result with the relative measurements published pre- 
viously? seems to indicate that the cloud-chamber 
results are higher than the delayed coincidence meas- 
urements. More exact determination of the reason for 
this difference is difficult because of the uncertainty in 
zenith angle distribution (as well as the variation in 
scattering among the different experiments). Moreover, 
the cloud-chamber results may still contain some small 
contributions from other particles such as electrons and 
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m~ mesons, whereas the present experiment records only 
the u+ and w+ mesons which stop in the absorber. 


ACKNOWLEDGMENTS 


The author is very much indebted to Professor M. H. 
Shamos for his unfailing encouragement and helpful- 
ness. Mr. Richard Ruffine assisted in assembling the 
equipment and in taking data. Publication has been 
assisted by the Reports Group of the Hughes Research 
Laboratories. 


NUMBER 4 NOVEMBER 15, 1956 


Comparison of Spin-Flip Dispersion Relations with 
Pion-Nucleon Scattering Data* 
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The dispersion relations for the spin-flip, forward-scattering amplitude have been tested against pion- 
nucleon scattering data for energies up to 300 Mev. The Fermi set of phase shifts satisfy these relations 
while the Yang set do not. An approximate value for the renormalized coupling constant, f?= (gu/2M)?, of 


0.1 is obtained from the P-wave phase shifts. 


1, INTRODUCTION 


HERE are four noninterfering scattering ampli- 
tudes for pion-nucleon scattering, corresponding 
to the independent possibilities of flipping the spin or 
isotopic spin of the nucleon. The squared magnitude of 
each gives its contribution to the differential cross 
section. Independent dispersion relations have been 
derived! for each of these amplitudes, which relate 
their real part to integrals over energy of their imaginary 
part. 

We will consider here only the amplitude for spin 
flip, and examine the phase shift interpolations made by 
Anderson and Metropolis? in the light of these disper- 
sion relations. We are thus imposing some new con- 
straints on the phase shift determination problem. Since 
we are discussing the spin-flip amplitudes, we are in 
effect performing a theoretical polarization experiment 
and will in fact be able to differentiate between the 
Fermi and Yang phase shifts. 


* Research supported by the U. S. Atomic Energy Commission. 

1 This work has been done by several people. See, for example, 
M. L. Goldberger, Sixth Annual Rochester Conference on High- 
Energy Physics, 1956 (Interscience Publishers, Inc., New York, 
to be published); M. L. Goldberger, Midwest Conference on 
Theoretical Physics, State University of Iowa, Iowa City, Iowa, 
1956 (unpublished) ; R. Oehme, Phys. Rev. 100, 1503 (1955) ; 102, 
1174 (1956); A. Salam, Nuovo cimento 3, 424 (1956). 

2H. L. Anderson, Sixth Annual Rochester Conference on High- 
Energy Physics, 1956 (Interscience Publishers, Inc., New York, to 
be published). 


2. THE DISPERSION RELATIONS 


Though the spin-flip amplitude vanishes in the for- 
ward direction, we can determine its derivative with 
respect to sin6, where @ is the angle of scattering in the 
center-of-mass system, evaluated at @=0. This deriva- 
tive (in the center-of-mass system) can be written as 
(1/)#a, where is the center-of-mass momentum in 
units of uc and a is a dimensionless quantity which in 
general approaches a finite nonzero limit as 7-0. We 
will work with four a’s, a' corresponding to isotopic 
spin nonflip and flip, and a3,; corresponding to total 
isotopic spin of 3/2 and 1/2. These are related by 


a= 4(2a;+<1), 


a?=43(a1—43). 


(2.1) 


The quantities a3 and a, can. be expressed in terms of 
the corresponding phase shifts by 


2 U(1-+1) 1 
—(e2ii+— gridi-), 
m= 2 


(2.2) 


43,1>= 


where 6,4 is the phase shift for the state of orbital 
angular momentum /, total'angular momentum /+ 1/2, 
and total isotopic spin 3/2 or 1/2 as indicated outside 
the parenthesis. 

To terms of order (u/¢y)?, the dispersion relations 
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for a4 are 
_Im(a') 
Re(a')=2— +P [ dy’ ey 
1 y—¥ 


2.3 
Y erat ' 
Re(a’) = —2— “(= “Vine [ dy'——__—_ 
1 -¥ 


where f? is the renormalized coupling constant 
(f=gu/2M, where g is the renormalized coupling con- 
stant of the symmetric pseudoscalar theory), y is the 
total laboratory energy in units of yc?, and yg=u/2M. 

Our knowledge of 533 is considerably better than that 
that of the other phase shifts, and by taking the differ- 
ence of these two equations, we obtain one in which 
only a3; appears on the left and in that part of the 
integral containing a singularity. Specifically, 


" Y 
Re(a;)= “( 1 +7) 
7 7 
a3 2ai+4a;3 


1 «© 
+4+—pP f dy’ In| _ | (2.4) 
wr y—y 3(y'+7) 


To within the accuracy of the experimental data, the 
contribution to the integral from the a; term is neg- 
ligible and we will drop it. The contribution to the 
integral from large values of y’ may be separated out 
into a term independent of y to give 





Re(a3)= # (147) +20+yLs(y)+31s(—vy)], (2.5) 
Y 7 


1 cf” Im(a;) 
Cc=— f dy’ ? 
3m J; ¥ 


Im(as) 


where 


ad 1 
ie ma 
1 7’ —v 7 


T3(y) =? 


If the energy dependence of a; is known up to suffi- 
ciently high energy to determine the integrals J (7) 
but not C, then we can consider f? and C as parameters 
and adjust them to fit the data. This can be conveni- 
ently done by plotting the experimental points so that 
Eq. (2.5) is represented by a straight line whose y 
intercept depends on f? and whose slope depends on C. 
We make the substitutions 


sy / (1+), 


=}x{Re(as)—y[I3(v)+43/s(—v) ]}, (2.6) 
which satisfy 


y=f?+Cx. (2.7) 
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3. COMPARISON WITH EXPERIMENT 


The values of a3 were obtained from the energy de- 
pendence of the phase shifts found by Anderson* to 
give the best fit to the present pion-proton data for 
energies up to 300 Mev. He has set D waves equal to 
zero. Since our dispersion relation does not contain S 
waves, only the P-wave phase shifts are involved. The 
energy dependence which Anderson obtained is 


1+0.779 /1.9427—7 

0.248 ( 0.9427 ) 
1 

0.0415—0.007759? 





7 coté33= 


(3.1) 





i cotés;= — 


Since we have only P waves, Eq. (2.2) reduces to 
Ag= (e7*833— g2ibs1) /773, (3.2) 


In Eq. (3.1), 7 is the total pion energy in the center-of- 
mass system in units of yc. 

The integrals, J3;(y), were evaluated numerically. 
In the neighborhood of the pole, the integrand varies 
rapidly, and the more direct methods introduce con- 
siderable error. However, the integral can be written as 


1a)=-P f dy’ fv ), (3.3) 


where 


f(y')=Im(as)/7' 


is a smoothly varying function and can be well approxi- 
mated by a sequence of straight lines. The integrals 
over each region in which f(y) varies linearly can be 
evaluated exactly. We choose equal intervals defined by 
+'=y+nA, where n is a positive or negative integer 
and A is the length of each interval. At these points, 
we denote the values of the function by f,=f(y’) 
=f(y+mnA). Then with this straight-line interpolation, 


P f dy f= E wah (3.4) 


where 
Wy= (n+1) In| m+1|+(n—1) In|n—1|—2n In|n|. 


The w, are constants independent of f and A and have 
the properties 


Wn=—Wn, 


1 1 1 
w= 2( 4+ + +... ), (3.5) 
1X2n 3X4n® 5x6n5 


Wo=0. 





The values of x and y corresponding to laboratory 
kinetic energies of 0, 60, 100, 160, 200, 240, and 300 Mev 
are plotted in Fig. 1. The line drawn through the points 
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has an intercept of /?=0.10 and a slope of C=0.03. 
The contribution to C from the integral up to 300 Mev 
is 0.025, which is in reasonable agreement. This value of 
f? is somewhat higher than the value of 0.082+0.015 
which has been obtained from other extrapolation pro- 
cedures,** but the difference does not appear beyond 
the range of experimental uncertainties, and these have 
not yet been evaluated quantitatively. Anderson’s 
value for a,;—a3 is 0.282% as compared to the value of 
0.27 used by Chew and Haber-Schaim. This would 
raise their value slightly. 

It is perhaps worth pointing out that our equations 
used for the determination of f? have the following 
advantages over those used previously: (1) They are 
more accurate than those of the Chew-Low theory in 
that they are rigorously correct to order (u/M)?, and 
(2) they do not involve the rather poorly known S-wave 
phase shifts. 


4, CHOICE BETWEEN FERMI AND YANG SOLUTIONS 


The Yang set of phase shifts can be obtained from 
the Fermi set by changing the sign of the spin-flip ampli- 
tude. Specifically, if 53; and 63; are the Fermi phase 
shifts, then, defining @ by 


2 $in2633+ $in2631 
2 ©0S2533-+C0S2631 


(4.1) 





tanéd= 


(and the sign of sin# the same as that of 2 sin263; 
+sin263:), we obtain the Yang phase shifts from 


533" =O—5633, 
(4.2) 
bay =0—53). 


3G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 

4G. F. Chew, Midwest Conference on Theoretical Physics, 
State University of Iowa, Iowa City, 1956 (unpublished); U. 
Haber-Schaim, Phys. Rev. 104, 1113 (1956), this issue. 


Fic. 1. Plot of 
y_= $x{Re(a:) — 
yUs(y) +413(—y)]} 
vs x=y/(1+7B/y) to 
test dispersion rela- 
tions and obtain a 
value of the coupling 
constant by extra- 
polation. 








Since this dispersion relation involves the spin-flip 
amplitude, it determines the sign of this amplitude and 
hence can exclude the Yang solutions, much as the 
nonflip relations determined the sign of the forward- 
scattering amplitude.® The values for a3 corresponding 
to the Yang set were evaluated using Eqs. (4.1) and 
(4.2) and from these, the values of x and y were calcu- 
lated for the same energies as in the Fermi case. This 
set of phase shifts extrapolates to a negative value for 
f?, and at the higher energies deviates grossly from a 
straight line behavior. In lieu of an experiment to 
measure directly the polarization of the recoil nucleus, 
this represents a stronger argument for the Fermi solu- 
tions than that based on photoproduction data.® 

The authors would like to thank H. L. Anderson, 
G. F. Chew, and U. Haber-Schaim for making available 
to them the results of their calculations before publica- 
tion, and R. Oehme for enlightening discussions. 


5 Anderson, Davidon, and Kruse, Phys. Rev. 100, 339 (1955) ; 
R. Karplus and M. Ruderman, Phys. Rev. 98, 771 (1955). 

6 Note added in proof.—Gilbert and Screton have also used this 
dispersion relation to exclude the Yang phase shifts. A. Salam, 
CERN Symposium on High Energy Physics, Geneva 15, Switzer- 
land (June, 1956). 
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The Be’ production rate is given by the product of the nucleon 
flux (Enucieon 2 40 Mev), the Be’ production cross section, and an 
appropriate constant. The nucleon flux (as a function of altitude 
and latitude) is determined for Enucteon > 500 Mev from the fairly 
complete theoretical treatment available in the literature. For 
nucleons with energy between 40 Mev and 500 Mev, an approxi- 
mate theory given in the literature is used. The sum of these two 
gives the nucleon flux applicable to Be’ production. The Be’ 
production cross section is obtained by multiplying the C(p,X) Be? 
excitation function available in the literature by the N(p,X)Be’/ 
C(p,X)Be’ ratio obtained at Bev energies. 

The Be’ production rate in the atmosphere as a function of 
latitude and altitude is then obtained. Since the main errors lie 
in the determination of the nucleon flux, the derived flux curves 
are compared to literature data on the latitude effect and star 


production rate. The agreement is found to be satisfactory and 
error limits are placed at +50%. 

The mixing and washout processes in the atmosphere are then 
considered. The production rate of Be’ in the stratosphere is 
found to be 5.0 atoms/cm? min, and 1.3 atoms/cm? min for the 
troposphere (assumed tropopause=35 000 ft). The production 
rates are used with the rain water removal rate to determine the 
stratosphere mean removal time as a function of the troposphere 
mean removal time. Curves of this function are presented for 
three different average tropopause elevations (30 500 ft, 35 000 ft, 
40 000 ft). Compared to these curves, the approximate literature 
values of 120 days and 14 days for Be’? mean removal times from 
the stratosphere and troposphere respectively, seem too short. 
Longer times are indicated, of the order of years for the strato- 
sphere, and three weeks or more for the troposphere. Recent 
experimental evidence in the literature appears to confirm this. 





INTRODUCTION 


T has been known for some time that cosmic rays 
produce many different isotopes by nuclear inter- 
actions with the gas nuclei of the atmosphere. Experi- 
mental evidence for the atmospheric production of 
tritium! and carbon-14* has existed for several years 
and more recently Be’ has also been found.’ The small 
amount of argon present in the atmosphere would 
account for the recently observed P® and Cl in 
rain water.*® Much information, about both cosmic 
rays and the atmosphere, can be learned if the amounts 
of various isotopes produced as a function of latitude 
and altitude are known. Be’ is an interesting isotope to 
study both theoretically and experimentally because of 
its convenient half-life and sufficiently detectable radia- 
tion. 

The theoretical development of the nucleon flux for 
the medium-energy range (Enucieon<500 Mev) is 
not advanced enough to warrant use of an exact method 
of determining the Be’ production rate as a function of 
altitude and latitude. Consequently, in this report, 
several simplifying approximations are used. 


NUCLEON FLUX (£2500 MEV) 


By application of diffusion equations to the nucleon 
cascade occurring in the atmosphere, Messel® has cal- 
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culated the relative numbers of neutrons and protons 
with energy 2500 Mev incident in the vertical direc- 
tion as a function of altitude and geomagnetic latitude. 
(The meson contribution to Be’ production can be 
neglected.”) To convert these relative directional in- 
tensities into relative total intensities, the Gross trans- 
formation can be applied for vertical intensities at 
depths $600 g/cm? (<14500 ft elevation) where 
absorption is nearly exponential. At depths less than 
600 g/cm? the absorption deviates sufficiently from an 
exponential variation with atmospheric depth so that 
for accurate work a numerical integration must be used. 
The integral 


1=2f J (h/cos0,E./E)sin6d@ 
0 


is evaluated numerically for a given vertical depth, h, 
and a given E/E, the ratio of the geomagnetic cut-off 
energy to the lower limit of the nucleon energy. The 
quantity J(h/cos@, E./E) is read from the appropriate 
curve in Fig. 15 of reference 6, where, for a given zenith 
angle, 8, the quantity 4/cos@ is the atmospheric depth in 
the direction 6. The slopes of the curves for depths 2 600 
g/cm? are the same. Consequently the absorption mean 
free path may be considered constant with latitude, 
and equal to 125 g/cm.’ This value is used in the Gross 
transform. 

To convert the relative total intensity to absolute 
intensity, the flux of primary nucleons at the top of the 
atmosphere at a given latitude must be known. The 
best value for the absolute primary vertical flux between 
52° and 56° North geomagnetic latitude and zero 

7E. George and J. Evans, Proc. Phys. Soc. (London) A63, 


1248 (1950). 
8 H. Messel, Proc. Phys. Soc. (London) A64, 726 (1951). 
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atmospheric depth, penetrating 90 g/cm? of lead, 
appears to be 0.171+0.005 particles/cm* sec sterad.° 
If one uses the quoted mean free path in lead of 230 
g/cm?, the primary flux at 54°N (average of 52°-56°N) 
extrapolated to zero thickness of lead is 0.253 particles/ 
cm? sec sterad. This value probably includes the 
nucleons arising from the breakup of the primary 
alpha particles as they traverse the lead.’°" 

At a given geomagnetic latitude, the factor by which 
the relative total nucleon intensity must be multiplied 
to yield the absolute total intensity is given by*® 


B=0.253(1.07/E.)". (1) 


At 54°N geomagnetic latitude the cut-off energy, E., 
is 1.07 Bev. Figure 1 gives curves of nucleon flux 
(Enucleon 2500 Mev) plotted against elevation for 
several different latitudes. The curve for 59° holds for 
all latitudes greater than this as the low-energy cut- 
off, 0.5 Bev, corresponds to 59°. 


NUCLEON FLUX (40< E<500 MEV) 


It is a more difficult problem to get values for the 
integral and differential energy spectrum for nucleons 
with energies below 500 Mev with the same accuracy 
as for nucleons with energies above 500 Mev.® By the 
use of several simplifying approximations, Rossi has 
derived the following equations to represent the vertical 
differential energy spectrum of protons and neutrons 
for nucleon energies above 40 to 50 Mev: 


For neutrons, 





AL.L exp(—h/L)—exp(—h/L,) 


n yh _ 
fee (L—L,) (50+)? 


For protons, 
A exp(—h/L)[ 1 1 


= | (3) 
RE) LSO+E 50+Em 





J (E,h) = 


where J,(E£,k) and J,(E,h) represent the differential 
neutron and proton fluxes in the vertical direction at 
atmospheric depth / and energy E. The constant A is 
determined empirically ; Z and L, are the absorption and 
interaction mean free paths of the radiation generating 
these lower energy nucleons; k(£) is the specific ioniza- 
tion loss of a proton of energy E; and £,, is the energy 
that a primary proton must have upon entering the top 
of the atmosphere such that its energy loss by ioniza- 
tion will bring its energy down to £ when it has reached 
depth h. 

Equations (2) and (3) have been derived assuming a 
straight exponential dependence of the flux on the 

®E. Dymond, Progress in Cosmic-Ray Physics, edited by J. G. 
Wilson, (Interscience Publishers, Inc., New York, 1954), Vol. II, 
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York, 1952), pp. 520-522. 
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Fic. 1. High-energy nucleon intensity vs 
atmospheric depth, Z > 500 Mev. 


depth. Since the more accurate theory shows the in- 
creasing deviation from exponential dependence of the 
flux on depth at higher elevations, the errors in Eqs. 
(2) and (3) will increase as the elevation increases. In 
this work the exponential dependence has been assumed 
to hold from sea level to h=250 g/cm? depth. At 250 
g/cm? depth the errors in Eqs. (2) and (3) are sub- 
stantial, but are not so large as to invalidate the use of 
these equations. 

The constant A is determined by first finding the 
integral energy flux for neutrons in the vertical direc- 
tion for energies 2 500 Mev, as derived from integrating 
Eq. (2). This number, which includes A, is set equal to 
the values of the vertical neutron flux for E 2500 Mev 
as given in Fig. 14, of reference 6, multiplied by the 
factor B [Eq. (1) ]. A value of A was determined at 
two depths, 250 and 1000 g/cm’, for each curve repre- 
senting a certain geomagnetic latitude corresponding to 
the given E, (E=500 Mev). The values of A at the two 
depths differed from each other by about 20%. This 
error includes the deviations from exponential de- 
pendence (which are included in the more complete 
theory presented by Messel®). The average value of A 
for the two depths was used for each latitude. Values of 
L and L, were taken as 140 g/cm? ® and 75 g/cm? ® for 
determining A. 

In order to obtain the total neutron and proton flux 
for energies greater than E and less than 500 Mev and 
from all directions, Eqs. (2) and (3) must be inte- 
grated with respect to E and @. To do this, / is replaced 


13 J. Simpson and W. Fagot, Phys. Rev. 90, 1068 (1953). 
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Fic. 2. Neutron flux vs atmospheric 
depth, 40 Mev< E,<500 Mev. 


by h/cos@, the atmospheric depth in the direction @, 
and the equations are integrated over all directions. 
Performing this integration for neutrons on Eq. (2), 
and integrating again with respect to energy, gives the 
result 


QL LAT 1 1 
N(E,h)= 


L—L,\50+E 550 


eo) 2) 
s(2)-tn(2)] 


Here N(£,h) is the total neutron flux over all angles 
at vertical depth 4, for neutrons with energy 2 E Mev. 
Ei refers to the exponential integral, values of which are 
tabulated in the literature. Curves of N(E,h) are given 
in Fig. 2 for different 4 and geomagnetic latitudes, with 
E=40 Mev. 

In order to obtain the integral proton flux over all 
directions and between 40 and 500 Mev, Eq. (3) must 
be integrated over all directions and over the correct 
energy region. This, however, is difficult, as E, is a 
complex function of the zenith angle. However, if a 
simplifying approximation is made for E,,, Eq. (3) can 
be handled with relative ease. An examination of E,, 
and proton range data for air shows that even at 
h=250 g/cm’, the quantity 1/(50+£,,) is smaller 


4 J. Smith, Phys. Rev. 71, 32 (1937). 
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than 1/(50+£). Therefore, an approximation to E, 
should be chosen which fits fairly well for this extreme 
case of h=250 g/cm*. A bad fit at larger depths will 
not be so important, since then 1/(50+£) is much 
larger than 1/(50+-£,,). Also, any error made by use of 
this approximation is reduced by a factor of about 6 
when the total nucleon flux is determined, since the 
proton flux described above is approximately ¢ of the 
total nucleon flux with E 240 Mev. The approximation 
chosen for E,, is 1/(50+£,,)=1/(4«) as this gives an 
integrable function. Equation (3) now becomes 


Aexp(—x/L)f 1 1 
exp x 3 eee (5) 
k(E) LS50+E 





J (E,x)= , 
4x 

To integrate Eq. (5) over all directions, x the depth at 
an angle 6 from the zenith is replaced by 4/cos@ and 2x 
sin6d@ is multiplied in as the differential surface element. 
The expression is then integrated from 0 to 1/2. The 
final expression for the integral proton spectrum over 
all directions and with energy 2£ but less than 500 
Mevis 


exp(—h/L) ” exp(—h/L) 
8hL 


500 dE 
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The integrals 
f dE 
zg k(E) 
were evaluated numerically using the available specific 
ionization data of air. With a lower limit for E of 
40 Mev, the resulting values for the integrals are 136 
g/cm? and 0.44 g/cm* Mev, respectively. Substitution 
of these values into Eq. (6) along with the (previously 
calculated) values of A gives the integral proton flux. 
Figure 3 gives curves of the integral proton flux 


over all directions and for 40 Mev < E,<500 Mev for 
different depths and geomagnetic latitudes. 


iZ dE 
zg k(E)(S0+£) 


NUCLEON FLUX (E240 MEV) 


In order to get the total nucleon flux for Enucteon 2 40 
Mev, and up to 250 g/cm? atmospheric depth, the values 
for the flux given in Figs. 1, 2, and 3 for the same 
altitude and latitude must be added together. The 
results are plotted in Fig. 4. 

A point is also given for the top of the atmosphere 
for each geomagnetic latitude. These points are taken 
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directly from Fig. 1 as the secondary flux is zero at zero 
depth. 

Between the points given at 0 and 250 g/cm? atmos- 
pheric depth, the nucleon flux was estimated in the 
following somewhat empirical manner: 

Since the star production rate in nuclear emulsions 
should be proportional to the high-energy nucleon flux 
(Enucieon 2 20-30 Mev),!® any experimental star-pro- 
duction data at depths less than 250 g/cm? should give 
the nucleon flux for the region in question. Figure 5 is 
a curve drawn through Lord’s'® experimental points 
giving the star-production rate at 52°-56°N geo- 
magnetic latitude as a function of atmospheric depth. 
This curve is normalized to the total nucleon flux for 
53°, at the top of the atmosphere. The point at 250 
g/cm? depth and 53° on Fig. 4 almost coincides with 
the normalized star-production-rate curve. This agree- 
ment gives some support to the use of the above 
normalized curve to represent the total high-energy 
nucleon flux at small depths. 

In order to derive total flux curves for the upper 250 
g/cm? depth for latitudes other than 53°, the above 
normalized curve is renormalized to the curves in Figs. 
1 and 4. This is somewhat complicated by the fact that 
the average primary energy is higher for lower latitudes 
resulting in more secondaries per primary. Appropriate 
arithmetical operations were used to account for this 
fact. The portions of the curves in Fig. 4 down to 250 
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Fic. 4. Total nucleon flux vs atmospheric 
depth Enucleon 2 40 Mev. 


g/cm? depth give the results of the renormalization for 
each latitude. 

The curves in Fig. 4 would be slightly altered by 
recent experimental evidence'’'® indicating that both 
the primary spectrum and low-energy cutoff may 
change slightly with time. The spectrum changes will 
be neglected in view of the approximations appearing 
in this work. For increases or decreases in the cutoff 
energy, curves have to be subtracted from or added to 
those already given in Figs. 1-4 and 8. 


Be’? PRODUCTION CROSS SECTION 


In order to calculate the amount of Be’ produced in 
the atmosphere, the cross section for Be’ production 
from air must be known as a function of nucleon energy. 
The atmosphere will be assumed to consist of nitrogen 
only, as the excitation function for Be’ production from 
oxygen should be similar to that from nitrogen. The 
maximum error expected from this source is about 
5%. 

The least endoergic routes for Be’ production from 
nitrogen by neutrons and protons are given below with 
their respective Q values: 


l(a): N“+n=Be’+Li’, 
2(a): N+ p= Be’+ 2He', 
No data on cross sections for the reactions N(p,X)Be? 
17 Pp, Meyer and J. Simpson, Phys. Rev. 99, 1517 (1955). 
18H. Neher and E. Stern, Phys. Rev. 98, 845 (1955). 


%P. Benioff and M. Kalkstein (preliminary unpublished 
results). 


Q=—25.7 Mev, 
Q=—10.4 Mev. 
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Fic. 5. Lord’s star production rate in emulsion at 52°-56°N 
geomagnetic latitude vs atmospheric depth. 


or N(n,X)Be’ have been found in the literature. How- 
ever, the excitation function for Be’ production from 
carbon by protons of energy up to 5.7 Bev is avail- 
able’! and is given in Fig. 6.27% Since most of the 
excitation functions for the light elements have about 
the same shape,”~** the assumption will be made that 
the shapes of the excitation functions for the reactions 
N"(p,X)Be’ and N“(n,X)Be’ are the same as that of 
the curve in Fig. 6. It will also be assumed that at Bev 
energies the absolute values of the Be’ production cross 
section for protons is the same as that for neutrons. It 
can be seen from Fig. 6 that the maximum in the excita- 
tion function occurs about 30 Mev above the |Q| 
value (26 Mev) for the reaction. This differential of 
30 Mev will be taken to hold for Be’ production from 
nitrogen by neutrons and protons. Consequently, the 
proton excitation function for N™“(p,X)Be? may be 
approximated by shifting the energy scale on the 


* J. Dickson and T. Randle, Proc. Phys. Soc. (London) A64, 
902 (1951). 

*L, Marquez and I. Perlman, Phys. Rev. 81, 953 (1951). 

2 The point at 335 Mev* on Fig. 6 has been multiplied by 
36/41. This has been done because recent careful work® has 
shown that the previous values of the cross section for the monitor 
reaction, C(p,pn)C™ were slightly in error. The values for the 
excitation function for Be? produced from carbon at energies 
< 160 Mev” may also be in error for the above reason. Since the 
C(p,pn)C™ monitor reaction has not been checked at the lower 
energies, it will be assumed that the values given in reference 20 
are correct. 

23 W. Crandall ef al., Phys. Rev. 101, 329 (1956). 

* N. Hintz and N. Ramsey, Phys. Rev. 88, 19 (1952). 

26 R. Wolfgang and G. Friedlander, Phys. Rev. 96, 190 (1954). 

2% G. Friedlander et al., Phys. Rev. 99, 263 (1955). 
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C”(p,X)Be’ excitation function curve so that the 
maximum occurs at 40 Mev (30+10). The Q value for 
the reaction N'(n,X)Be’ is almost the same as that 
for the reaction C”(p,X)Be’, so no shifting of the energy 
scale is necessary. The excitation functions for neutron 
and proton production of Be’ from nitrogen can be ob- 
tained by multiplying the above two excitation func- 
tions by the experimentally observed cross-section ratio 
for N(p,X)Be’/C(p,X)Be’ at E,=5.7 Bev,” and are 
given in Fig. 7. 


ATMOSPHERIC BERYLLIUM-7 PRODUCTION 


The total amount of Be’ produced (per unit time and 
weight of air) as a function of latitude and altitude, 
D(h), is given by 


D(h)=C on(£)J,(E,h)dE 


Enth 
+C|  op(E)J(E,A)aE, 


Epth 


(7) 


where C is a constant whose value depends on the units 
for D(h). En and Ey are the neutron and proton 
reaction energy thresholds. The quantities J,(E,h) 
and J,(£,k) are the differential neutron and proton 
fluxes respectively at depth 4 and energy E, per unit 
energy interval. Exclusive of any meson contribution 
to Be’, production Eq. (7) holds exactly. For the pur- 
poses of this work, several simplifying steps may be 
taken. The approximate nature of Eqs. (2) and (3) 
allows the replacement of both integrals in Eqs. (7) by 
a product of the average production cross section and 
the total nucleon flux. The average Be’ production cross 
section by neutrons can be calculated from 


5.7 Bev 


(o.(E))n= f aE aE hae / 


5.7 Bev 
f J(E,A)dE. (8) 
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The expression for (o,(E)) is the same as Eq. (8) 
with the subscripts m replaced by p. For a numerical 
evaluation of Eq. (8), the curves in Fig. 7 are used for 
o,(E) and o,(£), and Eqs. (2) and (3) are used for 
J,(E,h) and J,(E,h). The change of the limits of 
integration in Eq. (8) introduces only small errors 
because of the rapid decrease of Eq. (3) and the curves 
in Fig. 7 for decreasing low energies and because of the 
rapid decrease of Eqs. (2) and (3) with increasing high 
energies. 

An examination of Figs. 2 and 3 shows that the 
neutron-to-proton flux ratio is approximately constant 
for most latitudes and altitudes. Also (on(E))w is 
almost equal to (op(E))w. Thus Eq. (7) may be simpli- 
fied to give 


D(h)=C((o)w)LN (A) +P(h)], (9) 


where (a) is the average of (0,(E))w and (on(E))w 
weighted by the neutron-to-proton ratio as given in 
Figs. 2 and 3. 

Substitution of the values of [N(h)+P(h)] from 
Fig. 4 and (o¢),=12.9 mb and C=2.59X10* atoms 
sec g! min“ in Eq. (9) gives the number of atoms of 
Be’ produced per minute per gram. Curves of D(h) as 


TasLe I. Neutron and proton flux ratios. 








Proton flux ratio 
Neutron flux ratio N(#)/N(O) N(#)/N(O) 
Geomag- 312 g/cm? depth 680 g/cm? depth 312 g/cm? depth 
netic lati- from (experi- from (experi- from (experi- 
tude, @ Fig. 3 mental) Fig.3 mental) Fig. 4 mental) 


1.1 1,7-1.9 Ld | 1.2 1.3 
47 1.4 3.2-3.6 1.4 2.4 1.4 1.8 
53 17 3.3-4.3 1.7 2.6 











atoms Be’ produced per minute per gram of air are 
given in Fig. 8 for various geomagnetic latitudes as a 
function of altitude. 


COMPARISON WITH EXPERIMENTAL DATA 


The main source of uncertainty in this work is the 
accuracy with which the curves in Fig. 4 represent the 
true nucleon flux for E240 Mev. One estimate of 
accuracy can be obtained by comparing the theoretical 
and experimental values of the neutron and proton 
flux ratio at a given altitude for two different latitudes. 
Table I gives for two atmospheric depths the ratio of 
the neutron flux at a latitude @ to that at the geo- 
magnetic equator as obtained from Fig. 2 and from 
experiment.2”7 One comparison of experimental work” 
with results of this work for protons is also included. 

It is immediately apparent that there is disagreement 
between the experimental and calculated ratios. A 
reason for part of the disagreement is that for the ex- 
perimental data which include neutrons of energy range 
1-30 Mev, equilibrium is not reached until an atmos- 
pheric depth of ~500 g/cm?” For the calculated 

27 J. Simpson et al., Phys. Rev. 90, 934 (1953) ; J. Simpson, Phys. 
Rev. 83, 1175 (1951). 
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Fic. 7. Excitation function for Be’ production from nitrogen. 


numbers, which represent neutrons of energy range 
40-500 Mev, equilibrium would be reached at a smaller 
depth and consequently the calculated ratios should be 
in better agreement with the experimental data at 680 
g/cm? depth than at 312 g/cm?. This is just what Table 
I indicates. It should also be kept in mind that the 
accuracy of the curves in Fig. 4 is probably lowest for 
the region between 250-500 g/cm? owing to the ex- 
ponential dependence used up to 250 g/cm? depth. The 
agreement between the calculated and observed lati- 
tude effect is as good as can be expected if allowance 
is made for the above reasons as well as for the approxi- 
mations made in the calculations. 

The experimentally observed star-production rate 
is more appropriate for an accuracy determination than 
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Fic. 8. Be’ production rate vs atmospheric depth. 
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TABLE ITI. Cosmic-ray star production rate. 








Star-production rate 


in 


All stars 
cm day 


Geomagnetic 
latitude 


Atmospheric 
depth g/cm* 


Stars due to C,N,O 
nuclei cm~* sec™! 


Nucleon flux from 
Fig. 4, particles 
cm~? sec"! 


Star production 


cross section mb Reference 





1030 45°N 0.6 
370 45°N 200 
218 45°N 800 
54°N 22 
54°N 1610 
54°N 2040 
54°N 2150 
54°N 2030 
54°N 2390 
28°N 425 
28°N 575 
1°S 12 
47°N 13.5 
47°N 


1.74X 10~* 
5.79 X10 
2.31 10-3 
6.36 10-* 
4.66X 107% 
5.90 10-3 
6.22X 107% 
5.87X 10-3 
6.91X10-* 
1.231073 
1.66X10- 
3.47X 10-5 
3.90X 10-5 
3.251073 
4.68 X 10-5 
4.22x10-* 
4.11X10-° 


5.1X 10 132 
0.110 204 
0.37 242 
0.0100 246 
0.91 196 
1.07 213 
1.12 215 
1.19 191 
1.30 206 
0.43 110 
0.30 214 
0.0120 112 
8.5X10-% 178 
0.47 268 
8.5X 10-3 213 
6.110 267 
8.2X10~ 194 


5.6710 1.8 120 


7.64X 10-6 


1.65 10-* 179 


2.36 10-3 0.52 176 


Average :194--54 mb 








the latitude effect. The amount of Be’ produced at any 
point in the atmosphere should be proportional to the 
star-production rate at that point with the proportion- 
ality constant remaining approximately the same 
throughout the atmosphere. One reason is that nuclear 
stars have been observed with neutron energies down 
to about 20 Mev which is close to the Be’ production 
threshold. Another reason is that the star-production 
cross section in nitrogen**-° and the average Be’ 
production cross section change slowly with variations 
in the nucleon energy spectrum. 

The star-production rate in film at different latitudes 
and altitudes as measured by several authors®!6.3!-%7 
is given in column 3 of Table II. The nuclear star data, 
used before for the upper 250 g/cm? of atmosphere at 
52°-56°N,'* is included in Table II only as a check on 
the absolute magnitude of the curves given in Fig. 4. 
It is included in the average given at the bottom of the 
table, but is excluded from the standard deviations, 
since it was used to determine the shape of part of the 
curves in Fig. 4. About 25% of the stars produced in 
film originate from light elements, C, N, and O, and 
there are 2.5810" C, N, and O atoms/cm* emul- 
sion.!*!6 The star-production rate due to light nuclei is 
given in column 4. The nucleon flux at the given alti- 
tude and latitude obtained from Fig. 4 is given in 
column 5, and the next column contains the star-pro- 


28 P. E. Hodgson, Phil. Mag. 44, 1113 (1953). 

* P. E. Hodgson, Phil. Mag. 45, 190 (1954). 

® W. Lock et al., Proc. Roy. Soc. (London) A230, 215 (1955). 
31H. Yagoda, Can. J. Phys. 34, 122 (1956). 

* H. Forster, Phys. Rev. 78, 247 (1950). 

% J. Harding, Phil. Mag. 42, 651 (1951). 

* N. Page, Proc. Phys. Soc. (London) A63, 250 (1950). 

%§ G, Bernardini ef al., Phys. Rev. 79, 952 (1950). 

36M. Addario and S. Tamburino, Phys. Rev. 76, 983 (1946). 
37 G. Beets ef al., Compt. rend. 229, 1227 (1949). 


duction cross section for light nuclei calculated from 
the previous factors. 

The average star-production cross section as ob- 
tained from Table II is 194+54 mb. The standard 
deviation, 28%, is quite satisfactory since it also in- 
cludes the error in the experimental star production rate 
determinations. A recent series of measurements*! 
indicates that the standard deviation from this latter 
source of error is at least 18%. The value of 28% should 
be accepted somewhat tentatively since the experi- 
mental data given in Table II are somewhat sketchy 
in terms of latitude coverage of the atmosphere. 

The star-production cross section for nitrogen is 
approximately known at several different energies**-® 
and varies from about 170 mb at 45-Mev proton 
energy to 200 mb at 950-Mev proton energy. The star- 
production rates given!**!-*7 in Table II are for stars 
with more than two prongs. All the stars observed at 
950 Mev,” and 84% of the stars at 45 Mev”® have more 
than two prongs. Thus, the average of 194-54 mb from 
Table II can be compared directly with the range 
170-200 mb from accelerator experiments, and the 
observed agreement is excellent. 

From the above considerations the conclusion can 
be drawn that, despite the approximate nature of the 
data given in Figs. 2 and 3, the total nucleon flux given 
in Fig. 4 agrees reasonably well with the available 
experimental data. When the errors in the Be’ produc- 
tion cross section are also included, the over-all error 
limits on the Be’-production rate as given in Fig. 8 are 
probably no greater than +50%. 


APPLICATION OF Be? PRODUCTION RATE TO 
THE ATMOSPHERE IN MOTION 


The previous production rate of Be’ as derived, is 
equal to the disintegration rate only for a stationary 





COSMIC-RAY PRODUCTION 


atmosphere with no washout. However, the earth’s 
atmosphere is constantly moving and being cleaned. A 
detailed account of the various processes and how they 
affect the local Be’ concentration is exceedingly com- 
plex. However, a general Be’ inventory of the atmos- 
phere which includes the rain-water data and the 
theoretical production rate given in Fig. 8 allows the 
calculation of certain atmospheric parameters as func- 
tions of others. Consider, for example, the Be’ mean 
removal times. In this paper, the mean removal time 
is defined as follows: If, in a given volume of air, the 
cosmic-ray production and radioactive decay of Be’ 
were to cease, the mean removal time is the time it takes 
for the initial Be’ concentration to decrease to 1/e of 
its original value. 

The Be’ inventory in the troposphere can be set up 
as follows: For the troposphere, which is the layer of 
air extending from sea level to the base of the strato- 
sphere, taken here to be at 35 000-ft elevation,** the 
following equation should hold: 


dN 7/dt= Prp+Rs—AN7— Rr. (10) 


For the stratosphere, which here includes all the 
atmosphere above the troposphere, the expression 
similar to Eq. (10) is 


dN s/dt= Ps—Rs— Ns. (11) 


dN/dt is the time rate of change of Be’ concentration, 
N is the Be’ concentration in atoms/cm’, P and R are 
the production and removal rates of Be’ in atoms/cm? 
min, and dX is the Be’ radioactive decay constant. The 
subscripts S and T refer to the stratosphere and tropo- 
sphere respectively. Since rain clouds rarely occur in the 
stratosphere, the main process, besides decay, by which 
Be’ can be removed from the stratosphere is by mixing 
with the troposphere. The stratosphere has a higher 
concentration of Be’ than the troposphere, so any 
mixing would decrease the stratosphere and increase 
the troposphere concentration. This is expressed by 
the plus and minus signs before Rs in Eqs. (10) and (11) 
respectively. Recently it has been shown that about four 
times as much radioactive dust is removed by rainfall 
as by direct settling.*® Since Be’ probably exists in very 
small particles, direct settling probably removes even 
less than 20% and can be neglected here. Rr can then 
be set equal to the rainfall removal rate of Be’ from the 
troposphere. 

In general the rates dN s/dt and dN7/dt will not be 
equal to zero. One reason is that the atmospheric Be’ 
concentration at ground level has been shown to change 
with the seasons.” Other contributing factors are 
changes in the low-energy cutoff and slow changes in the 
primary proton spectrum.!7-!* However, Eqs. (10) and 

38 National Advisory Committee for Aeronautics, Standard 
Atmosphere Tables and Data, Report No. 218, W. Diehl, October, 
1925, reprint, 1948. 

% N. G. Stewart et al., Atomic Energy Research Establishment 


Report, Harwell A.E.R.E. HP/R, 1701, June, 1955 (unpublished). 
# A. Cruikshank et al., Can. J. Chem. 34, 214 (1956). 


RATE 1129 
(11) will be limited in this work to the use and deriva- 
tion of values of the parameters averaged over one year. 
For this reason all cyclical annual changes can be 
ignored. Any noncyclical changes are small in com- 
parison to the approximations used previously. Con- 
sequently dN s/dt and dN 7/dt may be set equal to zero. 

The removal rate of Be’ from the troposphere, Rr, 
may be set equal to 


Rr=)Ar1N7z, (12) 


where Ar=1/tr is the reciprocal mean removal time 
from the troposphere. Equation (12) should be correct 
if precipitation is considered as a sweeping-out process, 
since the amount swept out should be proportional to 
the troposphere concentration. The same relationship 
will be used for the removal rate from the stratosphere, 
although the removal processes are not as well known. 
As in Eq. (12) an effective mean removal rate for the 
stratosphere, Rs, will be then given by 


Rs=Nss/ts. (13) 


Ps and Pr are found by graphically integrating the 
curves in Fig. 8 over a geomagnetic hemisphere of the 
earth’s surface (the two hemispheres should be equal). 
The curve in Fig. 8 for 59° is used for all latitudes be- 
tween 59° and the geomagnetic north pole. The use of 
35.000 ft as the tropopause elevation gives Pr=1.3 
atoms/cm? min and Ps=5.0 atoms/cm? min. 

The average annual removal rate of Be’ is calculated 
from the experimental Be’ concentration in rainwater 
and the total annual rainfall for a given location. The 
average annual removal rates for Chicago, Illinois* 
and Bombay, India“ turn out to be 0.94 atom/cm? 
min and 0.84 atom/cm? min respectively. The extra- 
polation will be made here that the average of these two 
values, 0.89 atom/cm? min, represents the world-wide 
average annual removal rate. Some support is given this 
extrapolation by the fact that the above two rates are 
so similar for such dissimilar geographies. Also there is 
recent evidence that the precipitation rates of lingering 
airborne nuclear test debris are relatively uniform over 
the earth’s surface.” 

Substitution of Eq. (13) into Eqs. (11) and (10) and 
the setting of dN s/dt and dN 7/dt equal to zero gives, 
along with Eq. (12), three equations with four un- 
knowns. The solution of ¢s in terms of tr yields the 
equation 





(14) 


Ps 1 
is=( -1),. 
Rrtr\—Pr+Rr d 


The Be’ half-life is taken as 53.0 days.® A curve for 
ts versus tr calculated from Eq. (14) is given in Fig. 9. 
Since the elevation of the base of the stratosphere 
varies from about 59000 ft at the equator to about 


4 P. Goel et al., Nuclear Phys. 1, 196 (1956). 

#W. F. Libby, Science 123, 657 (1956). 

4 J. Hollander e¢ al., Table of Isotopes, University of California 
Radiation Laboratory Report UCRL-1928, 1952 (unpublished). 
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Fic. 9. Stratosphere vs troposphere mean removal 
times for various tropopause elevations. 


22 000 ft at the poles,“ 35 000 ft may not be a good 
average tropopause elevation. Consequently, Eq. (14) 
was solved for two other assumed average tropopause 
elevations: 30 500 ft (300 g/cm?) and 40 000 ft (192 
g/cm?), and these curves are also presented in Fig. 9. 
These curves in Fig. 9 are based on many approxi- 
mations and extrapolations and consequently should 
be taken to give only the roughest estimation of the 
two mean removal times. In spite of these approxima- 
tions, it is felt that the circled point lies outside the 
error limits of the curves. This point represents the 
stratosphere and troposphere mean removal times 
estimated by Arnold and Al Salih.* There are several 
ways to lower the curves to include the circled point 
within the error limits. These ways consist of decreasing 
the geomagnetic cut-off latitude, a lowering the theoreti- 
cal production rate by 50%, or doubling the mean re- 
moval rate by precipitation. Any one of these changes 
would lower the curves sufficiently. However, the 
change in the cutoff latitude necessary to produce agree- 
ment is quite extreme.” Also a 50% decrease in the 
theoretical production rate would destroy the good 
agreement between the star production cross section in 
air derived from the flux curves and that derived from 
accelerator experiments. It is quite possible, though, 
that the average Be’ removal rate is greater than the 


“G,. F. Taylor, Elementary Meteorology (Prentice-Hall, Inc., 
New York, 1954), pp. 68-69. 
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value used here. The decision as to what the correct 
value for Rr is will have to await more experimental 
data from different parts of the earth. 

Upon consideration of the above possible changes and 
errors in the various parameters making up the curves 
in Fig. 9, it seems to the author that the best way to 
resolve the discrepancy is to assume that the annual 
average removal rate obtained from the rain-water 
data is approximately correct and that the error lies in 
the estimated mean removal times of Be’ from the 
stratosphere and troposphere. An increase in these 
times will not only raise the circled point in Fig. 9 but 
will raise the previously estimated* 2.1 atoms/cm? min 
average total production rate of Be’ closer to the 6.3 
atoms/cm? min obtained by integrating the curves in 
Fig. 8. In fact, recent work reported by Libby® indicates 
that the mean removal time may be as large as a few 
weeks for the troposphere and ten years for the strato- 
sphere. Stewart ef al.*® give a troposphere mean re- 
moval time of 32 days and indicate a very long strato- 
sphere mean removal time. These more recent estimates 
of the mean removal times appear to be more in agree- 
ment with the work presented in this paper than are the 
earlier ones. 

Perhaps the easiest way to determine the troposphere 
mean removal time would be to measure experimentally 
the average troposphere concentration of Be’. With this 
result and the experimental value of Rr, Eq. (12) allows 
the direct calculation of a troposphere mean removal 
time. 

The curves shown in Figs. 4, 8, and 9, and Eqs. (12) 
and (14) show the results of the theoretical calculations 
and how they may be applied to obtain parameters of 
atmospheric motion. It is hoped that a more exact 
theory for the intensity and energy of nucleons pro- 
duced in the atmosphere as a function of depth for 
Enucieon<500 Mev will appear soon, as the data 
appearing in Figs. 4 and 8 can then be made more 
accurate. This, coupled with additional rain-water data 
for different areas on the earth, would allow a more 
accurate and detailed use of Eqs. (10)-(14). 


Note added in proof.—The author’s attention has been called 
to the fact that B. Peters [Proc. Indian Acad. Sci. 4, 67 (1955) ] 
has calculated the atmospheric Be” production rate by cosmic 
rays. His result of 3-6 atoms Be” produced/cm? min agrees 
satisfactorily with the Be’ production rate of 6.3 atoms/cm* min 
calculated in this report provided the Be” and Be’ production 
cross sections are comparable. 
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Dispersion relations for a class of Hamiltonian operators describing meson theories with a fixed, extended 
source are derived for meson-nucleon scattering. It is assumed that each meson field operator is coupled to 
its own source, and a restriction is imposed on the maximum number of temporal or spatial derivatives of 
the field operator that can occur in any one term. On the other hand, the interaction need not be linear in 
the meson field. With these assumptions, nonrelativistic versions of all proposed relativistic dispersion 
relations are derived rigorously. In particular, the P-wave equations of Chew and Low are obtained, as 


well as a set of equations for the S waves. 





I. INTRODUCTION 


UCH attention has been devoted recently to the 

study of relativistic dispersion relations for 
boson-fermion scattering.’ The main interest of these 
investigations has been to obtain exact consequences of 
the most general postulates of local field theory without 
the necessity of having to make laborious calculations. 
Some of these relations have already proved their 
utility.? On the other hand, the study of meson theories 
which treat the nucleon as a fixed, extended source has 
afforded considerable insight into the domain of low- 
energy pion phenomena, especially the P-wave effects.’ 
However, the further investigations of this type of 
theory have tended more and more to emphasize the 
dispersion-theoretic nature of the original results.‘ 
More recently, Oehme! has essentially demonstrated 
that Low’s P-wave equations can be derived as an 
approximate consequence of the relativistic relations 
and has proposed equations satisfied by the S waves in 
addition. 

Several aspects remain to be clarified. On the one 
hand, though considerable progress has been achieved 
toward this end, rigorous proofs of all the relativistic 
dispersion relations have yet to be furnished. Secondly, 
the equations derived from the fixed source theories 
contain the source functions in a characteristic way. 
The fixed source limit of the relativistic relations, 
perforce, contain no such reference, and in large 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command. 


1 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 
(1955) ; R. Oehme, Phys. Rev. 100, 1503 (i955); 102, 1174 (1956); 
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measure may therefore be said to be devoid of content. 

Let us examine the basis of the last allegation. The 
direct nonrelativistic limit of a local field theory is a 
point fixed-source theory. The latter is in general not 
renormalizable in the conventional sense, even if its 
relativistic counterpart was, the examples of quantum 
electrodynamics and pseudoscalar meson theory coming 
immediately to mind. (On the other hand, a scalar 
theory with direct, linear coupling forms an obvious 
example of the contrary situation, where both the 
relativistic theory and its nonrelativistic limit can be 
renormalized.) It is now well to recall that a given 
relativistic dispersion relation refers to a definite class 
of Hamiltonians, the latter being restricted in two 
essential ways: we must specify the local or nonlocal 
character of the operators of the theory, and we must 
restrict the behavior of matrix elements at high energies. 
It would seem to be clear that if the nonrelativistic 
limit of this class of theories acquires meaning only 
after we spread out the fixed source, then the only 
appropriate nonrelativistic limits of the relativistic dis- 
persion relations are those which are derived from the 
start to embody the contents of these extended-source 
models. 

The reader may argue, with some justification, that 
this is quibbling. Nevertheless this is exactly the task 
which we have set for ourselves in this paper—for 
several reasons. We obtain thereby a rapid survey of 
the analogs of all the relativistic relations derived or 
proposed. Moreover, for the class of Hamiltonians which 
we shall define, which includes really all those con- 
sidered previously in the description of low-energy pion 
phenomena, the proof of the relations will be complete 
and elementary. 

Our theory will cover a class of extended source 
Hamiltonians, in general nonlinear in the meson field 
variables. The two underlying assumptions of the 
treatment will then be as follows: each meson field 
operator shall be coupled to its own source function, 
which shall be the same function wherever it occurs, 
ie., each emission or absorption process involving a 
meson has the same high-momentum cutoff. Again, the 
interaction terms in the Hamiltonian shall contain 
derivatives (spatial or temporal) of the meson field 
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operators only to such an order as to validate the 
assumptions made about the behavior of matrix ele- 
ments at high energies. For example, in Sec. II, in 
which are derived dispersion relations for forward 
scattering of neutral mesons, the assumptions about 
high-energy behavior made there are certainly applic- 
able to the interaction 


=> s.( f n(|x] (xe) (1) 


n=l 


for scalar mesons and to the interaction 


Hi=doo- f (|x|) vox) 


+n/ f n(ixecnes), (2) 


for pseudoscalar mesons. In Secs. III and IV, which 
treat forward and nonforward scattering, respectively, 
for symmetric pseudoscalar mesons, we have in mind 
the Hamiltonian 


f 
H,=-7,@- | p(|x|)¥oi(x)d* 
Mu f° E 


+o f p(ix|)ee) ve forxp 


X $(x)dxX f o(|x|)x(x)dx. (3) 


In all these cases the source functions are taken to 
be spherically symmetric, restricting the theory to S 
and P waves only, realistically all that can be expected 
from a nonrelativistic treatment. 


fl. NEUTRAL MESONS, FORWARD SCATTERING 


The developments in this work will be based com- 
pletely on the form of scattering theory proposed by 
Low.’ For our purposes, the equation may be stated in 
the following form: we suppose the Hamiltonian to be 
given, in particular its interaction part H,. Let a(k), 
at(k) be free-particle annihilation and creation opera- 
tors for a meson of momentum k (isotopic indices 
suppressed, where necessary). We define the quantities 
(w=w’) 


Vi(k)=o![H,,at(k)], (4) 
U(k’,k) = (w’)'La(k’),V1(k)], (5) 


where, as usual, w= (k?+-y*)! is the meson energy. If we 
write the S matrix for meson-nucleon scattering in the 
form 


(k’| S| k)=5(k—k’) — 2716 (w'—w)w"T(w,9), (6) 
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then the T matrix, considered as a function of the two 
independent variables meson energy and direction of 
the momentum transfer q, q=k’—k, and as an operator 
with respect to nucleon spin and/or isotopic spin 
variables, satisfies the equation 


V(k’)|n)(n| Vk 
Tog) = Ute) +E] Ol 
n wtin— Ep 
V1(k) | n) (| V(k’) 
niet e, | 








where the summation is over a complete set of states 
of the full Hamiltonian, H, whose eigenvalues are E,. 
The addition of a small positive imaginary part in to 
the meson energy in the denominator of the second 
term in the bracket, of no consequence when w is in 
the physical region w> , is essential to the considera- 
tions that follow. 

We consider Eq. (7) first with the twin specialization 
to neutral mesons and to scattering in the forward 
direction, q=0. For the sake of definiteness we shall 
study the problem for scalar mesons. The modification 
of the argument to include pseudoscalar mesons will be 
indicated appropriately. For the class of Hamiltonians 
under discussion then, those given by Eq. (1), the 
dependence of the right-hand side of Eq. (7) for 
example, on the meson-energy— its only dependence for 
forward scattering—is quite trivial. Besides the explicit 
dependence in the energy denominators, we have 


V (k),V'(k) « p(|k|), (8) 
U(k,k) <[p(|k|) P=0(o), (9) 


where p(|k|) is the Fourier transform of the spherically 
symmetric source function, 


p(|kI)= f exp(—ite-x)o( |x), (10) 


Aside from the proportionality to the source function, 
the quantities in Eqs. (8) and (9) are independent of 
w or |k|.5 

With these preliminary remarks, we revert to the 
now standard procedure of studying the forward scat- 
tering amplitude, T(w), as the limiting form of a 
function of a complex variable T(z) as z approaches the 
real axis from above. It is indeed convenient to consider 
the function T(z)/v(z), about which we may assert 
the following, on the basis of Eqs. (7), (8), and (9): 

(i) T(z)/v(z) is an analytic function of z in the upper 
half-plane. At infinity, it is assumed to have at most 
a pole of the first order. The last statement constitutes 
essentially a restriction on the class of Hamiltonians to 

5 This statement applies only to the Hamiltonian of Eq. (1). 
For this case the quantity T(z)/v(z) considered below is constant 


at infinity. We allow for a pole of the first order, nevertheless, in 
order to take care of Hamiltonians like those of Eqs. (2) and (3). 
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which the dispersion relations, in the form to be de- 
rived, apply. It is satisfied by all the Hamiltonians 
exhibited in the introduction. 

(ii) The behavior on the real axis is determined by the 
spectrum of H. We assume simply that there is a one- 
nucleon state with Z,=0 and that the spectrum is 
otherwise a continuum stretching from Z,=y upwards. 
Thus T(w) has branch lines from w=y to w= © and 
from w= —yu to w= — ©. In general there will also be a 
pole at the origin, though in the neutral case the residue 
at the pole is easily seen to vanish (in the forward 
direction). 

(ii) If we understand by Tt(w) the limit as 7-0 of 
T(w—in), then it follows that 


T'(w) = T* (w) = T(—w). 
For the real and imaginary parts of T(w), 
T (w) = D(w)+iA (w), 
Eq. (11) asserts that 
D(—w)=D\(w), (13) 
A(—w)=—A(w). (14) 


In applying these relations below, we shall presume 
v(w) to be continued to negative w as an even function. 
The consequences of properties (i)—(iii) are most 
simply deduced with the aid of Cauchy’s theorem. As 
applied to the contour of Fig. 1, we can assert that 


(11) 


(12) 





(15) 


i Teds 
Se aptaoeen 


To exhibit the content of Eq. (15) in the conventional 
form, we introduce the scattering amplitude /(w), 


f(w)=—4PT(o), 

in terms of which the optical theorem can be stated as 
Im f(w)=(k/4r)o(w), w>y; 

=0, 


(16) 


(17) 


By means of Eqs. (13), (14), and (17) it is then easily 
established that the real part of the integral, Eq. (15), 
is equivalent to the dispersion relation 


w RP Pe? w'dw'a(w’) 
er Miia pt ll 
taped caesasen 


where we have set v(u)=1 and used the fact that f(x) 
is real. For other than the trivial neutral scalar theory 
with coupling linear in the meson field, it is not correct 
to set v(w)=1. 


w<p. 


(18) 


III. SYMMETRICAL PSEUDOSCALAR MESONS, 
FORWARD SCATTERING 


The only additional complication in the present 
instance over that of the previous section is the necessity 





-w # pe 


Fic. 1. Contour for Eq. (15). 


of having to deal with the isotopic indices. We assign 
index i to momentum k, index j to momentum k’, and 
write the transition amplitude for forward scattering 
as a sum of two parts, 


Tj(w)=T js (@) +75. (@), (19) 


where 
73 (w) = Ti (@) =3[T i) +7 i5(@) J 
=5,,T® (a) 
=6;.1$7s(w)+$7i(o)], 
T js (w) = — Ti; (@) = 3LT ji(w)—Tii(@) J 
=1€; 17:7 ® (w) 
=tejuTiL—$73(w) +3Ni()]. (21) 


The last forms of Eqs. (20) and (21) follow from the 
familiar decomposition of T;;(w) by means of projection 
operators: 


(20) 


T ;:(w) = T3(w) Pji(3) +T1(@) P;,(1), 
P5i(3) = $[26;:—tejur1], 
P5i(1) = $6 js +ieju71). 


(22) 
(23) 
(24) 


If T:(w) are the corresponding amplitudes for positive 
and negative mesons respectively, then since 


Ts = T3, 


T_= 4 T3+ 27, 
it follows that 


T® (w) =3[T+(w) +T_() J, 
T®) (w) =4[T_(w) — Ts (w) ]. 


(27) 
(28) 


About the functions 7.) (z)/v(z) we can now assert 
the following. 

(i) They are analytic in the upper half-plane and 
blow up at infinity at worst like z itself. 

(ii) They possess branch lines for |w| >u. T(z) has 
a pole at the origin, with the residue determined by the 
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value at k=iyu of the quantity 


Lv % CV s(k) | o'r’) (o’r"| Vst(k)— Vit (k) | o'r’) 


o’ 7! = 


X (o'’r'| Vi(k)] 


1 
= joo) (2) Ce-krse-kr.—e-kr kr, 
(2x)* rm 


-—4)( LY wiesary (29) 


(2x)* rm 


the value of which serves to define the renormalized 
coupling constant f. 
(iii) From the symmetry condition 


T 9) =T 4 (—w), (30) 
it follows that 
TO2*(y)=+T% (—w), (31) 
and for the corresponding real and imaginary parts, 
D2) ()=+D"2)(—w), (32) 
AQ () =F AO? (—w), (33) 


By the application of Cauchy’s theorem, 


i T“) (z)dz . 
r $, o(2)(s—»)(P#—at) 
63 

with the same contour as in Fig. 1, indented at the 
origin, in addition. Introducing the amplitudes /,(w), 
defined in analogy with Eq. (16), each of which satisfies 
its separate optical theorem, and connecting these with 
the quantities 7.) (w) by means of Eqs. (27) and (28), 
we can then conclude that the real parts of Eqs. (34) 
are tantamount to the dispersion relations 


(34) 





1 
—Re 


1 
Lele) +f) I-Lied +4-0)]} 
2 v(w) 


dus! 


Rp I 1 1 
a | ’v(c") 2 os tate of—+ | 
(35) 


1 1 w 
5 Re| Lala) f-la)]-EPoo)~ 4-0] 


Pr? dw’ 1 
= ve i w) aie (w) —o_(w) ] 


k’ 
sa P\B 
x|——- }+2(—)— 
w’—w w'+w 4 pw 


By forming sums and differences of these relations, we 


(36) 
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obtain our final form 


na (147) nn—(15") 1-09 


v(w) 


2 1B 


4r ww 


-—f des’ ea 
4’ J, Weld alma. +e 


These equations may properly be considered the non- 
relativistic, extended-source limit of the relativistic 
dispersion relations proposed by Goldberger, Miyazawa, 
and Oehme,! and a corresponding generalization of the 
sum rules derived by Chew and Low.’ 

We turn therefore to the main goal of this work, to 
show that by a slight extension of the same techniques, 
as used above, we can derive all the equations of the 
Chew-Low theory, as well as a set of equations for 
S waves. 





IV. SYMMETRY PSEUDOSCALAR THEORY, 
NONFORWARD SCATTERING 


We turn to the study of the full transition amplitude 
T;;(w,g) as a function of w for fixed g. It is again con- 
venient to introduce the quantities 7" (w,9), i=1, 2, 
by means of equations which are the analogs of Eqs. 
(19) through (28). Here these amplitudes are still 
operators in the nucleon spin, of the form (cosd=k’ - k) 


T (w,9) =a“ (w, cosd)+i8 (w, cosd)o- (kk). (38) 


The following enumeration of properties then pertains 
to the functions a* (2,0)/v(z), B° (2,0) /v(z). 

(i) They are analytic functions of z in the upper 
half-plane and increase at infinity no faster than z. 

(ii) Besides the branch lines common to all the 
functions, a® and 8 have poles at the origin, with 
residues extracted from the value at k=iu of the com- 
bination 


X [Vs(k’)|o’r!)(o'r!| Vit(k) 
—Vit(k) |o’r’) (o’r"| Vi(k)] 


1 fy? 
= rw - jie: k’ k iejutik’ +k . 39 
<7 ( (=) [8;o- (k’Xk)+ J. (39) 


The extrapolation of k and k’ into the imaginary 
domain is understood to be made in such a way as to 
keep the angle between them fixed. We thus have 


Gv: (k’ Xk) | k=ip— O° fu sind, 


(40) 
k’-k| ,-u= —w cosé. 
where f# is the unit normal to the plane of scattering. 
(iii) The invariance of the transition matrix under 
the spatial inversion of the coordinate system, here 
represented by the transformation k->—k, k’—>—k’ 
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implies that 
(41) 


T js(w, — 9) =T j:(w,9). 
(iv) We have consequently 
Tj: (w,9) = Tji(—«, 9). (42) 
By means of the defining equations 
a (0) = D™ (w,0)+iA “ (w,6), 


B (9,0) =S (0,6) +41 (w,8), 


(43) 
(44) 


Eq. (42) can readily be shown to be equivalent to the 


conditions 
D®® (w,0)=+ D4") (—a, 6), 


A 2) (0) =F A“) (—a, 8), 
S42) (w0) = FS?) (—a, 6), 
T°?) (w0)= +14) (—a, 8). 


(45) 
(46) 
(47) 
(48) 


Conditions (i)—(iv) permit us to write four contour 
integrals of the form of Eq. (34) and to express the real 
part of these relations in a form containing reference 
only to the physical region of w values. With the 
definitions 

a (w, cosd) = — 42? f\ (w, cosé), 


*g” (@, cos), 


(49) 


B™ (w, cosé) = — (50) 


these may be combined in pairs to yield the relations 


Re fi, cos) -( 


Gir 1+") 400-3(1") 09 


Mu 





w’—w w’+w 


ke? fF du.’ jim fi(’, cosé) Im feo’, | 
- P ko(w!)L 


f\1r 
+2(=—)—— cose, (51) 
dr]? w 
~ gi(w,cosd) Rk pe? dw’ jim £+(w’, cos8) 
e ———_ = — 
v(w) ry R0(")L 
Im gx (w’, cos6) 
eh 
w’ +w 





w’—w 

2f? PB 
mal (52) 
4 pw 

Of these relations, Eq. (51) reduces for @=0 to Eq. 
(36) of the previous section. On the other hand, 
Eq. (52) for the spin-flip amplitudes is new. 

In contrast to the corresponding relativistic relations,' 
the equations we have derived lend themselves readily 
to a partial-wave decomposition, as a consequence of 
the simplified physical model we have employed. The 
remainder of this paper will be devoted to the extraction 
of the equations satisfied by the partial waves in the 
elastic or one-meson approximation. The extension to 
inelastic processes as well as the derivation of effective 
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range relations will be the content of the second paper 
of this series. 

In what follows, we shall limit our considerations to 
S and P waves only, which realistically are all our theory 
purports to describe. With the assumption of the elastic 
approximation, the amplitudes introduced in Eqs. (49) 
and (50) permit the following partial wave decomposi- 
tion for a state of definite isotopic spin, that part of the 
designation being temporarily suppressed, 


1 
fla, m= > CU+1) exp(t544) sind; 
l 


+1 exp(i5144) sind:4 |Pi(cosé), (53) 


1 
g(w, cos6) or DLexp(i5i44) sind; 
l 


—exp (6:4) sind: ]P;/(cosd), (54) 
where prime indicates a derivative. The S-wave equa- 
tions follow from Eq. (51), when one remembers the 
connection between amplitudes for a definite charge 
and those of a definite isotopic spin, Eqs. (25) and 
(26). In terms of the scattering lengths at zero energy, 


sind), 3 
a, s=lim( ), 
b-0 k 


and the quantities (subscripts on the phase shifts 
referring in the standard way to isotopic spin) 


(55) 


(56) 
(57) 


Ai(w) = exp(i5:(w)) sind: (w), 
Ao(w) = exp(i53(w)) sinds(w), 


we may finally arrive at the equations (for a=1, 2) 


1 w 1 w 
sdf 4c") a 
2 Mm 2 p/ B 
Rims Gm Asai) 
wr 4, R80 (co) Loo! — (w+in) 
Bas|Ag(w')|? 
8 w'+(w+in) 





(58) 


where the coupling matrix Bag is 


1y—1 4 
Bus=-( ). 
ae ae 
Equations (58) were achieved as follows: The imaginary 
parts of these equations are identities, as may be shown 
by using the “crossing” symmetry contained in Eqs. 
(45)-(48). The real part of the equation for a=1 
follows directly from that for f,(w, cos@), whereas the 
real part of the equation for a= 2 is a linear combination 
of the equations for f, and f_. 


(59) 
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A similar procedure may be followed to obtain the 
P-wave equations which emerge from the coefficients of 
cos@ in Eq. (51) and the coefficients of unity in Eq. (52). 
We thus obtain four real equations which may be 
enlarged to four complex equations, whose imaginary 
parts are identities. By suitable linear combination, 
coupled with the observation that (with the conven- 
tional notation for P waves) 6;;=43:, we find Low’s 
equations’ written in terms of the quantities 


(60) 
(61) 
(62) 


hy=e*u sind, 
ho= e*18 sind;3;= e%31 sinds), 


hs = ets sind33, 


as 


ki RB a 
ha(w) =Aa—0(w) +—v «) f 
w tg a 


du)’ 
k’8y(w’) 





| ha(w’) |? 
xX 
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where 


(65) 


It is not surprising that the procedure we have 
described terminates by yielding a set of renormalized 
equations for the partial waves, and that any reference 
to the original Hamiltonian has disappeared. Indeed, 
we have required of the Hamiltonian only the trans- 
formation properties of the meson field, a high-momen- 
tum cutoff (the same one) for every meson interaction, 
and a limitation on the extent to which derivatives of 
the meson field can occur in the Hamiltonian. 


A ap|hg(w’) |? 
a|hs(w’)| | (63) 


w’—(wt+in) 8 w’+(wtin) 
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Dispersion Relations for Fixed-Source Meson Theories: Effective-Range Relations* 
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Dispersion relations for boson-fermion scattering have been shown to yield, in the static limit, coupled 
integral equations for the scattering amplitudes of a definite orbital angular momentum. The present 
investigation is devoted to the search for the “solutions” of these equations, or more accurately, to the 
problem of obtaining essentially real integral equations for the reciprocals of the scattering amplitudes, 
since such equations would form the basis for effective range approximations. The mathematical problem 
is that of determining an analytic continuation of the scattering amplitudes which has no zeros in the 
complex plane. It is shown that for all cases considered in I, an analytic continuation can be defined, either 
for the scattering amplitude in a definite channel, or for a simple linear combination of these, which has the 
basic properties of Wigner’s R functions, and which upon inversion yields the required equations. The 
inverse will, however, contain as many arbitrary constants (or in some instances functions) as there are 
zeros in the original amplitudes, as has been pointed out previously for simpler examples. It is shown that 
the procedures apply, without essential change, to the case that inelastic processes are permitted. No 
attempt is made in this paper to apply the resultant formulas to experiment. 


I. INTRODUCTION angular momentum states considered. The present 


N the first paper of this series', dispersion relations P@P€t will be concerned wholly with the equations 


for the process of meson-nucleon scattering were 
derived for a wide class of fixed-source Hamiltonians, 
including the model of symmetric pseudoscalar theory 
which describes both S and P wave scattering. The 
purpose of that work was to provide a panoramic view 
of the nonrelativistic analogs of all proposed relativistic 
dispersion relations, as well as to obtain equations 
satisfied by the scattering amplitudes for the individual 
* This research was supported by the United States Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. 


1A. Klein, Phys. Rev. 104, 1131 (1956), preceding paper ; here- 
after referred to as I. 


satisfied by the partial waves, our aim being to obtain 
the “solutions” of these equations. 

More specifically, we shall concern ourselves with the 
following problem. The scattering amplitudes as 
functions of the meson energy satisfy equations which 
exhibit these quantities as the limiting forms of analytic 
functions as the (complex) meson energy approaches 
the real axis from above. In the case of the P-wave 
equations, Chew and Low? have studied the problem 
of obtaining the equations satisfied by the reciprocals 


2G. F. Chew and F. E. Low, Phys. Rev. 101, 453 (1956), 
referred to as CL. 
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of the scattering amplitudes. The reason for this is 
that the real part of any one of these latter functions is 
the cotangent of the corresponding phase shift, the 
forms obtained by these authors for the inverse ampli- 
tudes then suggesting the applicability of the concept 
of effective-range approximation, so familiar in the low- 
energy two-nucleon problem.’ It has been pointed out,‘ 
however, that the justification provided by CL for 
their expressions is incomplete. It is to this and similar 
questions that we direct our attention. We shall largely 
emphasize the mathematical aspects of the investiga- 
tion, deferring possible application of the results to 
future studies. 

The mathematical problem may be simply stated 
as follows. Given a class of functions (the scattering 
amplitudes) analytic except along portions of the real 
axis, do these functions possess inverses with the same 
general properties? In general, this will be the case if 
the possible zeros of the original function are also con- 
fined to the real axis. Such a function has been termed 
a generalized R function by CDD.' The main result 
of this paper is that the question posed above can be 
answered in the affirmative for the scattering amplitudes 
or a suitable linear combination of them for every 
theory studied in I. In the event that the amplitudes 
have actually to be linearly combined to effect the 
result, one does not then obtain effective range expan- 
sions of standard type. Whether the inverse relations 
then constitute simpler bases for the analysis of data 
has to be examined on the merits of the individual 
instance. 

This work generalizes that of previous authors in 
several respects. First of all, it is not confined to the 
elastic or one-meson approximation, but applies to the 
exact scattering amplitudes. Secondly, the method of 
achieving the result employs a technique of analytic 
continuation for the S-wave equations into the complex 
plane which differs (albeit slightly) from that which 
proves adequate for the P-wave equations or for the 
examples treated by CDD. 

This paper then treats, in accordance with the 
program of I, two examples of S-wave equations, in 
addition to the P-wave equations of CL. In Sec. II we 
study the S-wave scattering of neutral mesons, in Sec. 
III the S-wave equations for symmetric pseudoscalar 
theory, and in Sec. IV the P-wave equations of the 
same theory. To simplify the discussion in each case, 


3See, for example, R. G. Sachs, Nuclear Theory (Addison- 
Wesley Press, Cambridge, 1953), Chap. IV. 

4 Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956), 
referred to as CDD. 

5 More accurately an R function, as defined by E. P. Wigner, 
Ann. Math. 59, 418 (1954), is a meromorphic function whose 
imaginary part is non-negative in the upper half-plane, non- 
positive in the lower half-plane. It then follows that there are, in 
fact, no zeros, except possibly on the real axis. We shall refer to 
such a function as a meromorphic R function, as opposed to the 
concept of generalized R function, considered by CDD and in 
this paper, which will be multiple valued. We shall not bother to 
distinguish between an R function and its negative. 
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the analysis is made with the presumption that the 
scattering amplitudes indeed have no zeros on the 
real axis. (We prove, of course, that their analytic con- 
tinuations have no zeros in the complex plane.) The 
required modification of the analysis when zeros are 
permitted is indicated for the neutral scalar case in the 
appendix. 


II. NEUTRAL SCALAR MESONS—S WAVES 


Our starting point here is a form of the dispersion 
relation Eq. (18) of I, 


dey'2w' Im f(w’) 
v(w")R/L (co? (win)? ] 
(1) 


where the notation is as there defined. We view Eq. (1) 
as pertaining to S waves only. Let 


A(w)=kf(w), (2) 
b(w) = f(u)kv(w), (3) 
kIm f(w)=>,| A,(w) |?. (4) 


Here A(w)=e* sind in the elastic approximation, and 
Eq. (4) is the expression of the unitary condition on 
the S matrix. Thus » refers to the complete set of 
quantum numbers other than energy required to specify 
the various inelastic channels accessible when a neutral 
meson of energy w is incident upon the fixed nucleon. 
We suppose v=0 to refer to the elastic channel, and 
write Ao(w) =A(w). With the further definition 


d,(w) = A,(w)/b(w), 





k2 ) 
f(w) = f(u)v(w)-+— 9(w) f 


Eq. (1) becomes 


(6) 





Hp ds!2u!b()Ey|dp(w") | 
d(w)=1+— ‘ 
adie r J Rw’? — (win)? ] 


As represented in Eq. (6), d(w) is the limiting form 
of a unique analytic function d(z) as z-w+0. It is 
also, and we shall make use of this greater flexibility, 
the limiting forms of any number of functions D(z,w) 
as 2—w. We shall choose D(zw) to be a generalized 
R function, the point being that d(z) itself is not such 
a function.® Let us take 


D (2,0) = 1+— aa ee 


1a 
1 1 


x| —-| (7) 
w’—z w'+2 


Supposing w not to vanish, the function defined in Eq. 
(7) then has the following properties: 


zk? f dus'b(w’) 


(a) It is an analytic function in the cut z plane with 


®It can be shown that in general, that is, for sufficiently large 
coupling constants, d(z) will have zeros on the imaginary axis. 
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with branch lines from 4 to © and from —y to —~. 
(6) D(Ow)=1. (8) 
(c) Lim D(2,w) = 1. (9) 
(d) For every z in the cut plane, 
D(—z, —w)= Dzw), (10) 
and for real values of z=x+1y, 
D*(—x, —w) = D(x). (11) 


(ec) Im D(z) suffers a discontinuity in crossing the 
real axis as expressed by the equations 


D(x,w) — D*(xw) 


x>uy, (12a) 


x 
o ae —b(x)>,|d,(x) | ., 


=0, |«| <z, (12b) 


2 


x 
= — —b( 


k2 Ww 


—1) Y|d(—2)|?, (12c) 


<—s,. 


(f) D(zw) has no zeros for complex z. This follows 
from the consideration of 
Ry p® dw'w'b(w’) 
Im D(s0)-— f — 
Tw Sy k”? 


1 
*| 
[f—aP ota 


where A(z) has a definite sign which is determined by 
the sign of b(w’). D(z,w) is thus a generalized R function. 

(g) In what follows we shall presume that D(x,w) is 
also nonvanishing. The modification of the results 
should this not be the case ‘s considered in the appendix. 

We turn to the consideration of the inverse function 
D(s,w), which has in common with D(z,w) itself 
properties (a)—(d) listed above. In addition its imagi- 
nary part has the following discontinuities in crossing 
the branch lines: 


D* (x) — D(x) 
Dna b( oe olas(e) |" x> (14a) 
k? w | D(x,0) |?” 
=0, |x| <u, 
—2ix AP >>| d,(—x) |? 


as Sia ind Oi etn Es x<—y, 
hk? w | D(—x, —w) |? 


D> d,(w’) |? 





|- yA(s), (13) 


(14b) 
(14c) 


in consequence of Eqs. (12), Eq. (11) having also been 
invoked to obtain (14c). 

D(z) is now completely determined, as follows 
from Cauchy’s theorem. If z is any point within the 
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contour of Fig. 1, we have 
1 dz’ 1 1 
2ri Jc D(z'w)2"(2'—2) D(2,0)2 4 

2 da! r 1 1 

w’ (w’—2z)LD(w’,w) = D* (ww) 
a eg 1 
-=—|, as 

LD(w’,w) D*(w’w) 








1 00 


2rid_, w’(w’—2z) 








in which the last form of the integral is its limiting 
value as the semicircles recede to infinity and as the 
remainder of the contour, which is then the only non- 
vanishing part of the integral, wraps itself about the 
branch lines. Inserting Eq. (14) and converting the last 
integral in Eq. (15) to one along the positive real axis, 
we obtain the result 


1 2 a) 


fi i me 


—b(w')>-,| d,(w’) |? 
DG) ad, Pe (o’) >| d,(w’) | 


| D(w’ ’ —w)|? (w'+2)] 





1 
x| + 
| D(w’,w) |?(w’—2z) 
Since 


1 
Re = f(u)kv(w) coté(w), (17) 
(ww 
we may summarize the results of this section in two 
equations which are suitably rewritten limiting forms 
of Eqs. (16) and (17), 
1 Re? dw'v(w’) 
kv(w) coté(w) =—— — — i 
#) wp k 


x[|e*@” sind(w’) |?+25'| 4,(o') |*] 





. (18 
(w+) | D(w’, an 


1 
-f , 
(w’—w) | D(w’ wo) |? 


" dee 
ktv(x) 
[le*® sind (x) |?-+30,"|A,(x) |?] 
[x2 (wo! +in) 
in which we have introduced the functions 
D(w' yo) = D(w'w) f(u)k’r(w’), 


and separated the contributions of the inelastic channels 
from those of the elastic one in the summations, the 
primes therein indicating that »=0 is to be omitted. 
It should be recalled that in the energy range where 
inelastic processes are of any consequence, 5(w) must 
be considered complex. 


D(w' w) = f(u)k’0(w’) He oof 





» (19) 


(20) 
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III. SYMMETRIC PSEUDOSCALAR 
THEORY—S WAVES 


It is our purpose here to study the relations given in 
I, Eq. (58), generalized to include inelastic processes. 
With a=1, 2, we have 


1 w 1 w 
Aa(w) =-(14")astola)+-(1 -“)x Bagagkv(w) 
2 m P. ul B 


_ Rv(@) f do! [ |Aa,»(w’)|? 
oe FA, kM (w Lal (o+in) 
Bas| Ag, »(w’) |* 
B amen 


>>| Aa, »(w) |?=Im Ag(w) 





there 
(22) 


is again the expression of the unitary condition, and 


iz—i 4 
Ba-(, ): 
asa 3 


Of the two expressions given above, the one for A2(w), 
which is directly the scattering amplitude for positive 
mesons, is already in a form to which the considerations 
of the previous section are applicable. This is because 
the corresponding elements Bag of the coupling matrix 
are positive. Similar considerations would be applicable 
to Ai(w) if one could guarantee that 


DL — | Ar, »(w) |?-+4] Ae, (w) |?]>0. 


(23) 


(24) 


Though this relation may well be satisfied by experi- 
ment, it represents an artificial restriction from the 
point of view of the mathematical investigation. 

No such restrictions are required if we replace the 
study of Eqs. (21) by the study of the equations for the 
amplitudes for positive and negative mesons, 

As (w)=$[ (a, +a¢)+ (w/u) (a4.— az) ]ho(w) 
kv (w) ¢ dus’ [ Im Ax (w’) 
ys T ‘i R80 (co") Leo! — (w+in) 
Im Ax(w’) 
| (25) 
w’ + (w+in) 








(26a) 
(26b) 


A,=Az, 
A_= 341+ fAy, 
and a, are defined by exactly the same linear com- 


binations. It should be emphasized that Im A,(w) are 
positive. If we define the quantities 


bs.(w)=3[(a,+a4)+ (@/u)(a,—az) Jkv(w), (27) 
Ax (w) =dz(w)bs(o), (28) 

















Fic. 1. Contour for Eq. (15) to determine the form of D7!(z,w). 


then Eq. (25) can be rewritten in the form 
Rv(w) f® dw’ 
ds(o)=1+—— [ 
bs (w) %y R0(w') 
Im Ai(w’) Im Az(o’) 
+ | (29) 
w’—(wtin) w’+(wt+in) 





We now introduce the analog of Eq. (7), 
z kv(w) dus’ 


Ds (2,w) ee i+~ f 
tT bs(w)w 4, k’v(w’) 


Im Ay (w’) 
x| i, 


w’—2 w +2 








— ') (30) 


and pass immediately to the study of the inverse 
function D4! (z,w) : 

(a) It is analytic in the cut plane, as follows from the 
analyticity of the D, themselves and their property of 
being generalized R functions, the analogs of Eq. (13) 
following immediately from Eq. (30). 


(6) Dy*(0,) = 1. 


(c) Dy-"(z,w) are bounded at infinity. 


(31) 


(32) 
(33) 


(d) Ds (—z2, —w) = De(2,0), 

Di*(—x, —w) = Dz (x). 
(e) [D4“"(x,w) *¥— Dy" (x) 
: Rv) « ImA,(x) 
‘bs (w) kto(x) | Dy (x0) |? 
=0, |x|<z 

2ik*v(w) x ImA,(—«) 
~ wb (w) be0(x) |D¢(—2, —w)|”” 
<p. 


(34a) 





(34b) 





(34c), Eq. (33) has been invoked. 
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For the remainder, we apply Cauchy’s theorem as in Eq. (15) to achieve the relations 


1 z k®v(w) 


Im Ax (w’) 


Im A¢(w’) - 








= had | 


Dalen ey | B0(.") 


(w!—2)|Da(w'w)|? (w’+2)|Da(w’, —w)|2) 


Of these equations, only the real part of the one for D,~!(ww) constitutes an effective-range relation of the type 


given in Eq. (18). On the other hand, 


sin26,+} sin26; 
(36) 





Re D_- (ww) = Re d_ (w) = b_(w) kv(w) 


IV. SYMMETRIC PSEUDOSCALAR 
THEORY—P WAVES 
We turn finally to the P-wave equations of CL, given 
also in I, Eq. (63). Including inelastic processes, these 
read 


Rv(w) —v(w) 2 dw! 
Nta(w) =a + Zz. f 
w wr + J, kyu’) 


A as| he, »(w’) {27 
| hp, »(w") | | 37) 


| Ita, »(w") |? 
xj —_———_ + 
w+ (w+in) 


w’'—(wtin) 8 
where 


(38) 


Let 


da, »(w) = ha, »(@)/ba(w) = ha, (w)w/[R*0(w)ra]. (40) 
From the form of the coupling matrix A, it follows that 
d;(z) is a generallized R function so that the con- 
siderations of Sec. II and III are directly applicable to 
it, indeed in a simplified form, and are essentially the 
same as those carried out by CL. We turn to this case 
first, therefore, listing only the properties special to it. 
We have 

(41) 


(42) 


ha(2)= dip Aashs(—2), 
—Aa=DipAaprs, 
|da,»(x) |? 


=—b.(0) 145, oe x>p (43a) 


Im 
d,(x) 
=0, (43b) 

|bs(—x)|?| ds, (—x) |? 


1 
” DL Aas ) 
b(—x) > 8 |da(x) |? 


|x| <p 





x<—p. (43c) 


(4/3) sin’6,+} sin’5;+ (4/3) sind, sind; cos(51—53)_ 





From Cauchy’s theorem, we then obtain the equation 


Ask 
. ©) cotés; (w) 
w 


jaw f° dw’ 
Spec f — Hy!) 
x 3, w” 


Be Petals 
x i+ 
ee | as (w") |? 
1 $Y Ase] Ae, »(w’) |? 
w'+w ig] Asghp(w’) |? 


rigorous except for the contributions of possible zeros 
of the scattering amplitudes on the real axis. 

We cannot obtain similar relations for the other 
phase shifts unless we impose (mathematically) arti- 
ficial restrictions on the relative size of the cross 
sections in the different channels. The first two of Eqs. 
(32) can, however, be replaced by an equivalent set 
which is particularly simple, i.e., the equations satisfied 
by the quantities 


g1() = hi (w) +2hs(w), 
§2(2) = he(w)+3hs(w). 


This is the linear combination which answers the query: 
What is the minimal admixture of 3 to 4, and he that 
will insure that the resulting sums are generalized R 
functions. Let 


|Gi(w) |?= | Ar, »(w) |?+-2| As, »(w) [7], 
|Go(w) |?= DL | Ae, »(w) |?+-3 | hs, (wv) |*]. 


It follows from Eq. (37) that gi2(w) satisfy the equa- 
tions 


Rv(w) pp? da’ 
)=— f 16.6) 


. (w’) 








}, 4) 


(45a) 
(45b) 


(46a) 
(46b) 








1 
x] + =|, @o 
w’'—(wtin)  w'+(w—in) 


which are obviously amenable to the methods of this 
paper. We shall state only the result for the reciprocals 





EFFECTIVE-RANGE RELATIONS 


of the functions given in Eq. (47), 


1 2w ® de’ k’*v(w") |Ga(w’) |? 
Re——=--—P]| — (48) 


wr 4 wl w?—o? | ga(w’) |? 





APPENDIX 


The basic property required of the analytic con- 
tinuation, D(z,w), of d(w) in Sec. II is that it possess no 
zeros in the complex plane. We must still have regard 
for the possibility of zeros on the real axis. From the 
defining Eq. (7), it is seen that the derivative of D(z,w) 
is positive for |z| <u on the real axis, so that the zeros, 
supposing them to occur, do so for |x| >. We wish to 
find the resultant modification of Eq. (16) for D-(z,w). 

Let the zeros of D(x,w) be x, for x>u and x_‘ for 
x<—y. There may, of course, be an infinite number of 
them, but if we make the assumption, reasonably 
physically, that the scattering amplitude is continuous 
then there will be no finite cluster point, as remarked 
by CDD. Let L be that part of the positive real axis 
which excludes the region x<y and a small symmetric 
region about each of the points w=+;', w=—a_', We 
shall first show that the function 


2 


Z du’ 
Rils4s)=9-"(6u)—14— f “Hw Esl dw!) 


TW 





1 1 
x| + (A.1) 
| D(w’,w) |?(@’—2) | D@’, —w) |*(@’+2) 


is an R function. We must first note that D-!(z,w) is 
itself a generalized R function, for its imaginary part 
is given by the equation 


Im D7!(2,w) = — A(z) Im(z)/| D(2,w) |*, 


Suppose now that Im Rz,(z,w) were negative at the 
point z=» in the upper half-plane and had the value 
—a there, where a>0. Consider the behavior of 
Im Rz(z,w) on the contour of Fig. 2’ which contains 
within it the point z=z. The contour is chosen to 
avoid as many of the singularities of Im D7"(z,w) as 
might be encountered on the real axis. From Eq.(A.2) 
it is clear that p, the radius of the semicircle part of the 
contour, can be chosen so large that Im R,(z,w)>—a 
on it. Moreover Im Rz,(2,w) vanishes on the parts of 
the contour on the real axis, and the small semicircles 
can be so chosen that it is positive on them. Since this 
imaginary part is therefore nowhere smaller than —a on 
the contour, it follows from the well-known property 
of analytic functions that it cannot be as small as —a@ 
within the contour. This proves that Rz,(zw) is an 
R function. 


(A.2) 


7 The proof that follows was suggested by the corresponding 
one for meromorphic functions given by Wigner, reference 5. 





xt 
Fic. 2. Path along which Im Rz(z,w) is 
everywhere greater than —a. 


Because the difference between Z and the ranges 
uo can be made as small as one pleases, the corre- 
sponding R function, Rz(z,w), must approach an 
R function with only isolated singularities, that is, a 
meromorphic function. If we call the limiting function 
R(z,w), then, according to Wigner,> R(zw) can be 
expanded in an absolutely convergent series of the form 


Cr*(w)z C_*(w)z 
R(2,0) =A (w) + B(w)s- + — = aS, ennai = 
é x4'(xy!—2) ¢ x_*(x_t+2) 


(A.3) 


To satisfy the conditions stated in Eqs. (8) and (9) 
of the text, we must choose A (w)=B(w)=0, whereas 
the C,‘(w) are real positive functions of w (for w>0) in 
view of a fundamental property of R functions. 
Consider now the integral about a small circle 
enclosing the point x,‘ and no other singularity of 


R(z,w), ‘ 
1 
—_— g d2R 1 (2,0) =C+*(w). 
2ni 


But, from Eq. (10) of the text, 


1 1 
--—— deR(eue)=——  daR(—, —w) 
2ri 2ri 


=—C_t (w)6d (x56, ’ 


(A.4) 


(A.5) 


that is, one of the x_’, for example the one labeled j7=1 
equals x,* and C,‘(w)=—C*(—w). Finally we can 
show that C,‘=C_‘(w). This follows simply from the 
fact that Im D-!(z,w) is separately odd in z and w. We 
have therefore 


2 2C's. ‘ (w) 
R(es)=E 
8 [eH 


It is clear that similar considerations can be carried 
out for the other cases treated in this paper. 


(A.6) 
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Variation of Integrals and the Field Equations in the Unitary Field Theory 
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It is first shown how in the unitary field theory one may obtain the Hamiltonian derivatives of various 
Lagrangians directly, i.e., without the use of Palatini’s device, the relation gi x;:=0 being postulated. 
Me 


According to the choice of Lagrangian and of subsidiary conditions, the vanishing of the variation of an 
action integral then yields a variety of sets of field equations, one of which may be regarded as the conjugate 
of Einstein’s set Ib. The latter implies in first approximation a restriction upon the current vector (as 
customarily defined) which does not appear tenable. Alternative field equations are therefore proposed 
which imply no such restriction in the linear approximation. The quasi-linear approximation however 
reveals a joint restriction upon the “gravitational and electromagnetic” field components which in turn 


cannot be regarded as permissible. 





1. INTRODUCTION 


N Einstein’s unitary field theory,! which is based on 

an asymmetric fundamental tensor gi, the com- 

patibility of the field equations is assured by deriving 
them from a variational principle 


3 f ear=0, 


in which the Lagrangian { is closely related to the 
Hermitized form of the contraction B*;., of the cur- 
vature tensor: 


(1.1) 


L=git Rix, 

where 

Rie=T ix, — 3 (Tie, e AT ek, JT oe FT Te. (1.2) 
Einstein, and others following him, seem generally to 
have used Palatini’s method, that is, the gi, and T'* xx 
are regarded as independent field variables which are 
consequently to be varied independently in (1.1). 
Einstein furthermore imposes the condition I';=0 
a priori. In this way two alternative sets of field equa- 
tions are obtained, viz., the set Ia: 


ak is , ke 
G* 2-3 6':g~,.—5'g~.)=0, Ty=0, Ru=0; (1.3) 
or the set Id: 


ik 
9*-3.=0, T,;=0, Ru=0, Rex, n=9, (1.4a) 


the electric current-density being defined in both cases 
as 

ek alee (1.4b) 
The first member of (1.3) is unsatisfactory in that it 
does not imply the relation 


8: t= Bin, -—T*snGer—T*rngie=0, (1.5) 


connecting the I'*;, with the g, and their derivatives. 


1A. Einstein, The Meaning of Relativity (Methuen and Com- 
pany, Ltd., London, 1951), fifth edition, Appendix II. The nota- 
tion there will be used throughout this paper. 


Now a certain way of ensuring that (1.5) shall hold 
is to postulate it, and, given a suitable Lagrangian §&, 
to adopt as field equations those equations which 
express the vanishing of the Hamiltonian derivatives 
of & with respect to the basic field functions. (This is 
the method used originally in the theory of pure gravi- 
tation, Palatini’s device being a later development.) 
This is done in Secs. 2 to 5 for various Lagrangians and 
subsidiary conditions, the condition [;=0 being not 
necessarily imposed. The consequences of imposing the 
condition giz=¢,i,%) are considered in Secs. 5 and 6. 

The linear approximation of the set (1.4a) has been 
considered by Einstein and Straus? and by Bonnor. 
They set gic=dix+7ix and, neglecting products of the 
ix and their derivatives, obtain for the skew field the 
equations 


Yige=0, Yi, Ne=0, (1.6) 
which are described as being weaker than Maxwell’s 
equations. Bonnor however apparently disregards the 
fact that they imply the restriction j;,,,=0 on the four- 
current which he takes to be given by (1.4b). This can 
scarcely be regarded as admissible. In Secs. 7 and 
8, I therefore consider a set of field equations in- 
tended to remedy this defect, in the sense that the 
theory might contain an electric current vector upon 
which no untenable conditions are imposed, while a 
skew field tensor shall be derivable from a potential. It 
turns out, however, that although the field equations 
appear to be satisfactory from the viewpoint of the 
linear approximation, the “quasi-linear” approximation 
(in which the g,, are not supposed to differ only slightly 
from their Galilean values) unfortunately leads to a 
result which probably vitiates the usefulness of the 
field equations in question. 


2. UNCONDITIONED LAGRANGIAN g*Rix 


Consider the variation of the Lagrangian (1.2). Since 
all contemplated variations vanish on the boundary of 


2 A. Einstein and E. G. Straus, Ann. Math. 47, 731 (1946) 
3W. B. Bonnor, Proc. Roy. Soc. (London) A209, 353 (1951). 
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the region of integration it is most convenient to 
introduce a symbol = to be read as “is equal to. . . 
if an expression of the form of an ordinary divergence 
be rejected.” Then one has at once 


d= Ry5q*—g* Al +3q OI. +39", Ose 
+g (dT oe FT 60% — TdT — TST se). 
Using (1.5) or the first member of (1.4), which is 


equivalent to it, most terms cancel out and one is left 
simply with 


b= Rix5G *k+ 3g id OW) ar _— ToI"*s:). 


Now I*;,= (logw), ;, where w= (—detg,x)!, whence the 
previous equation gives 


b= Rdg *+3[(G"Ts), e— (GT e), «]8 logw. 
In view of the identity 


g-.=9-T,, (2.1) 


the factor multiplying 6 logw becomes g*(I',, 2) +T' T;). 
For the dimensional number 4 one has 
bw= 325.69 "*. (2.2) 


Hence the Hamiltonian derivative P;, of & with respect 
to g** is 


W/hg*= Pie=Ratdging' (I bo, at+r.T,). (2.3) 
3. HERMITIAN LAGRANGIANS g*F0, AND g#D i, 4) 
(a) If {:=q*T' T;, one has identically 
ik ik 
6, = 27 ,6(g T.)—-T Tog” 
tk tk 
=— 2r;, 10Q — rT ,.6g°, by (2.1), 
=— (Ty .—-T,, tT T.)5g*. 
AQy/hg* = — (20 se) +T Tx). (3.1) 
(b) Now write %:=g*"I';;,4;. Then, using (2.1), 


Hence 


ik ik 
VAV=eo Ts <tg~ .Ts=0, 
ho/hg* = — h&/bg**. 


4. CONDITION g=.,=0 


If the condition gq? .=0 be imposed upon the field 
variables then the Hamiltonian derivatives of %; and 
%, vanish in view of (2.1). As regards 2 one now has 


so that 
(3.2) 


tk tk 
5L = RSG tk — RixdG ~+Rudg~. 
The equation ge z=0 will be identically satisfied if 


(4.1) 


tk ’ 
g a= ethsty, ., 


where ¢, is an arbitrary vector. Then 
tk 
6l= Ryxdg-— eR iy 110s. 


The vanishing of the Hamiltonian derivatives with 
respect to g, ¢, then gives the set (1.4a). It will be 
noted that the necessity for introducing “starred 
affinities” does not arise here. 


5. CONDITION gis= $4, » 


An alternative way of introducing a vector potential 
into the theory (so ensuring the occurrence of at least 
one of the sets of Maxwell’s equations in it) is to insist 
that gi, rather than ge shall be derivable from a poten- 
tial, ice., 


Sik=9Ui, kl) (5.1) 
where ¢; is a vector. In that case one will naturally 
define the current density as 


=O (5.2) 
which will then satisfy a rigorous conservation theorem. 
Now let & be any Lagrangian and let A ,.,8* be its 
Hamiltonian derivatives with respect to q**, gi respec- 
tively, so that 
IR= A dg" =B"Sg ix. 
Then 


tk tk 
SR=B Sgn t+B “54x, x 
ik 
=B*5g5.—B~, KO. 
The full set of field equations which arises from the 


variational principle 6/Rdr=0 is accordingly in this 
case 


ik ik ik — 
g*-.=9, Sin = PIs, k, B-=0, B~ .=0, j"=Q.e 
(5.3) 


It is easily confirmed that 
$ tk — (3g gat _ gitgt*) Me. 


If R is chosen to be &, the set (5.3) may properly be 
regarded as “conjugate” to the set (1.4). 


(5.4) 


6. EFFECT OF THE BIANCHI IDENTITY 


If the variation of (dr be induced by an arbitrary 
infinitesimal transformation of coordinates which 
vanishes on the boundary of the region of integration, 
one obtains in the usual way the Bianchi identity 


B"" (Pee, — Lit, o— Loi, y- (Bet ir tB", sfti) =0. 


If B** be decomposed into its symmetrical and skew- 
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symmetrical parts, this may be written in the form 
st sé 
B™ (Set, s— Bit, 28°, efit 
at ts 
+B™ (Gee F8in, HBr: .)AZB™ Bu=0. (6.1) 


Now suppose that of the set of equations (5.3) the 
first three are satisfied. Then (6.1) requires 


B™..gu=0. (6.2) 


In general therefore [i.e., unless det (gi) =0] the fourth 
member of (5.3), viz. @%,=0, is then identically 
satisfied. 

7. LINEAR APPROXIMATION 


(a) It is convenient to use an imaginary time coor- 
dinate and to set Su =Sutyin=biaet (hit fix), where 
hy and fi are respectively symmetrical and skew- 
symmetrical. It then follows easily that 


Pin =} Wis, et lear, i— Air, a, (7.1) 


Psn=} (fie, et far, it fix); (7.2) 


r= Sis, —_ jis 


all terms not linear in the 4; and f, and their deriva- 
tives being neglected. Further, 


Ru=R x, Ru= 5 fix, oot It, k}y 


(7.3) 


(7.4) 


where R®,, is the usual (linearized) contracted cur- 
vature tensor into which the /,, alone enter. Consider 
now the case R=, i.e., the equations (5.3) conjugate 
to (1.4), so that in view of (2.3) 


An=R x, A in Rix. 


(It may be noted that the terms of (2.3) additional to 
Rj, do not contribute anything in the linear approxi- 
mation.) Then 


ik 
BH =F RW-R GG, BH =Ru. 


The field equations therefore become 


R©,=0, ji =0, (7.5) 
in complete analogy with the linear approximation of 
(1.4). Since fx, ;;=0 it follows that 

Sik, oe —25 5,41 =9, (7.6) 
so that 


ik 
Bo = 201. (7.7) 
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(6) Now Maxwell’s equations may be written here 
as fia s=Jis Sti, 7=0, and these equations, or their 
conjugates, appear in the linearized form of (1.4), and 
of (5.3). But in each case there is an additional set of 
equations, viz., Riis, y=0 and B* .=0 (identically), 
implying each time the equation j;,.=0. This can 
hardly be regarded as satisfactory, and the question is 
how this hiatus may be overcome. Consider accordingly 
the (by no means artificial) Lagrangian 

L*=L-Y = g**R* i, (7.8) 
where Ry* is the Hermitian part of the contracted 
curvature tensor R*;;,. In view of (2.3), (3.1), and (3.2), 
Agu=Reu- (20 pg tl TO+sgug'(l y+ 0). (7.9) 

tk 
Proceeding as above, one now has the same Bas 
before, whereas 


(7.10) 


ik 
B~=Ra—20 5, =3 ik, os — Jt. k) =9, 


by (7.6). The linear approximation therefore leads now 
to no restriction upon ;. 


8. QUASI-LINEAR APPROXIMATION 


The field equations above will be examined in this 
section in what we shall call the quasi-linear approxi- 
mation. For this to have any physical meaning it must 
be supposed that the theory can describe massive 
bodies which possess an arbitrarily small charge. (This 
hypothesis may not be tenable in a theory describing 
“fundamental particles.”’) Then one may set 

Su=Gutefu, (8.1) 
where aj, and fi, are respectively symmetrical and 
skew-symmetrical, while ¢ is a small constant. If all 
quantities be expanded in powers of ¢ and only the 
leading terms of the resulting expressions retained one 
obtains the quasi-linear approximation of the field 
equations; and the equations for the a, will be those 
of the pure theory of gravitation. 

In the following analysis indices are lowered and 
raised with a, and its reciprocal a‘*, while subscripts 
following a colon denote covariant differentiation in 
the V4(a) whose metric is a,,. Then it is readily con- 
firmed that 


gr=a"+0(2), g°=ef*+0(e), 
and from (1.5) 
I*e= {ik,s} +eA*.+O(€), 
Atn=F(falvtfestfin), 


where {ik,s} are Christoffel symbols formed from the 


(8.2) 


(8.3) 
with 
(8.4) 
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ai. Further, from (5.2), 
ji=ef*,,+0(e). 
From (1.2) and (7.9) one then gets 


(8.5) 


An=Rx+O0(2), An=Ra—2Vi,x4,+O(e), (8.6) 


where R®, is the contracted curvature tensor of 
V4(a), while 
Rie= Aine tO(e), Ty=ef*:.+0(e). 


Hence 


A sn=Je(firtet frie t fi ko b2 five $2 fe' 0s) FO!) 
= Sef tik, 0) H+2e( fii:eet fa* :0i) FO(E) 


= Fe fiz, o):"F2E(R ope fi? +R iter f") +0(€), (8.7) 


where R#,,, is the curvature tensor of V4(a). The 
third of the field equations (5.3) now gives 


tk 


B= (3a*a"*—a'a**) A,,+-0(é)=0, 


that is, 
R© ,.=O(€). 


The second of Eqs. (5.3) is equivalent to 
Stik, =9. 


Because of (8.8) and (8.9), (8.7) becomes 
A p=2eR stan f*' +O(€*). 


Now, constantly keeping (8.8) in mind, 
tk tk 
B~ 4=A™~ 4 +O(e*) =2e(R * f,,) 4 +O(€*) 


=2eRMitk fF, ,+O(e). (8.11) 


Hence, neglecting terms O(¢) as compared with terms 
O(1), one has from the fourth of Eqs. (5.3) 


R© tak f,.,=0, (8.12) 


and this represents a restriction upon the field quan- 
tities which can hardly be regarded as permissible. 


9. CONCLUSION 


According to the result of Sec. 6, the result con- 
tained in Eq. (8.11) may seem a little strange at first 
sight. But it must be remembered that in (6.1) the 
term involving Be x is O(e) and the identical vanishing 
of this cannot therefore be demonstrated in the quasi- 
linear approximation. The vector condition (8.12)— 
in the case of the Lagrangian %*—may be regarded as 
a consequence of the imposition of the vector restriction 
w testy, »=(0. Consequently, if one wishes to maintain 
an unrestricted current vector it would seem that the 
introduction of a vector potential ¢; in the manner 
above must be abandoned. 
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In this paper the internal consistency of the intermediate coupling approximation, applied by Friedman, 
Lee, and Christian to the meson theory, is discussed critically. It is shown: (a) that the description of low- 
energy mesons in the cloud is quite unreliable; (b) that the approximation becomes more adequate for high 
energies, the expression for the ground-state self-energy is much better than the one given by a Tamm- 
Dancoff method; (c) that the structure of the nucleon as described by intermediate coupling does not give 
directly any sensible result about scattering; (d) that the agreement found by Friedman, Lee, and Christian 
between theoretical results and experimental phase shifts follows essentially from the presence of the zero- 
and one-meson states in the scattering trial function and is not a consequence of any particular choice for 


the physical nucleon state. 





I, INTRODUCTION 


HE Tomonaga intermediate-coupling approxima- 
tion’ (I.C.A.) has been recently applied to the 
fixed source p-wave meson theory.” 

The method, originally developed to study the 
nucleon ground state and its isobars, has been extended 
to investigate the scattering problem by means of a 
variational method. The scattering state trial function 
is assumed to be a superposition of states with zero 
and one meson in addition to the physical nucleon, 
whose structure is determined by assuming the virtual 
mesons in the nucleon cloud to be all in the same state. 
The results thus obtained are in satisfactory agreement 
with experimental p-wave phase shifts. This fact has 
been interpreted by the authors as implying that the 
predictions of a method in which the number of mesons 
is not limited, essentially agree with those obtained 
when only a few mesons are taken into account.’ 

In this paper we shall discuss critically the internal 
consistency of the I.C.A. and its implications for the 
scattering. First of all some exact relations are found 
which show that the description of the ground state 
given by this method is rather poor at low momenta 
and tends to be more nearly adequate at higher 
momenta. Moreover, it will be shown that from the 
knowledge of the ground-state wave function it is 
possible, without making any assumption about the 
scattering state, to obtain information about the 
imaginary part of the scattering amplitudes. Namely it 
is possible, by using some previously derived relations‘ 
connecting integral transforms of the scattering ampli- 
tudes with expectation values of different operators in 
the ground state, to test directly the predictions of the 
Tomonoga approximation about the scattering. A 


1A. S. Tomonaga, Progr. Theoret. Phys. (Japan) 2, 6 (1947). 
In the following, intermediate coupling approximation will be 
abbreviated by I.C.A. 

2 Friedman, Lee, and Christian, Phys. Rev. 100, 1494 (1955). 
This paper will be quoted as F.L.C. 

3G. F. Chew, Phys. Rev. 95, 285 (1954) ; 95, 1669 (1954). 

4M. Cini and S. Fubini, Nuovo cimento, 3, 764 (1956); S. 
Fubini, Nuovo cimento 3, 1425 (1956). These papers will be 
quoted as I and II, respectively. See also H. Miyazawa, Phys. Rev. 
101, 1564 (1956). 


definite inconsistency is found, since essentially positive 
quantities turn out to have a negative value in this 
theory. This leads, in addition, to a negative value for 
the effective range of the a3; phase shift, in complete 
disagreement with the commonly accepted resonance.* 
On the other hand, the similarity between the results 
obtained for scattering by F.L.C. with the variational 
method and those given by one-meson approximations® 
is explained by showing that the essential features of 
the solution depend mainly on the form of the one- 
meson scattering state trial function and are rather 
insensitive to the approximation used for the nucleon 
state, which essentially affects only the value of the 
unrenormalized coupling constant, the renormalized 
coupling constant being determined by experiment. 


II. GROUND STATE 


Throughout this paper we shall use extensively the 
results of I and II. However, since we are interested in 
checking the I.C.A. results, our notation will be 
somewhat changed. As was done by F.L.C., we shall 
work in an angular momentum representation. Our 
interaction Hamiltonian is 


B= ¥ (edie? Baia(t) 
+ fok(k)o ral dia(k)+aia*(k) ]}, (1) 
where 
h(k) = u(k)R?/ (3w,)?. (2) 


We are now interested in testing the internal con- 
sistency of the physical nucleon wave function as given 
by I.C.A. Let us consider the following expectation 


* The fact that the I.C.A. trial-function is inadequate for a 
detailed description of the nucleon ground state is mainly due 
to the fact (already pointed out in I) that the exact solution of the 
fixed-source theory is an exceedingly complicated one. Therefore 
simple approximation methods can reproduce satisfactorily some 
features of the exact solution but fail completely in other respects. 

A similar situation is found in atomic physics where very elab- 
orated trial functions give satisfactory determinations of the 
ground-state energy but are not to be trusted for any calculation 
of transition matrix elements. 


1146 





VALIDITY OF INTERMEDIATE-COUPLING APPROXIMATION 


values in the physical nucleon state: 


fo 
. M We ia! eee V,,0iTo ‘a’ k V, ’ 
(tap | M (we) | t’a’p’) oh Oya’ (kVp) 


1 
tap | N (wx) | t’’ p") = ——(W, ,dia* (R) ya (Rk) Vp"). 
( | k. | 1?(k) » e 
Using Eq. (II 3), which in our notation reads 
1 
dia k)Vv,=— h(k)———-0 ;;taV ’ (4) 
( ) p fo ort p 

we get 


1 
——ovre'ty) . on 
H 


Wk 


(iap| M (wx) |i’a’p’) = fi #(¥,0 iTa 


N (wx) = —dM (wx) /dorg. (Sb) 


The operators M and N can be expanded in the form 
M (wx) = M awn) +Mo(wx) (o- 14: t) 
+M-(wx)(o-1)(<-t). (6) 
In F.L.C., M,(wx) and N,(w,) are given by 
My (wx) = my/ (wrt+3.39), 
Ny (wx) = my/ (wr +3.39)?, 


(7a) 


(u=a, b,c). (7b) 
where the unit of energy is the meson rest mass. 
From Eqs. (5b), (7a), and (7b), it follows that each of 
the three constants m, should be equal to the corre- 
sponding m,. In addition, Eqs. (Sa) and (5b) can be 
used in order to get some other exact relations for high 
momenta which have to be verified by the solution of 
the ground-state problem 


lim w,.M (we) = lim w2N (wx) 
wk oko 


1 1 
= fel 1-—(o-+s- 9+ e-9| (8) 


Pl p2 
Then one should have 
Ma=Na= fo’, 
Mp = No= ——fé, 
Pl 
1 


M.=Ne=— fo. 
p2 


(9) 


In Table I, the value of these quantities found in F.L.C. 
are given. Equations (9) would require the numbers on 
the same horizontal line in this table to be equal. We 
see that our identities are violated by factors of the 
order of two. 

It is now interesting to see how reliable is the theory 
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TABLE I, Values of quantities found by Friedman, Lee, and 
Christian, 








Asymptotic 


m n values 





0.37 
—0.10 
0.20 


0.37 
—0.14 
0.10 


0.71 
—0.052 
0.27 








for lower values of the momentum. From Eq. (4), one 
gets 


ee ce Lasa(k)+aia*(k) ¥,) 
2 foh (k) (W,,0:TaV,) 





1. (10) 


In the I.C.A., the function of w; appearing on the left- 
hand side of (10) is given by 


1.37 
1+(3.39/) 


We find a discrepancy of a factor 3 for w,=1, while 
the agreement gets better for increasing w; until 
wi9 [at which value Eq. (10) is satisfied]; finally 
we find a smaller discrepancy as w; goes to infinity. 

Further insight into the validity of the I.C.A. can 
be obtained by considering the expression for the self- 
energy of the ground state 


E= (W, [Hot H’ )/(¥,¥). (11) 


If one introduces in (11) the expressions for V given 
by the intermediate coupling and one-meson Tamm- 
Dancoff approximations, one obtains — 20.6 and —13 
respectively. Using a perturbation-type two-meson 
wave function (which is not of course the “best wave’ 
function), one would obtain E= — 16. 

We see therefore that the I.C.A. which gives the 
lowest value for the self-energy, compares favorably 
in this respect with the approximations in which the 
number of mesons is limited. However, from this check 
it does not follow that the description of the nucleon 
ground state given by the I.C.A. is always accurate: 
since in the self-energy the high-energy contributions 
are dominant, a good approximation for E implies 
simply that these high-energy contributions are taken 
into account more accurately. As we shall see in the 
next section, the I.C.A. gives a rather poor description 
of the low-energy mesons in the nucleon cloud, which 
are the most important in connection with the scat- 
tering problem. 

The fact that the I.C.A. wave function is mainly 
determined by the high-energy region is in agreement 
with the conclusions of I; implying that the exact 
solution of the fixed-source theory is much more com- 
plicated than is indicated by the one-meson approxi- 
mation. Namely, the important unphysical contri- 
butions from states with many mesons, in the energy 
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region above the cutoff, have a dominant weight in the 
variational derivation of the nucleon wave function.t 


Ill. CONNECTION BETWEEN GROUND STATE 
AND SCATTERING 


In order to study the connection of the ground state 
with the scattering, it will be useful to use a repre- 
sentation in which the total angular momenta J and 
the total isotopic spin J are diagonal. Operators N and 
M will then be expanded in the form 
M (wx) = Mi (wx) Purt+>Mo(wx) (Pist+ Psi) +M s(x) Ps, 

(12) 


where 
M 1 (wx) = M a (wx) —4M (wx) +4M (wx), 
M2(r) = Ma(w%)— Mo(wx)—2M (wx), 
M 3(wx) = M a(wr) +2M o (wx) +M (wr). 


(13) 


In this notation, the result of II reads® 
sf 3 Im gi(w,)dw 
M (ws) =—bat- ij Sey 
u? (p)p* (wp tux) 


i(=1, 2,3). (14) 





9f? 3 Im gi(w,)dwp 
d i; Wk =—$;1 - ’ 
Bi 32 J u?(p) p (wptwr)? 


Wk TT 

Formulas (14) give expectation values N;, M; as 
the sum of the lowest order perturbation terms in the 
renormalized coupling constant and of a correction 
which has been expressed in terms of the meson-nucleon 
scattering amplitudes. They can also be used to obtain 
information about the pion-nucleon scattering ampli- 
tudes in terms only of the nucleon ground-state wave 
function. By introducing in the left-hand side of Eq. 
(14) the valués of M; and N; in the I.C.A. [Eqs. (7) 
and (13) ], one obtains physically meaningless results 
about the scattering. In fact, this gives the following 
expressions for the integrals for the (1,1) scattering 
amplitude: 


3 1.57 0.95 
. J Mite ait «= 

3 Im g1(wp)dwy 1.33 

np (p)P (wt)? (cox +3.39)? colle 


The left-hand side of Eqs. (15a), and (15b) are essentially 
positive quantities, while the right-hand side given by 
the I.C.A. are strongly negative for not too high values 


Im £1(wy)dwy 








+ In this connection Professor T. D. Lee has pointed out that 
a change in the mesons trial function from 1/w,+3.39 to 1/w, 
does not change appreciably the value of the self-energy and 
would give a better agreement with our consistency checks. 

5 See Eq. (II, 9). It must be pointed out that our M (a) is 
identical to R(w,) in II. 
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of we [we<5.2 in (15a) and w,<20 in (15b)]. This 
check shows that up to these values of w, the lowest 
order perturbation approximation in f? is much better 
than the I.C.A. 

The inconsistency between the I.C.A. results and 
the pion-nucleon scattering can be even more clearly 
emphasized if one considers the following combination: 


1 Im [2g1 (wy) +2g2(wp) +5g2(w,) ] 


B (wx) =—— disp. (16) 
Or f? u*(p) p (wp tor) 

Using Eqs. (14), one obtains 6(1)=—0.38. This is 

quite unreasonable because the right-hand side is essen- 

tially positive and 6(1) must be of the order of mag- 

nitude of the effective range for the a33 phase shift® 


1 Im [2g1(wp)+2g2(wy)+5g3(w») ] x 


a orf? u(p) pw 


whose experimental value is +0.5. 

The results of the discussion of the last two sections 
can be summarized as follows: 

(1) The structure of the nucleon as described by the 
I.C.A. does not give directly any sensible result about 
the pion-nucleon scattering. 

(2) The low-energy mesons in the cloud are very 
poorly taken into account by the I.C.A. In this respect, 
even a perturbation approximation in f? is much better. 

(3) The I.C.A. is much more accurate for higher 
meson momenta and therefore gives a better approxi- 
mation for the ground-state binding energy. 








(17) 


UW ps 


IV. THE SCATTERING STATE 


The predictions of the I.C.A. about pion-nucleon 
scattering as discussed in the last section are in contrast 
with the conclusions of F.L.C. It is therefore interesting 
to concentrate our atiention on their variational 
treatment of the scattering problem, in order to inves- 
tigate whether the presence of the a33 resonance, can be 
ascribed to some feature of the trial function. 

The pion-nucleon scattering wave function has been 
assumed in F.L.C. to be of the form 


Wry= DY xra(k)Cia? I,J) ai.*(kV,+2X Drs?¥,. (18) 


k,t,a,p e 


The function x;,(k) together with the constants D;,° 


are determined by the variational procedure 
d(W17°°| H— Ep—wo| ¥15)=0. (19) 


Taking the variation (19) with respect to xz,(k) and 
Drs’, one gets 


(wr—wo) x17 (k) = Dee Krs(h,k’)xrs(k’), — (19) 


6G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 
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where 


Krs(kk)=-} 


i, a,p, t’,a’,p 


XxX { (Y,,dia’* (R’) aia (k)V,) (onto: saa 2w9) 
+ fo(Gp Lava (RAR) ota th (hot aGia(k) Vor) 
+2wo(V,,dia (RV (Uy Gira’ (k’)V,)} . 


The kernel Kr, has been estimated by F.L.C. using the 
I.C.A. wave function for the nucleon ground state. We 
will show that, even by changing radically the de- 
scription of the nucleon ground state, i.e., by evaluating 
Kry using a lowest order perturbation method in /?, 
we obtain an expression for the phase shifts with the 
same behavior. In fact we get 


h(k)h(k’) 
Kry(kk’)=2 f*w—IJ |o-1+-«- t| IJ). 


WW’ 


(i’a'p’ | Prz| tap) 


, 


(20) 


(21) 


In this case, the solution of the integral Eq. (19) is 
u?(ko)Car, 27 
u2(k)kAdk 


PPh 


tanaer, 27 =—— 


wo F 
1—wo—C21, 29 P f 


Tr 





(22 


wy? (wo — wo) 
where 

Ci, | —8/3, 

Ci 3=C3, 1= —2/3, 

C3, 3= 4/3. 


This is a very well-known formula. It was first 
obtained by Chew’ using a Tamm-Dancoff approach 
and can also be obtained by solving the Low equation 
in the one-meson approximation, and neglecting the 
“crossed term.”® We point out that our evaluation of 
Krys, giving rise to Eq. (22), seems more reasonable 
than the one given by F.L.C. In fact the exact values 
of N; and M; are, according to Eqs. (14), larger than 
the lowest order perturbation approximation, while the 
values of N; and M; given by the I.C.A. are [see Eqs. 
(15) ] much smaller than the lowest order for values 
of w, of physical interest. On the other hand, since the 
higher order corrections have been evaluated approxi- 


7G. F. Chew, Phys. Rev. 89, 591 (1953). 
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mately to be 20%§ the procedure outlined in this section 
is, in our opinion, the best theoretical justification of 
formula (22). 

The fact that, in spite of the radical difference in the 
choice of the nucleon ground state, the behavior of the 
phase shifts (21) is similar to the behavior of the phase- 
shifts found by F.L.C.,° shows that the resonance follows 
essentially from the presence of the zero- and one- 
meson states in the scattering trial function and is not 
a consequence of any particular choice for the physical 
nucleon state. Furthermore, since the values of the 
cutoff and renormalized coupling constant,!® which 
bring formula (22) into agreement with experiment, are 
of the same order of magnitude as those used in F.L.C., 
one deduces that the main effect of the choice of the 
ground-state wave function is to change the ratio 
between renormalized and unrenormalized coupling 
constants. 

One can therefore conclude that the results of F.L.C. 
do not provide any new argument in favor of the idea 
that the solution of the fixed-source theory agrees with 
experiment at low energy. An essential improvement on 
the one-meson approximation can be obtained only if 
one considers in the trial function (18), in addition to 
the physical nucleon ground state, also the possibility 
of higher energy excited states. 
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®In order to see immediately the above-mentioned analogy, 
it is interesting to note that formula (36) of F.L.C. is greatly 
simplified and becomes closely similar to our formula (22) if one 
imposes the fulfilment of the exact relation my=m, (in their 
notation A;y=0). This similarity, which is F.L.C. is obscured 
from the fact that their variational method gives my#ny,, has 
already been noted by T. D. Lee and R. Christian [Phys. Rev. 
94, 1760 (1954) ] in the case of the charged scalar theory, 

10 J. L. Gammel, Phys. Rev. 95, 209 (1954). 





PHYSICAL REVIEW 


VOLUME 104, 


NUMBER 4 NOVEMBER 15, 1956 


Meson Production by Mesons in the Tamm-Dancoff Approximation*{ 


Mark NELKIN 
Knolls Atomic Power Laboratory,t Schenectady, New York 


(Received April 5, 1956) 


The cross section for the production of a single additional meson in meson-nucleon collisions is calculated. 
The charge-symmetric pseudoscalar interaction is used in the Tamm-Dancoff approximation, neglecting the 
amplitudes of all states containing more than two mesons. The results are presented by giving the ratio of 
production to scattering cross section as a function of the energy, angular momentum, parity, and isotopic 
spin of the incident state. This ratio can be obtained either by direct calculation of the production matrix 
element, or by calculation of the reactive effects on meson-nucleon scattering. It is explicitly shown that 
these two methods give identical results in the physical approximation employed. An estimate is made of the 
production cross section very near threshold, and numerical results are presented for incident meson energies 
up to 1.4 Bev. The experimental information that is available indicates that the ratio of production to scatter- 
ing is considerably greater than has been calculated here. This discrepancy is probably due to the omission of 
final state scattering through three-meson intermediate states. 





I. INTRODUCTION 


ITH the completion of particle accelerators in 

the Bev range, many meson-production pheno- 
mena, of interest for many years in cosmic rays, are 
now subject to quantitative study in the laboratory. 
The simplest of these phenomena to understand theo- 
retically is the production of (7) mesons by mesons 
incident on hydrogen. The possible reactions involving 
the production of one meson are 


at +pont+ pte, 
at+pont+nt+n, 
a +por tpt, 
a +port+nt+r+, 
a +p +n+r°. 


The most feasible way to observe these reactions is 
in a hydrogen-filled diffusion cloud chamber exposed to 
a meson beam from the Brookhaven cosmotron. An 
extensive experiment of this type has been carried out 
using 1.4-Bev negative mesons.’ It was found that about 
2 of all the interactions observed were inelastic. Of the 
inelastic events, about } were two-meson production, 
and # were one-meson production. 

It is unlikely that any field-theoretical calculation 
could be made at present with much chance of explain- 
ing the results at this high a meson energy, but there is 
some hope of success at lower energies where the 
production of two additional mesons is not important, 
and where Tamm-Dancoff approximation can be made. 
The present experimental results at lower energies are 
meager. Blau and Caulton? have studied the interaction 


* Based on Ph.D. thesis submitted to Cornell University, June, 
1955. 

+ Part of this work was performed while the author was a 
National Science Foundation Predoctoral Fellow. 

t Operated by the General Electric Company for the U. S. 
Atomic Energy Commission. 

1 Eisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955). 

2M. Blau and M. Caulton, Phys. Rev. 96, 150 (1954). 


of 500-Mev negative mesons in photographic emulsions. 
Their analysis indicates that at least 14% of all meson- 
nucleon interactions lead to a final state of two charged 
mesons. An experiment using 300-Mev positive mesons 
in the Brookhaven “long cloud chamber’® shows one 
meson-production event among 150 elastic scatterings. 
In recent experiments at the California Institute of 
Technology‘ with bremsstrahlung radiation of 500-Mev 
maximum energy incident on protons, the ratio of a 
to x* mesons produced is about 0.01. This implies that 
the reaction, y+p—-2t+2~+ 9, is about one percent 
as likely as y+p—2+-+n. This result, however, is not 
directly comparable to the production of mesons by 
mesons. 

The earliest theoretical approach to this subject was a 
calculation using covariant perturbation theory by Cini 
and Radicati.* They used the charge-symmetric pseudo- 
scalar interaction, and calculated to order G* which 
includes the three Feynman graphs of Fig. 1. Their 
result is expressed in a usable form only in the high- 
energy limit. 

The work of D’Espagnat® is concerned primarily 
with those aspects of the theory which are independent 
of field-theoretical models. He discusses thoroughly the 
formal properties of the scattering matrix. He also 
considers to some extent the Tamm-Dancoff approxima- 
tion, and gets results formally agreeing with those of 
this work. 

Aitken’ has calculated the effects of the final state 
interaction using the cutoff meson theory of Chew.* He 
considers the modification of the Born approximation 
graph of Fig. 1(c) by the scattering of one of the out- 
going mesons by the nucleon. His approximations are 


3R. S. Margulies (private communication). [See also Phys. 
Rev. 99, 673(A) (1955).] 

‘Sands, Bloch, Teasdale, and Walker, Phys. Rev. 99, 652(A) 
(1955). 

5M. Cini and L. A. Radicati, Nuovo cimento 8, 542 (1951). 

°B. D’Espagnat, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, No. 11 (1954). 

7A. H. Aitken, Indiana University thesis, 1954 (unpublished). 

8 Geoffrey F. Chew, Phys. Rev. 95, 1669 (1954). 
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such as to maximize the enhancement of the production 
cross section caused by the quasi-resonant final state 
interaction. The cross sections that he obtains are much 
larger than those calculated in the present work, and 
are probably somewhat closer to the experimental 
results. 

The present work was originated in the fall of 1953 as 
an attempt to include the effects of meson production in 
the integral equation for meson-nucleon scattering 
studied by the group at Cornell. This equation was 
derived by applying a Tamm-Dancoff approximation 
(in which only those states directly coupled to the 
one-meson, one-nucleon state are retained) to the 
charge-symmetric pseudoscalar meson theory with 
pseudoscalar coupling. The total meson production 
cross section is then given by the imaginary parts of the 
complex scattering phase shifts. This method has the 
advantage that the reactive effect of meson production 
on the scattering can be treated by means of the same 
integral equation. The results of this method were 
found to be equivalent to those obtained by a direct 
calculation of the two-meson, one-nucleon scattering 
matrix. 

The necessary scattering formalism is developed in 
Sec. IT. In Sec. III, the two equivalent expressions for 
the meson production cross section are derived. An 
estimate of the production cross section very near 
threshold is given in Sec. IV, and finally numerical 
results are presented and discussed in Sec. V. 


II. SCATTERING FORMALISM 


We choose our basic set of state vectors to diagonalize 
the Hamiltonian of the free meson and nucleon fields. A 
basic eigenstate is specified by the number of mesons, 
nucleons, and antinucleons of given momentum, spin, 
and charge.” We will be concerned primarily with the 
one-meson, one-nucleon (1,1) states and two-meson, 
one-nucleon (1,2) states. (1,1) states in the center-of- 
mass system will be specified by the nucleon momentum 
(p) and the z components of the nucleon spin (m), 
nucleon isotopic spin (¢), and meson isotopic spin (7). 
The specific abbreviations" 


|a)=|k,m,t,T)=incident state, 
|b)=|p,m',t’,T")=am,e*(p)cr*(—p)®o, —(1) 
|c)=| s,m" tT”), 

will be used frequently.” The eigenvalues of the free- 


* Dyson, Ross, Salpeter, oe Sundaresan, Visscher, and 
Bethe, Phys. Rev. 9 1644 (1954). 

1 These eigenvalues aer measured with respect to the “bare” 
vacuum 9. The modifications introduced by working with basic 
states defined with respect to the “true” vacuum Wp will be dis- 
cussed in Sec. IIT. 

1 Any notation which is not specifically defined in this paper is 
taken from reference 9. 

12 Lower case italic letters will be used to denote (1,1) states, 
lower case Greek letters to denote (1,2) states, and capital italic 
letters to denote states of an arbitrary number of particles. 


IN TAMM-DANCOFF APPROXIMATION 
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Fic. 1. The Feynman graphs contributing to meson production 
in order G*, 


field Hamiltonian Ho for these states are given by® 


Ho|b)=@|b), e«&=E(p)+a(p), 


where 


éa=E(k)+w(k)=E, E(p)=(M?+p")}, 


w(p)= (w+ p*)*. (2) 


Symmetrized (1,2) states in the center-of-mass system 
have the properties 


|8)= | p,7,8,7’,m,t)=am, *(p+s)cr*(— p)cr*(—s)bp 
es=w(p)+w(s)+E(p+5), 
(8| 5°) =m, mo 5¢, 0 
X [63(p— p")53(s—s°)d7, 70 dr’, r-0+ (pes) ]. 


The total state vector is obtained by operating on the 
initial state with the Mdller’ wave matrix y. The wave 
matrix satisfies the Schrédinger equation (E—H))y 
= Hw, where H, is the interaction Hamiltonian. 

The renormalized self-energy Sz” associated with 
each state B can be included in the formalism by adding 
the renormalized self-energy operator," 


S?=>¥ p| B)Se*{B| 


to Ho, and subtracting it from H;. The Schrédinger 
equation including the outgoing-wave boundary con- 
dition then becomes 


v= 1+(E—Ho'+in) "A, (4) 


where Ho = Ho+S*, H;’=H,—S®, and (E—Hy'+in) 
= P(E—H)')'—ini(E—Ho), P being the Cauchy 
principal "value. We note that 6(E—Ay’)=5(E—Hp) 
since S* vanishes on the energy shell. 

It is useful to introduce a formalism in which the 
equation for the (1,1) state will have an imaginary part 
which is entirely due to the real production of mesons. 
This is accomplished by treating the energy denomin- 
ator (E—H,')“ as a Cauchy principal value for the 
(1,1) state, but as an outgoing wave (E—Hp'+ in)" 
for all other states. The wave matrix x for this formalism 
is defined by 


x= 1+ (E—Ho'+in)Hy'x+inp5(E—Ho)Hy'x, (5) 


where p is one for the subspace of (1,1) states and zero 
otherwise. 


(3) 


18 C. Mgller, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
23, No. 1 (1948). 
(1983) Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
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The transition matrix R= H,'y is closely related to 
the cross sections. The modified reactance matrix 
G=H;'x will be useful in actual calculation. They can 
be related by a procedure analogous to that followed by 
Goldberger'® which yields 


Rga— Gao _— ir), F) (E- €.)ReGea, 


where 


Da(E-«)=(2/) Dar Lee f do, f dsi(s—k), (6) 


and »=kE/E(k)w(k). We note that the sum in (6) goes 
only over (1,1) states, since only for (1,1) states is the 
standing wave boundary condition imposed on the G 
matrix. We can therefore reduce (6) to a set of simple 
algebraic relations after separation of the dependence on 
angles, spins, and charge. 

The scattering and meson-production differential 
cross sections as derived by Mller" are given by 


doa+p= (2r)*(1/0) | Roa|*6(E—E(p)—w(p) dp 
= (2m)*(K?/v*)|Real*dQy, (7) 
doa+g= (2x)*(1/0) | Rea|*6(E—€s)d*pa's. 


The angular and energy distribution of the meson- 
production differential cross section is adequately 
discussed by D’Espagnat,® and will not be considered 
further here. The charge distribution will be discussed 
in detail in Sec. III. 

We can express the matrix elements in (6) and (7) 
as sums of contributions from the possible angular 
momentum and isotopic spin states of the incident 
(1,1) wave. The structure of each term is dictated by 
invariance arguments. We will follow D’Espagnat quite 
closely here, but with some modifications. 

We will consider the matrix element Oz, of an arbi- 
trary operator. The dependence of Oz, on the incident 
charge and angular momentum can be separated by 
using the completeness of the isotopic spin representa- 
tion and partial wave expansion for the meson-nucleon 
system. Thus, 


Oze=10! (B; k,m)C,, 3(,0,T,1), 
I=},3, Q= T+1, 
O'(B;k,m)=S LC Ons!(B; km), 
=l+4 


l= J=l 


J 
O11" (B; k,m) = 2 : On, s,m" (B; k) Yi, (h,m), 


where 
Yn! (km) =C14(J,M, M—m, mV, (k), 


k is a unit vector in the direction of k, 
16M. L. Goldberger, Phys. Rev. 84, 929 (1951). 
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and C;,,(J,M,m,m’) is a Clebsch-Gordan coefficient as 
given by Blatt and Weisskopf.'* 

The invariance of the Hamiltonian under rotations 
in momentum space and isotopic spin space enables the 
separation of the dependence of Og. on the angular 
momentum and isotopic spin states of |B). This is 
extremely cumbersome except when | B) is a (1,1) state. 


O;, e (b ; k,m) - Cy +(7,0,7' 0, "(p,m ; k,m), 


Os" (p,m’ ; km) = (0/R*)O, s, 2" (p) 9) 


J 
XX Yes" (dm) Yr (km). 
If we substitute these expansions into (6), using the 


ortho-normality properties of the Clebsch-Gordan 
coefficients and spherical harmonics, we obtain 


Ri s,m" (B,k)[1+i9Gy, s, 2" (k) J=Gi, s,m" (B,k), (10) 
which becomes, for the two cases of interest,!” 
Ry, 3" (8; k)=Gi,s"(8; k)L1+inG(k) P, 
R(p)=G(p)[1+i9G(k) . 


We establish a connection between G(k) and the 
complex phase shift by expanding 


Goa 


Xba=Sba+P— ’ 
(E— ee’) 


G(p) 
(E—e’) 


€o = &+So®= E(p)+w(p) +S" (9). 


This suggests the definition of the complex phase shift 
5 by® 


(11) 


(12) 
yielding 
x(p)=6(E—e)+P 


where 


G(k) = — (1/7) tané. 
Equation (11) then becomes 
R(6; k)=G(8; k)e* cosé, 
R(p) =e* cosé G(p), 
R(k) = —(1/m)e* sind. 
In actual calculation it is convenient not to be so 
general as in the previous discussion. We specify the 


polar axis to lie along &, and the incident spin to be 
m=-+-4. With this choice, (9) becomes 


O, J (pym’; k,m)—01, J, z’ (p,m’) 
=Ci,s(E)On, s, 2" (p) Ys, s*( p,m’), 
On, "(B; k,m)—0, 4s, 2"(B), 
16 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Appendix A. 


17 We will suppress the subscripts /, J, E, J, and M in the future 
except when their inclusion is necessary to avoid confusion. 


(13) 


(14) 


(15) 
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where 


Ci, s(E) = (—1) 4 (0/k*) (2 +1) /8r ]}. 


If we substitute the foregoing angular momentum 
expansion into (7), sum over final spin and charge 
states, and integrate over angles, we obtain the total 
scattering cross section: 


Ose= 21, 9,1|C1,4(1,0,7 2) |?osell,J,D), 
where 


2J+1\ 7 
os0(l,J J) = (—)- 1—¢% | 2. 
2 RP 


We obtain the total cross section from the well-known 
“optical theorem”: 


Srot= — (2/v)(27)® Im(Raa), 
2I+1\ 4x 1—¢* (17) 
main (—)- im( ). 
2 R 2 
We therefore obtain for the reaction cross section 
o(L,JD) =cr0r(l,J DL) —ose(l,J,D) 
2J+1\ 4 
-(——)Fa-le419. a9) 
2 R 


We will find it useful to re-express this in terms of the 


G matrix. 
se 1—inG(k) 


1 4inG(k)’ 
o-(l,J,1)  1Im[G(k)] 
ore(hJ,0) © |G(a)|? 


(19) 


Equation (19) exhibits the utility of the complex G 
matrix formalism which we have introduced. We can 
associate the imaginary part of the amplitude for the 
(1,1) state directly with the reaction cross section. 

We can proceed in a similar manner with the meson- 
production cross section to obtain 


1 (2x)4 
alleen. ne j ia 2 
v Pe a 


x ff eperss(e—o)| Rus 20) (20) 


If (727) is the only inelastic process allowed in a 
given theory, then that theory should give the same 
result for the reaction cross section as calculated from 
(18) as it does for o(m—>2m) as calculated from (20). 
This will be explicitly demonstrated for the Tamm- 
Dancoff theory in Sec. ITI. 

For the field-theoretical calculations in Secs. III and 
IV, it is useful to introduce auxiliary quantities which 
are explicit angular momentum and isotopic spin 
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eigenfunctions, and which include sums over final spin 
and charge states. To do this we must introduce a 
notation for these eigenfunctions. 

The charge states of the meson and nucleon will be 
described in terms of the usual isotopic spin formalism. 
The isotopic spin space has Cartesian coordinates «x, 
y, 2 (or a=1, 2, 3), and the quantization is taken along 
the z axis. The nucleon has total isotopic spin 3, 2- 
component ¢= +3, with charge (/+4). The charge wave 
functions are taken in complete analogy to the Pauli 
spin wave functions 


P= 7(})= (5) —proton; N=0(—})= ({) —neutron 
(21) 


The meson has isotopic spin 1, z-component T= +1, 
0, and charge T. The charge wave functions are taken 
in analogy with the eigenfunctions of angular momentum 
one: T= +1, 0, —1, for r*, r°, and m~ respectively. In 
case more than one meson is present, a subscript will be 
attached to the charge wave function to identify the 
meson by its momentum. It is useful to introduce the 
ortho-normal wave functions * associated with the 
Cartesian coordinates in charge space: 


wi=n, mt=(1/V2)(et+a-), 2¥=(1/V2)(x-—2"*). 
(22) 
The “isotopic spin-angle” eigenfunctions will be 
denoted by 


XP=2C141,0,T,)a(T)o), Q=T+t, (23) 


where the C’s are the usual Clebsch-Gordan coeffi- 
cients.!¢ If more than one meson is present, an argument 
will be attached to the X functions to identify the 
meson in question. 

The four-component spinor for a nucleon of energy 
E(p), momentum p, and z component of spin m, can be 
explicitly written in the form® 


E My} ov: 
u(pn)= (OE ) (4 Jam), 
2M E(p)+M 


where 


a(+3)= (24) 


_ (0 )) _[oe 0 
we of F"\0o ff 
where | is the 2X2 unit matrix and @’ is the ordinary 
2X2 Pauli spin matrix. 
The normalization &(p,m’)u(p,m) =m, m’ is used. The 
adjoint A of a four-component spinor A is defined as 
A*8, where B= ( is The meson-nucleon angular 


momentum eigenfunctions will be denoted by 


Yas! (P)= Lim Ya, ™ (P,m)a(m). (25) 
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In terms of this notation we define 


O1, 4,279 (P)= Lim L701, 4,2" (p)ep(T’)0(’)u( p,m’) 


E(p)+M\! e- 
Ds, ee 
E(p)+M 


2M 
XOi, 4, 2" (Pp) Ya, s4(p) X19 (p), 


On, 5,27 °(P,8) = Do mdo7. 7/01, s, 2" (8)4p{T) 
Xa.(T")o(t)u(p+s, m). 


We can, for example, use this notation to rewrite (20) 
in the form 


01, s' (x2) =3[ (2x)*/2] 


x f f dpd'sd(E—«)(Ri,z,x"(p,s))?, (28) 


(26) 


(27) 


where (R)?=RR. 

This completes our definition of notation and 
scattering formalism. We have done this in considerable 
detail with the hope of lending continuity to the cal- 
culations in the remainder of the paper. 


Ill. TAMM-DANCOFF APPROXIMATION 


The formalism developed in the previous section is 
quite general, and does not give any information about 
the complex phase shifts as functions of the energy. To 
get such information, a particular interaction Hamil- 
tonian must be chosen, and some approximation must be 
made in solving the resulting Schrédinger equation. We 
shall use the charge-symmetric pseudoscalar interaction 
(PS) as given in reference 9, and shall make the 
approximation of dropping all states not directly 
coupled to the (1,1) state. The particular feature of this 
approximation which is of greatest importance for this 
calculation is that the (1,2) amplitude is given directly 
in terms of the (1,1) amplitude. If the energy is insuffi- 
cient for the production of a real nucleon, antinucleon 
pair, the only inelastic process allowed in this theory is 
the production of a single additional meson. It should be 
possible to calculate the total cross section for this 
process either by direct integration of the differential 
cross section or by calculation of the reactive effects of 
the production on the G matrix for the (1,1) state. We 
shall use both methods, and shall show that they yield 
identical results. In the case that meson production is 
unlikely compared to elastic scattering, a useful and 
quite simple approximation will be developed. Finally 
we shall discuss the distribution of the meson production 
among the allowed (1,2) charge states. 

The PS interaction has matrix elements for changing 
the number of mesons by +1, and the number of nu- 
cleon pairs by +1 or zero. The (1,1) component of the 
Schrédinger equation for the wave matrix x expresses 
x(p) in terms of the amplitudes for the (1,0), (3,0), 
(1,2), and (3,2) states [where we denote a state of M 
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mesons and one nucleon plus N pairs as a (2N+1, M) 
state ]. This does not involve any approximation. The 
T-D approximation is involved in expressing these 
amplitudes directly in terms of the (1,1) amplitude, thus 
reducing the Schrédinger equation to an integral equa- 
tion for x(p). The protion of this equation due to the 
coupling with the (1,2) state will be derived in detail. 
The remainder of the equation will be taken from refer- 
ence 9. Using the auxiliary notation of (26) and (27), the 
Schrédinger equation reduces to 


Cr(E(E-a)x(9)= f fe2'sP (0s)x(03) 


+other terms, 
(E— €s)x(p,8) = Ci, s(E)LF (p,s)x(p)+F(s,p)x(s), 
F(p,s) =T'(p,s){LE(p)+M ]/2M}1A,(p,s)v5 


op 
«11 goo lL 4(D) (r-a,) X72 p 
( + me A@)(r-47)X19(p) 


where 
I'(p,s)=1G (160°) M?/E(p)E(pt+s)w(s) }. 


G is the PS coupling constant whose order of magnitude 
is G?~50n. (r-m,) is a charge operator which will be 
discussed in detail later. A,(p+s) is a positive-energy 
projection operator for the nucleon, with the properties 


As (p)= Xo mu (p,m) ii(p,m), (32) 
ysA..(p)ys=A_(p) = (2M)“[Syse- p—BE(p)+M ]. 


The algebraic manipulations required to obtain the 
Schrédinger equation in the form (29), (30) are carried 
out in Appendix A. 

If we substitute (30) into (29), recalling that the 
energy denominator (E—¢g) is to be treated as an out- 
going wave, we obtain the integral equation 


(E—e)x(p)=Si(p)x(p)+ f sdsLa(p,s)x(s) 


+4] spx(o)+ f #aslalpshx(0)| (33) 


where 
Su(p)=Sy (P)+P f J d0,d°s(E—«)"F(p,s)F (ps), 
Sip)=—1 f f d0,,d°sF (p,s)F (p,s)3(E— 6), 
Li(p,s)=Lr'(,9) (34) 


+P f f an,aae- «s)F'(p,s)F(s,p), 


Lalps)=—n ff 40,d0,F(99)F (6,96). 
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The terms in S;'(p) and Ly'(,s) arise from coupling to 
the (3,0), (3,2) and (1,0) states. S,’(p) isa real divergent 
self-energy term, and L,’(p,s) is a real symmetric kernel. 
The terms in S2(p) and Lo(p,s) arise from the outgoing 
wave boundary condition on the (1,2) energy deno- 
minator. They represent the reactive effects on meson 
scattering of the production of a real second meson. It 
is important to note that we do not consider the term 
in S2(p) as a self-energy, but rather as a reactive effect 
with the same physical significance as the term in 
L2(9,5). 

The first step that must be taken is to renormalize the 
self-energy term Si(p). It has been pointed out by 
Dyson'* that this is not possible ina T-D theory (OTD) 
where the amplitudes are taken with respect to the 
“bare” vacuum ®p because of difficulties with the vac- 
uum self-energy. He introduced a modified T-D theory 
(NTD) where the amplitudes are taken with respect to 
the “true” vacuum Wo of the interacting fields. If this 
NTD formalism is used, keeping only those states 
directly coupled to the (1,1) state, an equation of the 
form (33) is obtained'® which differs from the OTD 
equation only in the terms S;'(p) and Ly’(p,s). (The 
scattering formalism of Sec. II will be assumed to apply 
to the NTD theory without proof. In the actual calcula- 
tions performed in this work, the differences between 
the NTD and OTD thoeries will not appear.) 

The self-energy problem for meson-nucleon scattering 
has been studied in the NTD theory by Visscher.” He 
found it possible to renormalize the expression obtained 
for S;(p), but the result for S,;*(p) shows a spurious 
vanishing of the energy denominator (E—e,’) at high 
momenta which is not capable of physical interpretation 
For this reason we will neglect the self-energy terms in 
this calculation. 


Approximation S,"(p)=0 


Each term of the kernel Zi(p,s)+iLe(p,s) can be 
associated with a time-ordered Feynman graph. Their 
appearance in an integral equation indicates that all 
possible iterations of graphs (a@)—(d) of Fig. 2 are taken 
into account. The imaginary part associated with 
graph (a) has an identical physical interpretation to 
S2(p). Other than the presence of this imaginary part, 
graphs (a) and (d) present no troublesome features. 
All possible iterations of these diagrams are convergent 
scattering graphs. 

Graphs (0) and (c) present difficult divergence 
difficulties.® These are associated with the fact that the 
nucleon propagates by itself in both of these graphs. 
thus introducing self-energy modifications when they 
are iterated with themselves, and vertex modifications 
when iterated with graphs (a) and (d). These difficulties 
occur only in the states =}, J=}4, in which the nucleon 


18 F, J, Dyson, Phys. Rev. 90, 994 (1953). 


’ R. H. Dalitz and F. J. Dyson, Phys. Rev. 99, 301 (1955). 
% William M. Visscher, Phys. Rev. 96, 788 (1954). 
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(d) 


Fic. 2. The time ordered Feynman graphs associated with the 
fundamental meson-nucleon scattering interactions of order G*, 


can propagate alone. A prescription for dealing with 
these difficulties has been given by Dalitz and Dyson,” 
but it drastically modifies the form of the integral Eq. 
(33). It has not been found feasible to extend the results 
of this calculation to cope with this modification. The 
states [= J =} will therefore be omitted from considera- 
tion. 

If we use Eq. (12) to express the singular function 
x(p) in terms of G(p), we obtain the integral equation 
for G(p): 


G(p)= (8/2) La(p,k)-+P f dq(s)Lx(p,s)G(s) 


+i f ag()K GIG), (39) 
where 
K(,5) a L2(p,s)+s *S2(p)5(p—s), 
dq(s)=s*ds/LE— E(s)—w(s) ]=s*ds/A(s). 

In order to obtain a guide to the relevant features of 
the solution of (35), we will consider the direct calcula- 
tion of the meson production cross section. The two- 
meson matrix element on the energy shell is given by 
Eqs. (5), (11), and (30): 

(E—«)x(p,s) =G(p,s) 


=C),s(E)[F(p,s)G(p)/A(p)+(pers) ], (36) 


where 
R(p,s) = - coséG (p,s) al coséC;, s(E)T(p,s), 


R(p,s) being defined by (27) and (28). The total cross 
section for the production of a second meson is obtained 
from (28). If we use (13), (15), and (36), and divide by 
the scattering cross section (16), we obtain 


o(w—>2m) /ase= (v/2k*) |G(k) | 
x f f @pd's(T (p,s))"6(E—«). (37) 


If we make the substitution (36) for T(p,s), (37) reduces 
to 


a (4-22) /os0= — (v/wk?)|G(k) | 


x f fac MKOG), G8) 


where K(p,s) is defined by (34) and (35). 
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We recall that Eq. (19) expressed the ratio (¢,/ase) 
in a form quite similar to (38). This suggests that it 
might be possible to prove that 


Im[G(k)]= (0/#) 
x f f dq(p)dq(s)G*(p)K(p,8)G(s). (39) 


In order to prove this we first subtract from the 
integral Eq. (35) its complex conjugate to give the use- 
ful identity 


Im[G(H)]= (21)? f dals)La(sANLG(S)—G*)]. (40) 


This identity depends on the symmetry of L;(,s) and 
K(p,s) in (35), and on the vanishing of K(p,s) (for 
kinematical reasons discussed in Appendix B) for all 
momenta greater than po(E), where fo(£) is less than 
k. We can now show that the right-hand side of (39) 
can be reduced to the form (40). 


cot) f faacoranrcrnx 9600) 
= (v/F?) (24) f f dq(p)dq(s) 


X[G*(p){iK (p,s)G (s)} +-{iK (s,p)G*(p)}G(s)]. (41) 


If we substitute (35) and its complex conjugate for the 
terms in curly brackets in (41), switch the labels on the 
dummy variables in one of the terms, and use the 
symmetry of Li(,s), we find that (41) reduces to (40). 
We therefore have shown that (39) is indeed true. 

To summarize, we have proved that the reaction 
cross section as calculated from (19) and the integral 
Eg. (35) is identical to the total cross section for the 
production of an extra meson as calculated from (38). 
This is of methodological interest, and it is worthwhile 
examining the features of the theory which are necessary 
for this result to hold. It is clear that any theory which 
preserves the unitarity of the S matrix” will give this 
result. What we have shown is that the total probability 
for not remaining in a one-meson state can be accounted 
for by summing all transitions to energy-conserving two- 
meson states. Since the unitarity of the S matrix can be 
proven” from the Hermiticity of the Hamiltonian, a 
result of this type can be obtained as long as the 
approximations made in a theory keep the effective 
Hamiltonian Hermitean. It is clear that any consistent 
Tamm-Dancoff approximation will meet this require- 
ment since the only approximation is to replace the 
Hamiltonian by a finite Hermitean part of itself. 

Equation (38) expresses the meson-production cross 
section as an integral over the solution of the complex 
integral Eq. (35). The same result is available, however, 
without integration from (19) once the solution for the 
complex integral equation has been obtained. It appears 
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then, at first sight, as if the expression (38) is not of 
much practical value. There does, however, remain one 
interesting feature of (38) which has ‘not yet been ex- 
plored. If the equation is rewritten in the form 


o (4-21) /os0= — (v/a) 
xf faaraurnxes ue, (2) 


where U(p)=G(p)/G(k), it is seen that the dependence 
on G(p) is rather limited; that the production cross 
section depends only on the form of the function G(p), 
and not on its magnitude; and that even the form need 
only be known in the low-momentum region where 
K(,s) is nonvanishing. If it were possible to obtain a 
good estimate of the function U(p)=G(p)/G(k) with 
less effort than would be required for the solution of the 
complex integral Eq. (35), then the production cross 
section could be obtained by quadrature from U(p) 
using (42). This does, in fact, seem to be a reasonable 
procedure when meson production is unlikely compared 
to elastic scattering. In this case, the “production 
kernel” K(p,s) would be expected to be relatively un- 
important in the integral equation (35) compared to the 
“scattering kernel” Li(p,s). We can then estimate the 
function U(p) form the solution of the real integral 
equation 


Go(p) = (B/2)Li(p,k)-+P f dq(s)La(p,s)Go(s), (43) 


where U(p) = Uo(p) =Go(p)/Go(k). This is precisely the 
integral equation for meson-nucleon scattering which 
has been studied extensively at Cornell,®° and which 
has been solved numerically on the UNIVAC by Kalos.”# 

It is interesting to note that if Uo(p) is inserted into 
(42), the resulting production cross section is identical 
to the reaction cross section calculated to first order in 
K(p,s). If we substitute G(p)=Go(p)+iG2(p), into 
(35), we obtain 


Gulp) ~ f dq(s)K (p,8)Gu(s) 


+P f dais)ia(9,s)G2(0). (44) 


To first order in K(p,s), we have dropped the term in 
K(p,s)G2(s). This leaves G2(p) as a purely real function 
satisfying the same integral equation as Go(p) except 
for the inhomogeneous part. Equations (42) and (43) 
suggest that the solution of (44) on the energy shell 
might be given by 


Ga(k)= (o/#) f f dq(p)dq(s)Go(p)K(p,s)Go(s). (45) 


21M. H. Kalos and R. H. Dalitz, Phys. Rev. 100, 1515 (1955). 
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If we substitute (43) for Go(p), and (44) for /dq(s) 
XK(p,5)Go(s), and recall that 


Gs(k) =P f dq(s)L1(s,k)G(s), 


we can easily show that (45) is correct. 

In this approximation, the equivalence of the two 
methods of calculation is of practical significance. Once 
we have solved (43) for Go(p), the calculation of the 
production cross section from (42) can be done by 
quadrature, but its calculation from the reaction cross 
section requires the solution of a second integral equation 
(44). It is clear physically that the two methods must 
agree, but it is somewhat obscure at first sight from a 
mathematical point of view. In an imprecise way, one 
can say that the solution of (43) determines a Green’s 
function on the energy shell which makes possible the 
solution of (44) by quadrature. 

Before proceeding to actual calculations, we should 
like to examine the function U(p), and attempt to 
estimate corrections to Uo(p). Since G(p) is proportional 
to tané, it is singular at scattering resonances, and it 
would be desirable to explicitly extract this singular 
behavior. We use a device of the type used by Kalos and 
Dalitz# to remove the principal value singularity from 
the integral equation. We define 


ci=o(0)| wen+r f (oro 


= 1#/90(9) / |1-P f in(so(o} (46) 


The singular behavior of G(p) at resonance is deter- 
mined entirely by the denominator in (46). The func- 
tion U(p)=(p)/o(k) does not depend on this denom- 
inator. If we let ¢(p)=¢0(p)+id2(p), we obtain [in 
analogy to (43) and (44) ] 


bo(p)=La(p,k) + f dq(s)[L1(p,s)—La(p,k) Jools), (47) 
2()= f dq(s)K(p,3)[0(s)-+ide(s)] 
+ f da(s)LLa(p,s)—Li(p,k) Wools). (48) 


The cross section to first order in K(p,s) is obtained by 
letting U(p)~Uo(p)=¢0(p)/oo(k). Equation (47) is 
essentially in the form used for the UNIVAC calcula- 
tions.“ An estimate of corrections to ¢o(p) can be ob- 
tained by a crude solution of (48). We will see that the 
dominant term in K(p,s) arises from S2(p). If we 
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neglect L2(p,s), (48) becomes 
[1-1 (p) 1b2(d) =5 (d)b0(0) 


+ f dq(s)LL1(p,8)—Li(p,8)#x(s), (49) 


where {(p)=.S2(p)/A(p), and ¢(p)=0 for p> po. 

The first iteration of (49) contains an integral of 
[L1(p,s)— Li(p,k) ] over the narrow momentum range 
from 0 to po. It is therefore probably reasonable to 
estimate ¢2(p) from the Born approximation to (49). 
We then obtain 


$(p) ~go(p)L1—it(p) PS 
(50) 


U(p)=Uol(p)L1—iF (p) P, 


since ¢(k) =0. This correction to Uo(p) will be found to 
be important for energies greater than about 500 Mev 
where the two-meson T-D approximation is, in any 
case, very bad. 

The evaluation of (#27) using (42), (50), and the 
solution of (47) will be carried out in Sec. V. 

It is of interest to consider the distribution of the 
meson production cross section among the possible two- 
meson charge states. We consider the matrix element 
defined by summing (27) over angular momentum and 
isotopic spin states. 


R(p,s) = DR? 9(p,s)Ci, 3(7,0,7,1), 


R'°(p,s)= 1 R1,, zg’ °(p,s). 


(51) 
where 


This matrix element can in general be written in the 
form 


R!°(p,s) = f"(p,s)(7-m.)X1°(p) + (pers), (S2) 


where f‘(p,s) is a spinor function, and (7-2,)X7°(p) 
is a charge wave function for the (1,2) state. The 
T-D approximation of this section gives 
I'(p,s) / E(p)+M 
f'(p,s)_ ~ ( 
(T-D) A(p) 2M 





(53) 


4 
) A, (p+s)7s 


yso°p 


x(1+-—— ) Ci s(E)U1 (P)R1 ov, #'(p). 
( E)4+M D701 7 (L) Yi, 3 (P)Ri, vs, 2" (p) 


The charge operator (7-7,) is defined by 


(r+m.) =V2(ry95-+7_2,*) + 17,°, (54) 


where 74.=}(72i7,), and 7, Ty, 72, are the usual nu- 
cleon isotopic spin operators.” The two specific cases 
which we will consider are those of x* and a incident 


2H. A. Bethe and F. DeHoffmann, Mesons and Fields (Row, 
Peterson and Compnay, Evanston, 1955), Vol. 2. 
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Fic. 3. The transitions of order G* contributing to the production 
of two S-wave mesons. The transition from the (1,1) to the (1,2) 
state may be preceded by a scattering of the incident meson. 


on protons. These give” 


R*(p,s) = R!4(p,s) =v2L/3(p,s)+ f2(s,p) {asta} 
+fi(p,s){x.°r +P} + f"(s,p){rpm.*P}, (55) 
R-(p,s) = (1/3)#R!—*(p,s)+ (2/3)'R!-4(p,s) 
=v2a(p,s){x.+a4,-N}+v2a(s,p){rp'x.N} 
+[a(s,p)+v2b(p,s) }{x.-1,°P} 
+[a(p,s)+v2b(s,p) ]{r,-7.°P} 
—[b(p,s)+5(s,p) ]{r.°r"N} ; 


a(p,s)=3f*(p,s)+3/*(p,s), 
b(p,s)=3V2L/*(p,s) — f*(p,s) ]- 
The cross section is proportional to (R(p,s)). It we 


denote the charge of each meson as a subscript to its 
momentum, we have 


(R*(p,s))’= 2(f4(p,,8,) + f4(8,,P4))” 
+(f3(py,80))*+(f2(s4,po))’, 


where 


(56) 


(R-(p,s))?= 2(a(p_,sy))?+2(a(s_,py)” 
+(a (S_,Po) +~v2b(po,s_))?+ (a (p_,So) +v2b(so,p_))? 


+(b(po,80)+5(80,Po))’. (57) 
The case of incident z* is easier to interpret since only 
one isotopic spin state contributes. The identity of the 
two positive mesons in the first term of (56) gives an 
interference term which will, in general, contribute to 
the total cross section. In the T-D approximation, as 
can be seen from (34), the kernel L2(p,s) is associated 
with the interference term, and the “self-energy” 
S2(p) is associated with the remaining terms. We will 
see in Sec. V that Zo(p,s) makes a relatively small 
contribution. This means that about 3? of the meson 
production will go to a state of two w* and a neutron. 

In the case of incident 2~, the last term in (57) con- 
tains an interference term of the same kind as the one in 
(56), but in addition there are interference terms be- 
tween J=} and J=$. These cancel when we sum over 
the two-meson charge states, but they are of importance 
in the charge distribution of theproduction cross section. 
If both isotopic spin states contribute appreciably to 
the meson-nucleon interaction, there is no way of ob- 
taining a good estimate of the charge distribution. 

The physical interpretation of the charge distribu- 
tions (56) and (57) is most straightforward in the case 
of the T-D approximation which can be considered as 
scattering of the incident meson followed by production 
of the second meson. In (56) the incident z* is scattered, 
and then a z* or a 7° is produced. In (57) the incident 


a can undergo either direct or charge exchange scatter- 
ing. The first two terms correspond to direct scattering 
followed by 2* production. The second two are the 
coherent superposition of direct scattering followed by 
x production, and charge-exchange scattering followed 
by a production. The last two terms correspond to 
charge-exchange scattering followed by x° production. 
It is to be noted that (56) and (57) do not depend on 
the T-D approximation, but a description of their 
general structure in physical terms can be simply given 
only in terms of this approximation. 


IV. PRODUCTION VERY NEAR THRESHOLD 


The only nonvanishing part of the production 
matrix element at threshold is that part in which both 
outgoing mesons have zero angular momentum. 
Because of parity, this configuration is accessible only 
from the P; partial wave of the incident meson-nucleon 
state. It is clear that we have not included this mode of 
production in the T-D approximation of Sec. III since 
it is necessary to absorb the original P-wave meson and 
emit two S-wave mesons. In order to accomplish this, 
higher order transitions from the (1,1) to the (1,2) state 
must be included. We will consider only transitions of 
order G*, and hope that this will give a reasonable 
order-of-magnitude estimate. 

The transitions of order G* which can contribute to 
the threshold production are indicated in Fig. 3. The 
original meson can be absorbed at any of the five points 
a, b, c, d, or e. The transitions producing the two mesons 
must involve a parity chage for the nucleon to compen- 
sate for the odd parity of an S-wave meson. Therefore 
the nucleon line must reverse itself in time at the 
meson-producing vertices. Similarly the even-parity 
P meson must be absorbed without a change in direc- 
tion of the nucleon line. 

We can easily obtain the isotopic spin factors asso- 
ciated with these graphs by using the anticommutation 
properties of the 7,’s. If the incident meson has charge 
coordinate 6, and the two outgoing mesons have charge 
coordinates a and 8, and we recall that® 


TsTaAs=(Q'Ga, 
where Q’=2 for J=3, and Q’=—1 for J=}, then we 


obtain 


Gag (1,2) sg (2—Q’)[g(1,2) raGe+g(2,1) rGa ]} 
for a and 8, 
Gag(1,2)=Q’Lg(1,2) raGet+g(2,1) r9Ga ] for ¢, 
Gag(1,2) es [2g(1,2) —Q’g(2,1) JraGs 
+([2g(2,1)—Q’g(1,2) ]7sGa for d and e. 
In general, c, d, and e contribute for both J=} and 
I=, but a and 6, where the nucleon propagates by 


itself, contribute only for =}. Very near threshold, 
when both mesons have angular momentum zero, 


(58) 


(59) 
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g(1,2)=g(2,1), and only c will contribute to J=$ while 
all five cases contribute to 7=}. We shall consider only 
I= 3 in order to avoid the divergence difficulties 
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associated with J=J=4. We shall write the matrix 
element for graph c of Fig. 3 in the form (52). Using the 
PS interaction,® we obtain 


fi,” ?(p,s)=Q'Ci, s(E)e* coséP f @ql (p,q)l (q,p)T (p,s) (LE(g) +M ]/2M)! 


A, (p+s)ysA_(— p)ysA_(— p—q)¥s 





x 
Recah ate cola 


In order to obtain an estimate of the above expression 
very near threshold, we set p and s equal to zero under 
the integral sign, and let E=M-+ 2y in the energy de- 
nominators. The resulting expression is 


fi.s79(p,s) ~ —10'G* (16x) “*LE(p+s)(p)w(s) 4 
xe? coséA 1, vB, r, (61) 


where 


Aus=—C,4(E) f dQq(o-4)Yx.14(9)= (0/2) for Py, 


=0 otherwise, 
and 


B,,s'=P f dqx (q){LE(q)+M)/2M }§[M?/E(q)w(q) }* 


X{¢/LE(Q)+M J[2E(q)—») JLE(g) +o(q¢)+M—n]}. 


If we substitute (61) and (52) into (28) and use the 
results of Appendix B, we obtain 


o(r—2m) = (40/R*) (G?/4r)*| e** cosdB |? 
X(MPE/RE(k)w(k) JV, (62) 


where 


wo (po) 
v=Mf  delp)los(9)-w-()] 


ry 


V is a measure of the available phase space for the (1,2) 
state. It can easily be evaluated numerically, but we 
find that an approximate analytic form which treats the 
mesons nonrelativistically is accurate to better than 
10% for po<2u. 


ww po! w’\*7! e\? 
Vn l:-(=) -0.157(—) , (63) 
8 2M? M M 
where p’=uM/(u+M), and e= E—(M+2y). 
The anplitude, e* cosé8, can be written as a sum of 
contributions from the incident and scattered parts of 
the wave function x(q). 


e*® cosé8=e"* (Bo cosd+- sind), (64) 


o°q 
1 He 4(7 . (60 
x( tle ihe (p)x(q). (60) 





where 


- ( ME(k)w(k) ) rs 
Nope) +My/ E(E+M—p)[2E(k)—u] 





y= (1/a)P f dal U(@/CEC)+0()-E) 


X {LE(Q+M/2ME(q)o(q)}? 
X(¢/LE@+0(9)+M—vIL2E(Q)—n)}. 


The term in 8p is the result that would be obtained from 
G perturbation theory® for the J= $ threshold produc- 
tion. The cross section (62) will be evaluated in the 
next section. 


V. RESULTS AND DISCUSSION 


The results of Sec. III to first order in the “produc- 
tion kernel” K(p,s) are obtained from (42) with the 
solution of (43) used to calculate Uo(p). The UNIVAC 
solution of (43) by Kalos and Dalitz” gives directly the 
function f;(p) which is related to Uo(p) by 


[E(k)+M JE(k)w(k)\# 
)= a(p), 
a (p)+M JE(p)o(p) ) 


where a(p)= f3(p)/fs(k). Equation (42) then becomes, 
in a form suitable for numerical computation, 


o(xr—2r)/on0= =U st Ly 





(65) 


where 


3G \ EL E(k)+M] pr” 
z5=( al dpla(p) ? 
327° k 0 
pW(p) 


w(p)LE(*)+MILM+ PT] 





(66) 
W (p)=[o+(p)—w_(6) ] 


eae (— )- ‘ } 
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TABLE I. The ratio of meson production to elastic scattering as a function of energy, angular momentum, and isotopic spin. 








I=1/2 
Dus 


I =3/2 
Pan 


0.00037 
0.00384 
0.00913 


Dan 


0.00039 
0.00898 
0.0321 


Dsiz 


0.00028 
0.00690 
0.0336 


Pa 


0.00076 
0.0128 
0.0520 


.E. 
oR ai Sus 
0.00273 


0.0271 
0.0965 


Pius 


0.00092 
0.0165 
0.0645 





0.00035 
0.00839 
0.0366 


271 
437 
628 


0.224 0.149 0.0169 

0.43 0.28 0.027 

0.73 0.46 0.038 
—0.18 —0.18 +0.35 


868 
1130 


1430 
(Z1/Zs) w 


0.0683 

0.12 

0.18 
+0.04 


0.0843 

0.16 

0.27 
—0.20 


0.125 

0.24 

0.39 
—0.25 


0.0880 

0.17 

0.28 
—0.02 








(je 


2 
= fr pa(p)Z(p) 
0 Epw(pA(p) 


w,(p) 
Z(p)= dws(s) 


w—(p) 


ats) | a—aanp (2s) 
E(s)w(s) nt. 
psA 


“ [E()+MILE() +] 





Pus(a)| 


according as J=/+}4. The kinematical quantities po, 
w4(p), and «are discussed in Appendix B. The reduction 
of (42) to the form (66) is carried out in Appendix C. 
The quantity A in (67) is defined by 


A=E(p)+w(p)+E(s)+o(s)+M—E. 


The integrations in (66) and (67) were performed 
numerically. The values of k which were chosen involved 
some interpolation of the UNIVAC solutions for a(p), 
but this did not introduce any serious errors. In order 
to obtain a comparison with the Brookhaven experi- 
ments at 1.4 Bev, we extrapolated to k=0.8M. This 
was done by extrapolating (21/Zs) and (Zs/Zo), 
where 2p is defined as 2s for a=1. We then have 


Ust2ir=ZoL14+ (Z1/Zs)](Zs/Z0), 


where Zo is the most rapidly varying factor, but is 
easily calculated. The final numerical results are 
presented in Table I. These are calculated using 
(@/4r)=15.7, which gives the best agreement for 
low-energy meson-nucleon scattering.2! We include the 
last row to give a crude picture of the relative contri- 
butions of 2; and Ys. This ratio does not vary greatly 
with energy. We note that both 2» and (2s/Zo) increase 
with energy, but that the increase of Zo, especially near 
threshold, is much more rapid. 

We can estimate the corrections to these first-order 
results by including the damping factor of Eq. (50). 
Since (50) is itself a very crude estimate, it is adequate 
to multiply the results in Table I by a correction factor 


defined by 
p= (LU (p)/U0(p) Pw 


1 Po 
=—f apt i(n/anH. ©) 
Povo 


This is easily evaluated numerically to give: 


k/M 03 04 05 06 07 O08 
p 0.99 0.90 0.72 0.60 0.45 0.35. 


We see that for k/M20.6, the effect of including 
¢2(p) becomes very great. In order to obtain accurate 
results within the T-D approximation, we would have 
to solve the complex integral Eq. (35) for G(p). Con- 
sidering the inadequacy of the two-meson T-D approxi- 
mation at high energies, sucha laborious calculation 
would not be justified. 

The results of Sec. IV for the production cross section 
very near threshold are most conveniently expressed 
in the form 


o 5/@\3 ME 
—--(—) [——_| (Bo cosé-+y sins)*V, (69) 
Sex? x \4r/ LE(k)w(k)k 


where 
w(k) 


k \? } 
»~0.00266( — : 
. (~) ol 
w(kin) +E (kin) =M+2p, 
y= {LE(k)+M JE (k)o(k)/80?}} 


xP f da{e(q)/E(qo(q) Kg/LE(@) +0(q)—E] 


X[E(g)+0(¢)+M —x ]LE(9)— (u/2))}. 


y was evaluated numerically using a(g) for the P;, 
IT=% state with k=0.24M and G*/4r=15.7. The 
result is y=0.0308. If we take the phase shifts from 
reference 21, and neglect the energy dependence of y, 
we obtain 


k=0.3M, 
k=0.4M, 


sind+ —0.12, 
sind~ —0.19, 


(o/8xX?) ~ 0.00018, 
(o/8rk*) ~0.011. 
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These results include a large degree of cancellation 
between the incident and scattered waves, and are 
therefore quite uncertain. At k=0.3M, the result with 
sind=0 would be increased to (o/8r\*)~0.0022. (We 
note also that an extrapolation of the approximations of 
Sec. IV to k=0.4M is probably very inaccurate.) 

In the neighborhood of k=0.3M, the scattering cross 
section is approximately (87A4*), so that the production 
of a pair of S-wave mesons is given approximately by 


| e(k) ] 
€(0.3M) 

for ka <k<0.3M, (70) 
e(k) = E(k) +w() 


a (1-27) 
Ay = s 





Tac 


where R=0,.0002—0.0005 and 
—(M+2zy,). 

If we average the results of Sec. III over angular 
momenta by weighting each state by (2/+1) sin’é, 
we obtain the ratio of production to scattering cross 
sections as it would be observed experimentally. For 
I =3, this is plotted in Fig. 4. 

The phase shifts are taken from the UNIVAC 
calculations" for k<0.6M, except for the S; phase 
shift which is taken as —20° at 300 Mev from 


Margulies” experiment, and is assumed to vary linearly 
with k. For k>0.6M, all the phase shifts are assumed 
equal. At k=0.6M, these two assumptions give very 


similar results. Below k=0.3M, the meson production 
is dominated by the state of two S-wave mesons, and is 
given approximately by Eq. (70). At about 0.3M, Eq. 
(70) and Fig. 4 become comparable. For higher energies, 
Eq. (70) is not dependable, and we will consider only 
Fig. 4. 

The results for J=} will be quite similar except near 
threshold where the ratio of production to scattering 
is not suppressed by the existence of a resonance which 
dominates the scattering. The production near threshold 
will be determined by the states J=J=} which are 
not well enough understood to make any predictions. 

A comparison with experiment can be made, which 
despite the limited amount of available data, indicates 
strongly the inadequacy of the approximations used 
here. 

At 300 Mev, Margulies* observed one inelastic event 
among 150 elastic scatterings where this calculation 
would predict about one inelastic event in 1000 scatter- 
ings. Both the data and the evaluation of the theory 
are very uncertain here, but there is an indication that 
the theory predicts too little meson production. 

In this energy range the scattering is dominated by 
the P, state which yields an exceptionally low ratio of 
production to scattering at all energies. This low ratio 
arises from the enhancement of high-momentum 
components relative to low-momentum components of 
the wave function by the strong attractive interaction. 
This means that the function U(p)=G(p)/G(k) will 
be small for this state if the accessible momenta are 
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Fic. 4. The ratio of meson production to elastic scattering as a 
function of the incident meson momentum in the c.m. system. 
The lower curve includes a correction for the coupling of the 
production to the scattering as calculated from Eq. 68). 
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restricted to p< po. This restriction occurs in the absence 
of final state scattering since the meson of momentum p 
must be produced in an energy-conserving state. 

At somewhat higher energies, in the neighborhood of 
500 Mev, the orbital angular momenta of the mesons in 
the final two-meson state are not so severely restricted 
by the available phase space. The production-to- 
scattering ratio then becomes relatively independent 
of the incident angular momentum state. The total 
production to scattering ratio is therefore less sensitive 
to the choice of phase shifts, especially since the P; 
state no longer dominates the scattering. 

The theoretical production-to-scattering ratio in this 
region is of the order of 0.02. This is considerably 
smaller than the lower limit of 0.14 estimated from the 
emulsion experiments of Blau and Caulton.? Despite 
the uncertainties in the analysis of such an experiment 
in terms of meson production from individual nucleons, 
the discrepancy between theory and experiment is very 
likely to be a real one. 

At still higher energies, the theory becomes essentially 
useless. The rough estimate of Eq. (68) indicates that 
the coupling of the meson production to the elastic 
scattering can no longer be neglected, and that if this 
coupling is crudely estimated, it tends to decrease the 
ratio of production to scattering. This effect is very 
much in the wrong direction, and strongly indicates the 
inadequacy of the two-meson Tamm-Dancoff approxi- 
mation at these high energies. 
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In conclusion, it may be said that this work ac- 
complishes two purposes. First, it successfully 
formulates the inclusion of meson-production effects in 
the Tamm-Dancoff theory of meson-nucleon scattering ; 
and second, it demonstrates somewhat more forcefully 
than do the calculations of meson scattering the 
inadequacy of excluding three-meson states at high 
energies. 
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APPENDIX A 


The Schrédinger equation in the T-D approximation 
of Sec. III is of the form 


(B~a)xu=Z Ef Ps(0| 18x 
m T,T’ 
+> wb| Hi| N)xwa, 
(E—€)Xa= Dm’ d(8| 1] b)xba+ (b0). 


The abbreviations of (1), (2), and (3) are used. The 
second term in (A-1) arises from the couplings of the 
(1,1) state to the (1,0), (3,0), and (3,2) states, and will 
not be treated in detail. The second term of (A-2) is 
identical to the first except for the interchange of the 
two mesons. We will show in detail that the first terms 
of (A-1) and (A-2) can be put in the forms (29) and 
(30) respectively. We consider first (A-2) with angular 
momentum and isotopic spin separated. 


(E—es)x(8)= 48! Hi | 6)Cr, (ENC 3(7,0,7 0) 
X Ys, s4(p,m’)x(p) + (60). 


(A-1) 
(A-2) 


(A-3) 


The matrix element (8|H;|b) is given by 
(8| H1|b)=T'(p,s)a(p+s, m)v*(i)ysr.0(t’)u(p,m’), (A-4) 


where I'(p,s) is given by (31), and r,=V2r-, 7,, V27* 
according as the meson of momentum —s is 2*, 7°, or 
x~. If we multiply (A-3) by x,(7")x,(T)v(t)u(p+s, m), 
and sum over the spin and charge states of |8), we 
obtain 


(E- €3)X (p,s) — T'(p,s)C;, (E) QBys(r : T.)CDx (p), 
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where 
@=>nu(p+s, m)a(p+s, m)=A,(pt+s), 


a=Zero=(- ‘), 


(A-5) 


C= Dom’ Ys, s'(p,m’)u(p,m’) 
E i 
| 
2M "E(p)+M 
D= LCi, 4(7,0,7',') p(T ot) = X19(p). 


If we insert these expressions for @, ®, C, and D into 
(A-5) we obtain precisely Eq. (30). 

The first term of (A-1) can be treated in a similar 
manner. We insert the complex conjugate of (A-4) for 
(b|Hi|8), separate isotopic spin and angular mo- 
mentum, multiply both sides by 7,(7")v(¢’), substitute 
n*(T)x(T)=1 on the right-hand side, and sum over 
charge states. This brings (A-1) to the form 


Cy, s(E) Yi, 1*(p,m’) X71 (p) (E— @)x(p) 


mara Ree (0), 


- f d*sT (p,s)a(p,m’}ye(r-1.)*A4(p+s)x(p,s).  (A-6) 


The projection operator in (A-6) is redundant, but is 
included for symmetry in notation. If we multiply (A-6) 
by X1°*(p)Yi7**(f,m), sum over m and m’, and 
integrate over dQ, we reduce (A-6) to the form (29), 
where 


F (p,s)=T (p,s)X1* (p) (7-42)* om’ Ya, s*" (p,m’) 
Xi(p,m’)ysA,(p+s) 
=I'(p,s)X1@ (p) (r-m.)*{LE(p)+M ]/2M}} 


XY (D(1- Jeo). (A-7) 


o’p 
E(p)+M 
APPENDIX B 


The calculation of the total cross section for meson 
production involves an integration over the volume of 
momentum space consistent with energy conservation 
for the (1,2) state. The type of expression which arises is 


(f= f f d*pd's (p,s,x))LE— E(p+s)—w(p)—o(s)], 
where 
x=p-s/ps, E(p+s)=(M?+/?+5s?+2pszx)!, 


and f(,s,«) is an arbitrary function. This expression 
can be rewritten in the form 


(B1) 


I(f)=8n? f f pd peo(s)deo(s) 
|xo(p,s)|<1 


X f(b,5,%0)LE—w(p)—w(s)], (B2) 
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TABLE II. Kinematic factors for the production 
of a second meson in meson-nucleon collisions. 








(K.E.)iab 

(Mev) 
172 140 
214 


(K.E.)o.m. 

(Mev) bm/M 
0.0000 
0.1570 
330 0.2781 
456 , 0.3891 
591 é 0.4962 
733 0.6013 
880 0.7052 


po/M 


0.0000 
0.1588 
0.2825 
0.3963 
0.5064 
0.6146 
0.7216 











xo= (2ps) {LE—w(p)—w(s) P— (M+ p?+")}. 


The region of integration is determined by finding 
the maximum and minimum values of w (s) satisfying 
energy conservation. These are given by 


ws. (p) = (1-6) {2+ 6LY— py? (1—6*) }}}, 


where 


(B3) 


B(p)=p/LE—«(9)], 
2(p)=3[E—w(p) "LE — M+ 2y?— 2Ew(p)]. 


Energy conservation is possible for 0<p<o, where 


w(po) = (2E)"[2— M(M+2u) ]<w(k), 
w(k) = (2E)>[E2— M2+ 2). 


If one of the mesons has a momentum ? in the range 
Pm<p< po, where 


w (Pm) =[2(E—p) LE — M+ 2y?— 2Ep ] 


is the energy of one meson when the other is at rest; 
then at each allowed angle between the two mesons 
there are two possible values of momentum for the 
second meson. The allowed angles in this region are 
greater than 90°, and both the maximum and minimum 
energies of the second meson occur when the two 
mesons are antiparallel. This region of unusual kine- 
matic behavior is, however, small, as can be seen from 
Table II which gives some of the center-of-mass system 
kinematic results which we have discussed along with 
the corresponding laboratory energies of the incident 
meson. 


APPENDIX C 


In order to reduce (42) to a form suitable for 
numerical calculation, we must calculate S2(p) and 
L2(p,s). Since S2(p) does not depend on angular 
momentum and isotopic spin, it is somewhat awkward 
to calculate it from (34), but it was useful formally in 
Sec. III to have it in this form. If we recall that 


ti(p,m’)ysA,?(p+s)ysu(p,m) =a (p,m’)A_(p+s)u(p,m) 
= (4M*)“{(E(p+s)—E(p) P—s*}5m,m, (C1) 
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and 

(r-m,)* (7° Ts) = ta ca 
we obtain from (34) 


S2(p) = (3G°/32m)[pE(p) 


w,(P) 
x f dw(s){[E(p)+a(p)+w(s)—-EP—s} 


er (C2) 
37 bor) 0-0) 
329 pE(p) 
X {[w4(p)+w_(p) JA(p)—[A(p) Pv}, 


where F(p,s) was written in the form (A-7). 

In order to calculate L2(p,s), we use F(p,s) in the 
form (31). We need the terms in y;;=1 from the 
expression 


(: nts. (p+s)(14 be ) 
apa )Me T+) 


When inserted in (34), these give 


Lalp,s)=H(p,8) f f d0%yd02,5(— 20) Yn.2** (9) 
(o-p)(o-s)A 
[E(p) + MLE) +i] 





x ( (A—2M)+ 
where 


H(p,») = (Q'G?/64n") (ps) 
x {LE(p)+M JLE(s) +M J/E(p)w(p)E(s)w(s)}}. 


If we make the expansion 


2 2n+1 
5(x—2) = Zz —P,,(x)Pn(x0), 
n=0 2 


Jy, 


(C3) 


and recall that?® 
2.7.02). (4r) (2n+1)7 Yr, 73(P) bn, 2, 
and 


f 2.00-9)(0-3) Yi (6) Pala) 
= (4) (2n+-1) 7 Yorn, s(P)n, 141, 


where n=/+1 according as J=/+3, we obtain 


La(,s)= (de) H(P8)( (A—2M) Pal) 


4 = P (x) ) (C4) 
‘[E()+MILE()+M] DO 





If we insert (C2), (C4), and (65) into (42), we will 
obtain (66) and (67) respectively. 
We can similarly calculate the contribution of the 
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(1,2) state to Z;(p,s), and we find that it differs from 
the kernel of reference 9 by a factor of {[E(s)+M]/ 
[E(p)+M ]}}'. This difference can be absorbed in the 
relation 


f(p)= (LE()+MY/LE(®@)+M}}'Go(9), 
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between G(p) and the wave function f(p) calculated in 
reference 9. If the wave function is needed only on the 
energy shell, then {(&)=Go(k). In a calculation which 
requires the high-momentum components of G(p) 
(e.g., meson photoproduction), it is important to 
distinguish between f(p) and Go(p). 
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Considerations leading to a complete dynamical theory of K particles and hyperons are outlined. The 
theory exploits several points of analogy between the x field and the electromagnetic field, and gives a 
qualitatively satisfactory description of a number of phenomena. In particular, it accounts for the variety of 
K-particle decay modes, including those exhibiting opposite parity. 


NE of the most striking characteristics of K par- 
ticles! is their ability to exhibit either positive or 
negative intrinsic parity on decaying into 7 mesons, 
while displaying but a single lifetime and a single mass 
in all the varied decay modes accessible to charged K 
particles. This note contains a brief descriptive account 
of a dynamical theory of K mesons and hyperons that 
seems to provide an explanation for this behavior, as 
well as of other properties of these particles. 

The concept? of a K meson as a Bose-Einstein (B.E.) 
particle carrying an isotopic spin of } is now well 
supported experimentally. A fundamental aspect of 
isotopic spin T= 4, which is common to the nucleon and 
the K meson, is emphasized through the description of 
particles by multicomponent Hermitian fields. Unlike 
T=1 where three components suffice, as in the proper 
isotopic vector characteristic of the m-meson field, an 
isotopic spin of } requires 4 components for its repre- 
sentation. This is analogous to the situation with an 
ordinary spin, and similarly implies the existence of a 
second three-dimensional isotopic spin, which permits 
an interpretation in terms of a four-dimensional space. 
In order to construct the coupling between the Fermi- 
Dirac nucleons and the pseudoscalar -meson field, 
however, a direction must be distinguished in the second 
three-dimensional isotopic spin space and four-dimen- 
sional symmetries do not exist. The additional invari- 
ance property that does occur, referring to rotations 
about the preferred axis, is analogous to that defining 


1 For the experimental information cited, see the Proceedings of 


the Sixth Rochester Conference on High-Energy Physics, 1950. 
Various proposals to account for the mass and lifetime properties 
of K particles are discussed here. 

2M. Gell-Mann, Phys. Rev. 92, 833 (1953); T. Nakano and K. 
Nishijima, Progr. Theoret. Phys. Japan 10, 581 (1953). 


electrical charge Q and we speak of this property as 
nucleonic charge NV, with N=+1 and —1 distinguishing 
nucleon and antinucleon. Thus, the assignment of an 
isotopic spin of } to the nucleonic field leads automati- 
cally to the property of nucleonic charge, and opposite 
charges are distinguished physically by the coupling 
with the a field. It is now natural to suppose that the 
K meson, with isotopic spin 3, possesses a similar 
physical property in the nature of a charge, which is also 
dynamically realized by a coupling with the x field. We 
shall term this new property hyper(onic) charge Y, with 
Y=-+1 characterizing the K+K® multiplet, and Y= —1 
describing the antiparticles K°K~. As the agent for the 
dynamical exhibition of nucleonic and hypercharge, the 
m field does not itself bear these charges. The slow 
disintegration of K particles into + mesons thus implies 
that, unlike electrical and nucleonic charge, hypercharge 
is not absolutely conserved. If the quanta of the K field 
are to be emitted and absorbed singly by Fermi-Dirac 
(F.D.) particles with nucleonic charge, the latter must 
also carry hypercharge. We shall associate hypercharge 
exclusively with T= 4, and require that, in analogy with 
electrical and nucleonic charge, no multiply hyper- 
charged fundamental particle exists. Then the simplest 
closed set of TY assignments is T=}, Y=+1; T=}, 
y= —1;T=0, Y=0; T=1, Y=0, which for V=+1 we 
identify, respectively, with the multiplets comprising 
the nucleon, the = particle, the A particle, and the 2 
particle. The classification of the related antiparticles 
follows from the general symmetry operation of charge 
reflection, which simultaneously reverses all charges, 
N, Y, and Q=T;++4Y. The interactions between these 
particles and the K mesons, subject to the conservation 
of hypercharge, obey selection rules which are precisely 
those that have been expressed by the empirical 
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“strangeness” number.’ The connection is S= Y—N. 
Our viewpoint differs from the less specific strangeness 
concept in two respects. It corresponds to a definite 
field-dynamical scheme, with physical quantities and 
conservation laws related to invariance properties, and 
it suggests a limitation on the number of hyperons that 
seems consistent with present experience. 

The idea, that hypercharge is analogous to nucleonic 
charge in being realized dynamically through interaction 
with the x field, receives some support from experiments 
on the angular distribution of K particles generated in 
m-—p collisions. By using a beam of 1.3-Bev x~ mesons, 
it has been observed that the K° particles produced in 
the reactions x-+ pt—>K°+A°, 2° exhibit a pronounced 
forward asymmetry in the center-of-mass system, while 
the angular distribution of K+ particles, produced by 
a+ p*—K+-+2-, is comparatively isotropic and favors 
the backward direction. Let us remark first that if 
the reaction proceeds through the intermediate stage 
a+ p-—n, the angular distribution should be relatively 
isotropic and would not discriminate particularly be- 
tween K+ and K° production. If we take into account 
the possibility of virtual proton dissociation into K- 
particles and hyperons, pt+>+Kt+A°, 2° and pt>K? 
+2*, the capture of the x~ meson by the hyperons would 
liberate either K° or K+ with an angular distribution 
influenced by the backward motion of the proton in the 
center-of-mass system. A process of r—K scattering 
followed by the capture of the x meson by a hyperon 
could account for the observed angular distributions, 
but not without further special assumptions. A striking 
distinction between K°® and K+ production appears 
automatically only if the K particle can absorb a m 
meson. Of the two varieties of K particles, K+ and K°, 
only K+ can absorb x, and the resulting K° formed in 
association with A° or 2° will be projected forward. 
Hence, angular distributions of the observed type 
should emerge in a natural way from the mechanisms of 
m capture by K particles,‘ and by nucleons and hyperons. 

In remarkable contrast with these arguments for the 
hypothesis that K mesons possess an interaction with 
the x field that is analogous to the pion-nucleon coupling, 
there must now be placed the fact that K particles with 
a definite intrinsic parity and spin 0 (as the energy 
distributions in the 3x decay indicate) cannot interact in 
this manner with the pseudoscalar z field. Expressed in 
terms of a spin 0 field ¢x, and omitting the necessary 
isotopic spin matrices, this assertion is simply the 
observation that ¢x@x is necessarily a scalar and cannot 
be a pseudoscalar. Then, if we insist upon a coupling of 
the form ¢,¢x@x, we can only conclude that the 


3K. Nishijima, Progr. Theoret. Phys. Japan 12, 107 (1954); M. 
Gell-Mann and A. Pais, Proceedings of the Glasgow Conference on 
Nuclear and Meson Physics (Pergamon Press, London, 1955), 
reference 1. 

4 I am indebted to M. Goldhaber for calling my attention to his 
discussion of the possible connection between the K® angular 
distribution and a K—z interaction: M. Goldhaber, Phys. Rev. 
101, 433 (1956). 
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intrinsic parity of the K particle is a dynamical quantity 
capable of assuming either value, +1 or —1. On 
decomposing the K field into parts with definite in- 
trinsic parity, the desired interaction is obtained as 
¢:¢x,ox-. Thus, K particles that can exhibit either 
intrinsic parity are an inevitable consequence of the line 
of thought leading to hypercharge and its dynamical 
manifestations. The manner in which the two parity 
values will be revealed is also dominated by the strong 
m coupling. In view of the rapid K-parity fluctuation 
implied by this interaction, ¢x, and ¢x_ are not the 
proper basis for the description of K particles. Rather, 
we must introduce the fields 


oxi=24*(oxi+¢x-), ox2=24(bx+—Ox_), 
which are such that the w coupling 
orOK+OK-= 3 OrOK16K1— brOK OK? | 


does not imply a transition from one kind of K particle 
to another. Hence the observed K particles, which are 
produced in regions occupied by intense 7 fields, must be 
K, or Ke, with an accompanying 7m field. These are 
mixtures, with equal amplitude and either phase, of 
systems with opposite parity. The two types of K 
particles are distinguished by the coupling with the x 
field, but in view of the symmetry operation ¢x1?¢x2, 
¢,—— ¢;, there will be no observable difference in the 
absence of an externally generated z field. In particular 
the masses of K, and K» will be identical. Furthermore 
these particles will exhibit a mean lifetime for decay 
which, apart from a difference between electrically 
neutral and charged K particles, is identical for K; and 
K, and is common to all competing modes of disinte- 
gration.’ The latter properties depend upon the weak- 
ness of the interactions responsible for disintegration, in 
comparison with the pion and electromagnetic couplings 
that characterize a K meson of given charges Y and Q. 
Thus, the reciprocal lifetime of a K particle will be 
given by the additive contributions of the various decay 
modes, which can manifest either value of intrinsic 
parity since both are represented in the Ky,» particles. 
In virtue of the independent operation of the even- and 
odd-parity decay mechanisms, there can be no difference 
between the K; and Kg lifetimes. And, from the re- 
quirement of charge symmetry it follows that this 
common lifetime can depend only upon |Q|. An example 
of such dependence is provided by the simplest mecha- 
nism of decay, the spontaneous disappearance of a 
quantum of the K field in conformity with the exact 
conservation laws. The coupling with the 7 field con- 
verts this virtual process into a physical decay of the 
K particle yielding 2 or 3 x mesons, the @ and r decay 
modes. The relatively small kinetic energy available in 


5 This statement requires an important qualification; the decay 
of K; and K: could be a more complicated function of time than a 
simple exponential. See the added note at the end of the paper. 
I am grateful to a number of people for expressing doubt con- 
cerning the assertion of a single lifetime. 
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3m decay is not favorable to the r modes, and since the 
6+ modes also depend upon the existence of electro- 
magnetic interactions, the #° mechanism should be most 
effective. Hence a shorter lifetime for the neutral K 
particles is anticipated, in agreement with experiment. 

The preceding considerations emphasize analogies be- 
tween the photon field and the field that appear to be 
deeper than the similarities upon which Yukawa 
founded the meson theory. Apart from the special as- 
pects of the electromagnetic field that stem from its 
vector nature and the zero mass of the photon, the two 
fields are alike in being B.E. fields that are coupled both 
to F.D. and to B.E. particles, and in being the physical 
basis for defining properties of these particles that have 
the characteristics of charge. Now it is familiar that 
current theory ascribes to electromagnetic interactions 
a further role; it is considered that, in a hypothetical 
universe without electromagnetic couplings, the ap- 
proximate degeneracy of mass multiplets (p—n, **—7°) 
would be exact. That is, the three-dimensional isotopic 
spin space of internal symmetry operations is fully 
meaningful in the absence of electromagnetic inter- 
actions, whereas the action of the latter effectively re- 
duces the dimensionality of this space. We are naturally 
led to inquire whether the x-photon analogy extends to 
this aspect of electromagnetic interactions. Is it possible 
that, in an idealization where some or all of the + 
couplings are removed, further degeneracies and sym- 
metries will come into view that are now obscured by 
the effects of strong interactions? An indication in this 
direction comes from the suggestion that nucleonic and 
hyperonic charge are equally effective in + coupling 
when they reside on the same T=} particle, which is to 
say that (N+) is the relevant charge. On this basis 
we would assert that the fundamental distinction be- 
tween N and & is that the nucleon is directly coupled to 
the x field while the = particle is not. Now, a linear 
coupling between and a B.E. field and a F.D. field will 
decrease the observed mass of the F.D. particle if 
virtual processes that reverse the parity of the F.D. 
particles are not too significant. From some evidence 
that this may be the situation in r—N coupling (weak 
s-scattering) we draw the tentative conclusion that the 
large difference between the observed masses of the 
nucleon and of the = particle (my=6.7, mz=9.4, in 
units of the r+ mass) is a consequence of the strong 
coupling of the w field to the nucleon, and that were this 
interaction to be removed, NV and = would become a 
degenerate V=1, T=} multiplet. 

Continuing in the same spirit, we assert that the mass 
difference between A and 2 (m,=8.0, my=8.5) can be 
ascribed to an indirect effect of the s—X interaction. 
As a result of the two kinds of x couplings, there would 
exist between nucleons and K particles an interaction 
bearing some resemblance to nuclear interactions and, in 
particular, being strongly dependent upon the total 
isotopic spin. Indeed, this Yukawa type interaction 
should be largely responsible for the observed scattering 
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of K+ mesons by protons. And now, through the reac- 
tions AGN+K, S0N+K, and the T-dependent K- 
nucleon interaction, there would be produced mass 
displacements which, according to elementary con- 
siderations, act to depress the A (T=0) mass relative to 
that of = (T=1). Accordingly, we take the position that 
A and = would form a degenerate multiplet in a hypo- 
thetical situation without — K coupling. It is the latter 
degeneracy, with its coincidence of T=0 and T=1 
states, that indicates the underlying symmetry which 
the strong + couplings distort; the internal symmetry 
space is a four-dimensional Euclidean manifold which is 
reduced to the aspect of the three-dimensional isotopic 
spin space through the operation of the 7 interactions. 
The requirement of four-dimensional invariance can be 
imposed upon the linear K-field coupling that describes 
the transfer of hypercharge between the B.E. K 
particles and the heavy F.D. particles. In consequence, 
the four interactions KNA, KNY, KZA, KZ are united 
into a single structure characterized by one coupling 
constant, gx. Thus, apart from the very weak effects 
that destroy hypercharge, this theory is symbolized by 
the interaction parameters gx, gxx, gn, and e.® It is to 
be noted that the dynamical intrinsic parity of the 
K particle must have a counterpart in the F.D. particles 
to which it is coupled. We shall assume that a variable 
intrinsic parity is characteristic of hyperonic and 
nucleonic charge in such a way that it is manifested for a 
particle carrying either type of charge, but is not when 
both are present. On this basis the K particle is linked 
with A and © through the invariance operations specific 
to intrinsic parity and, corresponding to K, and Ko, 
there would be two varieties of hyperons, A>, and A22e, 
with generally identical properties. 

At the stage in which the four-dimensional internal 
symmetries are fully evident, where only gx differs from 
zero, the nucleo-hyperons form two distinct multiplets, 
one with half-integral T (1/2) and the other with inte- 
gral T (0,1). The linear K coupling would itself produce 
such a mass splitting, and we are finally led to conjecture 
that, in the absence of all interactions, the heavy F.D. 
particles coalesce into a supermultiplet with a unique 
mass. It is also conceivable that the heavy B.E. particles 
originate from such a supermultiplet. Linear couplings 
between B.E. fields and F.D. particles depress the mass 
of the B.E. particle and, if the r— N coupling predomi- 
nates sufficiently over the other interactions, the ob- 
served mass spectrum could emerge. One might specu- 
late here on the existence of a T=0 partner to the 
T=1 = field. However, since the dynamical introduction 
of the x field must upset the four-dimensional symmetry 


6It might be noted here that fundamental electromagnetic 
interactions of the magnetic moment (Pauli) type appear to be 
excluded by considerations of relativistic invariance. The circum- 
stances are peculiar to the electromagnetic field where a Lorentz 
transformation induces an operator gauge transformation. The 
operator character of the gauge transformation demands a test of 
consistency with the formally gauge-covariant field equations, 
which test fails if magnetic moment couplings are operative. 
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that stimulates this suggestion, there does not seem to 
be any compelling reason for postulating this unob- 
served particle. 

There emerges from these various considerations an 
essentially well-defined theory of the interactions of 
heavy F.D. and B.E. particles among themselves and 
with the electromagnetic field. This theory is still 
incomplete, however, since it omits the apparently weak 
dynamical phenomena that involve the light F.D. 
particles, muon, electron, and neutrino. It also lacks a 
satisfactory understanding of the mechanisms that pro- 
duce the slow decay of K particles and hyperons, with 
the emission of + mesons. In seeking some unity among 
these weak couplings, it is well to recognize that any 
underlying symmetry may be seriously distorted by the 
quite different strong interactions to which the various 
heavy particles are subjected. A kind of order, in this 
sense, does seem to appear if one disregards processes 
involving the mysterious electron. Thus, charged a 
mesons and charged K mesons disintegrate into u+v 
with closely comparable decay rates, which we consider 
meaningful in view of the argument for the origin of 
and K in a common multiplet. Presumably the different 
interaction properties of the particles must be invoked 
to account for the fact that the decay rates are so 
similar, despite the rather disproportionate energy re- 
leases in the two reactions. The variable internal parity 
of the K meson may be of importance in relating the 
null mass of the neutrino to an invariance requirement; 
only for zero mass can the dynamical properties of the 
neutrino field be preserved under the substitution 
¥—,, which is a parity reflection operation. It is 
natural to suppose that the charged meson coupling 
with » and » has a neutral analog of comparable 
strength involving uw and 4, or alternativly a neutrino 
pair. A decay of the type K°-y++-yp-, occurring at a 
rate similar to that of K+—y++ », would not seem to be 
excluded by available evidence. Now a scalar coupling 
between neutral K particles and the yu field has an im- 
portant property: the vacuum expectation value of the 
scalar constructed bilinearly from the u field is not zero, 
and indeed is divergent according to present theory. On 
limiting the nonconvergent contributions of virtual yu 
pairs, we are presented with a phenomenon which could 
be described as the annihilation of a neutral, charge- 
symmetric, positive-parity K quantum with zero energy 
and momentum. As we have already mentioned, the 
K—vx coupling (and more indirectly, the N —7 coupling) 
converts this process into the physical one of K-particle 
disintegration into + mesons.’ Since the decay of K°®, 
presumably through this mechanism, proceeds much 
more rapidly than the process producing u+y from 


7™The K—rx coupling, in conjunction with the y, v interaction, 
will also produce the three-body decay: K*—7°+-y++y. Some of 
the detailed consequences of an elementary treatment of these 
decay processes seem to be satisfactory. Thus, in the 7 decay 
mode, K+-+2x++2-, the energy distribution of the ~ has an 
appreciable asymmetry about the average energy, with a prefer- 
ence toward higher energy. 
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charged K particles, it appears that the contributions of 
the virtual u pairs are described correctly by present 
theory up to fairly high energies. 

This explanation of K-particle disintegration also 
accounts for the existence of hyperon decays involving 
the emission of single x mesons, and, from a considera- 
tion of the two couplings that can produce m mesons, one 
obtains a qualitative understanding of the relative 
lifetimes of the various hyperons. Consider, for illustra- 
tion, the difference between 2* and =~. The effect of the 
gx coupling is to produce the reactions =*+<+K°+ 9, 
>~<+K-+n. For =*, the disappearance of the neutral 
K particle, combined with the production of a x* or 7° 
meson by the proton, will be the dominant process. But 
in =~, the negative K meson must first transform into a 
neutral K particle, K--+K°+x-, before the decay 
mechanism can operate. Accordingly, x~ emission from 
>~ proceeds through the g,x« coupling, in contrast with 
the stronger g,n coupling primarily responsible for =+ 
decay. We thus expect a longer lifetime for =~ in com- 
parison with =+, and one more similar to that of 
A°(<+K°+-n, K-+-), where the two m couplings should 
be roughly commensurate in importance, since the 
smaller kinetic energy available to the 7 mesons in the 
latter situation tends to inhibit the p-state production 
associated with gsy. The decay of Z-(+K~+A°) re- 
sembles that of =~ in its dependence upon the gsx 
coupling and its lifetime should be of the same order of 
magnitude as those of =~ and A°. In the general possi- 
bility of relating the lifetime variations to the available 
energy, and to the operation of the x-production mecha- 
nisms, we find an indirect confirmation of the underlying 
four-dimensional symmetry that is expressed by the 
single coupling constant gx. 

It appears that all of the significant decay modes of 
the hyperons and the mesons (apart from 7°) could have 
a common origin in a weak interaction of the B.E. 
particles with the yu, vy field. That leaves only the 
comparatively improbable K-particle decay mode: Kr 
+e+y, to which we might add the other well-known 
processes involving electrons, u->v+e+v and n—p+e 
+v. It has become customary to suppose that the F.D. 
fields 4, » and e, v are interchangeable in these weak 
interactions. But it is difficult to ignore the striking 
dissimilarities between them; r—e-+-y is not observed, 
and although K—°+e+y does occur, the two-body 
decay K—+e+v seems to be unlikely. Accordingly, we 
shall conclude that the y, v and e, v fields are associated 
with different types of interactions, the muon being 
coupled to heavy B.E. particles and the electron to F.D. 
fields, in the manner of the Fermi 8-decay interaction.° 
The latter could be a general coupling in that it applies 
to all pairs of electrically charged and neutral F.D. 
fields with the same nucleonic charge, but it is specifi- 


8 We also interpret « capture by nucleons as an indirect effect of 
this interaction. 

* The hope persists, of course, that this interaction can be 
ascribed to some coupling of the ¢, » field with a boson field. 
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cally not the commonly assumed universal Fermi inter- 
action, which implies processes other than 8 decay. If 
the mixed scalar and tensor coupling predominant in 
nuclear 6 decay is generally applicable, the pion decay 
x—e+y, proceeding through virtual nucleon pairs, is 
forbidden. Although this would not be true of the 
corresponding radiative decay, m—y+e+y, the un- 
favorable nature of the three-body decay into light 
particles and the dependence upon the electromagnetic 
coupling, combined with the inference from the some- 
what analogous process m°—7+7 that a perturbation 
treatment of the nucleon pairs overestimates the decay 
rate, all indicate that this decay mode should be below 
the present level of observability. In contrast with the 
problem of pion 8 decay, which is to reconcile its ex- 
perimental absence with the implications of known 
interactions, the 8-decay properties of the K meson call 
for the invention of a suitable hyperon 6-decay coupling. 
As an illustration, one can exploit the dynamical 
intrinsic parity of A and = to forbid K—e+y while 
permitting the three-body decay K--r+e+v. The K 
particle is strongly coupled with various pairs of nucleons 
and hyperons (Kt+>p+A°, A°+E+, n+Z+, E++2°) in 
which, for example, ¢x_ is combined through a scalar 
coupling with ys_. Now suppose that the mixed scalar 
and tensor 6-decay interaction producing A°>p+et+p 
involves ysfa_. Then the two-body 8 decay Kt—e++y 
would be forbidden, whereas, through the intervention 
of the pseudoscalar r—N coupling, the three-body 
decay K+—°+e++y could occur. The decay rate 
observed for the latter process is not inconsistent with 
this picture. 

The ideas outlined here seem to be useful in supplying 
a qualitative understanding of various aspects of K 
particle and hyperon phenomena. But a quantitative 
test of these concepts will require a substantial develop- 
ment in the practical techniques of evaluating the 
implications of strongly coupled fields. Nor would that 
be enough, since this theory, being a field theory based 
on ordinary space-time description, is fundamentally 
inconsistent in its characterization of interactions within 
arbitrarily small space-time regions. Perhaps the intensi- 
fication of such basic difficulties by this extension of 
conventional field concepts into the new high-energy 
domains of physics will aid in the eventual construction 
of a consistent foundation for the theory of elementary 
particles. 

ADDED NOTE” 


Some of the statements concerning K particle and 
hyperon decays require important qualifications, owing 
to insufficient recognition of the distinction between the 
particle concepts that are applicable at creation, and at 
disintegration. The point at issue is the relation of the 
designation of K particles as K, and K; to the equally 


rted in this added note was done at Stanford 


© The work re} 
University, Stanford, California. I am very grateful for the hospi- 
tality accorded me. 
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valid complementary designation as K,, K_, where the 
various single-particle states are connected by 


V2| Ki)= | Ky)+ | K_), 
V2| K2)= |K,)— | K_). 


The states |K,) and | K_) are associated with definite 
intrinsic parity, while | K;) and | K2) are the eigenstates 
of the parity reflection operation R,: ¢x?¢x_-. The 
hyperons A and = can similarly be described either in 
terms of intrinsic parity eigenstates or by eigenstates of 
parity reflection. In the production of K particles and 
hyperons, as in the reactions r+ ~—-K+A, K+2, the 
initial state is unaffected by the parity reflection opera- 
tion, so that the final state must be characterized by the 
eigenvalue +1 of the operator R,. Hence, in the as- 
sociated production of K and A, for example, the final 
state is a linear combination of |K,A;) and | Ko2A:). 
Since the individual particles Ky, 2, A1,2, and 2,2 retain 
their identity in subsequent scattering interactions with 
matter, we assert that these are the proper designations 
for the particles produced in energetic collisions of pions 
and nucleons. 

The utility of the K1,2 description depends upon the 
validity of the symmetry property R,. As long as one 
disregards the decay processes this symmetry is exact, 
and the distinction between an isolated K, or Ke 
particle refers to an internal degree of freedom that does 
not affect external characteristics such as the mass. 
This would continue to be true for a disintegration 
mechanism that maintained the intrinsic parity sym- 
metry, and we could then assert that K; and K, had a 
common lifetime. If decay modes are characterized by 
definite parities, however, the exact validity of Ry, is 
destroyed and | K;), | Kz) are no longer true eigenstates. 
But the states of definite intrinsic parity continue to be 
meaningful, and the degeneracy of these states is re- 
moved by the action of the decay mechanisms. Thus the 
particles K, and K_ can have different lifetimes and 
slightly different masses. Since the states | K,) are con- 
tained in | Ki,2) with equal amplitude we conclude that, 
for the description of decay processes, a K particle is to 
be viewed as an equiprobability mixture of the particles 
Ky and K_. 

The various decay modes of charged K mesons appear 
to be characterized by a single lifetime, within fairly 
wide experimental limits, which suggests that the domi- 
nant decay process, K—y+v maintains the parity 
reflection symmetry. We have already remarked on just 
this possibility in connection with the zero neutrino 
mass." The significant decay modes of K, are then u+», 
m+put+yv, 2x while those of K_ are uty, rt+yu+», 32, 
a+e+yv, where the last assignment follows from our 
discussion of 8 processes.” The decay rates of K, and 


A similar comment has recently been published by S. A. 
Bludman, Phys. Rev. 102, 1420 (1956). 

12 Tt might be noted that the two body 6-decay K,—e+v should 
not be completely forbidden, since the x® meson emitted in 
K_->+r°+e+-+ could be reabsorbed by K_ to form K,. 
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K_ are given by 
W,= 1/7, =w, +r, 
w_=1/7_=W,tWsr4e, 


while the branching ratios measured for a beam that has 
run for a (proper) time ¢ from its point of creation are 


Wor e7tlt+ 
p2r=— Tea | 
Wy el t+ tg iT 


Werte e7tlr- 
Pirte= ‘ 
w_ e7tlt+te-tlt- 


If it happened that wo,=w3,4., the lifetimes 74 and 7_ 
would be equal, and the branching ratios por and psr+e 
would also be equal and independent of ¢. But if 
Woe > W3r4+e, We Should have 74<7_ and pox> Psr+e, for 
small ¢. With increasing / the latter situation reverses, as 
the K, particles become depleted in comparison with 
K_. The experimental situation! is not yet entirely well 
defined, although the present weight of evidence does 
suggest that por>Psrye. A possible set of values for 
small ¢ is pox(0)=0.23, ps24-(0)=0.14, which implies 
that 

tT. 1—2pseze(0) 4 


i t-te os 


The 2m decay will exhibit the lifetime 7,, the 3z, 
m+e+yv modes the lifetime 7_, while the u-decay proc- 
esses will appear with a mixture of the two lifetimes. 
The mean lifetime of the u decays, measured for small t, 
would be (74?+7_*)/(r4+7_), and choosing this as 
1.2X10-® sec we obtain 74=1.0X10-* sec, r_=1.3 
X10- sec. This lifetime difference is not inconsistent 
with present evidence nor is the implication that the 
branching ratios change with varying ¢. Thus, if t= 27, 
=2.0X10-* sec, we expect that por=0.18, p3742=0.17. 
Evidently it would be instructive to measure the compo- 
sition of a K beam that has traveled for an appreciable 
number of mean lifetimes. 

The decay modes of neutral K particles are dis- 
tinguished by parity and by charge symmetry. The 
connection between the single-particle states of definite 
hypercharge and the states classified by charge sym- 
metry can be written 


v2| K°)=|K*)+|K°), 
v2| K)= | K*)—| K°). 
Hence, 
2| K1°)= | K,*)+| Ky*)+ | K—*)+ | K-*) 
and 
2| K:°)=|K4*)+|K,*)—|K_)—| K—*), 


while the analogous single-particle states of K® are 
obtained by reversing the sign of | K,*). Neither parity 
symmetry nor hypercharge retains its significance when 
the decay mechanisms are considered, whereas parity 
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and charge symmetry are exact concepts. Accordingly, 
in describing decay processes a neutral K particle is to 
be considered as an equiprobability mixture of the four 
particles K,*, K,*, K_*, K_*, which could have different 
lifetimes and slightly differing masses. The decay 
mechanism we have previously described, in which a 
neutral, charge-symmetric, positive-parity quantum of 
the K-field disappears spontaneously, will produce 2x 
decay of the K,* particle and 3m decay of K_*. And, 
through the additional action of the electromagnetic 
coupling, K,.* and K_* will decay into 2r+~7 and 3r+7, 
respectively. Decays into r+y+ are equally significant 
for all four particles since the uw» coupling maintains 
parity symmetry while the distinct nature of the 
oppositely charged particles does not emphasize any 
particular charge symmetry. The latter feature also 
applies to decays of the type m+e+», although these 
processes occur only for the odd-parity particles. Of the 
four lifetimes, it is 7,* that is to be identified with the 
observed short lifetime of 10~ sec, while the other 
three, associated with “anomalous” K° decays, should 
be considerably longer. Thus, only { of the neutral K 
particles decay rapidly. 

The distinction in lifetime between K* and K* par- 
ticles has been recognized previously," and an experi- 
ment has been proposed‘ to demonstrate the possibility 
of regenerating fast decaying K° particles. From the 
present viewpoint we should describe the basis of this 
experiment in the following way. A beam of K,,2° 
particles is produced and allowed to travel for a time 
that is long compared with 7,* but short in comparison 
with the other three lifetimes. Through this lapse of 
time, the states 


[Ku=HKy)+4 
become (omitting common time factors) 
$|K4%)1/v2| K-°)=1/2v2| K,°) 

—1/2v2|K,)+1/v2| K-°). 


K,*)+1/v2| K_°) 


If now the beam penetrates through an absorber that is 
thick enough to remove all the K° particles but is 
sufficiently thin that no appreciable scattering occurs, 
the states are transformed into 


1/2v2| K,°)-1/v2| K-)=3|K,*)+4|K,*)1/v2| K-»). 


Hence the intensity of regenerated K,* particles is 
ys, as compared with } in the initial beam, and, apart 
from the geometrical reduction of intensity, one should 
find } as many @ decays after the absorber as appear 
near the target in which the K° particles are produced. 
Another type of regeneration should also exist, in which 
the K_° particles produce K,* particles on scattering, 
preferably in hydrogenous materials. 

That only } of the K® particles decay rapidly is 
particularly significant for observations on the as- 


13 M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 
M4 A. Pais and O. Piccioni, Phys. Rev. 100, 1487 (1955). 
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sociated production of neutral particles with techniques 
that discriminate against long-lived particles. In the re- 
action x~+p—K°+A’°, for example, the final state of an 
otherwise completely specified collision is expressed by 


ay | Ky°A)+a2| K2°A2)=} (ai t+az) (| K,°A,)+ | K-%A_)) 
+4(ai—az) (| K,°A_)+| K-%A,)), 
where 


|x |?+ |ore|?=$| ar +a2|*+3|a1—a2|*=1. 


The part that contains the rapidly decaying K,* 
particles is 


2-4(ay+a2) | Ky*A,)+2-4(a1—a) | K,*A_) 


and the corresponding probability is indeed . However, 
this is not the only consideration that enters in the 
comparison with experiment. One must also take into 
account the probability that the K,* decay goes through 
the @ (x++-~) mode and thus is visible, in contrast 
with the 2x° decay mode. According to the branching 
ratio of 2:1, characteristic of the 7=0 final state,!* this 
probability is 3. The same visibility factor applies to the 
A® decay (p+2~:n+2°=2:1) where the final state is 
characterized by T= 4. Also, we must recognize that the 
A° decay should exhibit two lifetimes, corresponding to 
the particles A,° and A_*°. This presents us with the 
alternative of viewing the single observed lifetime either 
as an approximately equal lifetime for the two varieties, 
or as the shorter of two significantly different lifetimes. 
In the first situation, the probabilities of seeing a A° 
decay (pa), of seeing a K® decay (px), and of observing 
both decays simultaneously (pax), stand in the ratios 
Pa: Px: pax=1:}:% where p,=3%. By comparison, if one 
of the A lifetimes, say that of A_, is sufficiently long that 
the decay of this particle would not be observed, 
the various probabilities are related by pa: px: pax 
=1:4:}|a:+a2|*, with ps=4. It can be expected that 
${ai+<a2|? will vary with energy and angle, its maximum 
possible value being 3. When the latter is attained, K, 
particles are produced only in association with A, 
particles. If it is A_ that has the short lifetime, a:—az 
would replace a;+a2, and the maximum value of 3} for 
4|ai1—a2|* corresponds to K, particles being produced 
only in association with A_. On the reasonable assump- 
tion that the more rapidly decaying particles are 
preferentially produced together, in r—> collisions, we 
should anticipate in either situation that the average 
value of }/a;-tas|* was not far below }. This is con- 
sistent with various measurements! of the probability 
that a K decay be visible when a A decay has been 
observed, which lends some support to the interpreta- 
tion in terms of two distinct lifetimes for A. 

A more detailed picture follows from our discussion of 
the angular distribution in the reaction r-+ p—>K°+<A°, 
according to which the forward production of K° is 
ascribed predominantly to the absorption of the x~ by 


6 See, for example, G. Wentzel, Phys. Rev. 101, 1215 (1956). 
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K* particles (p-+K*++<A°). Since the latter process 
reverses the intrinsic parity of the K particle, the 
forward part of the angular distribution, and the rela- 
tively isotropic background, can be associated sepa- 
rately with the two different combinations of states that 
are characterized by the amplitudes a;+a2 and a:—az. 
It is the essentially isotropic portion that depends upon 
the absorption of m~ through the g,n interaction 
(x-+p—--n—K°+A°), and the latter should be the 
m-production mechanism involved in the faster A decay. 
Hence, under the assumption that one lifetime is too 
long to contribute significantly, we should expect that 
the conditional probability pax/pa would be 3 for 
K particles produced at a large angle relative to the 
incident beam, and would decrease as one approached 
the forward direction, corresponding to the increase of 
the differential cross section. 

Some information about the long-lived neutral K- 
particle decay modes comes from the corresponding 
charged-particle modes. Thus on comparing r++y*+ p 
decays with r°+yu++y», and r++e*+y with r°+e++», 
we infer the following partial decay rates: 


at+utp: 
artet+p: 


Wa" =We°= 2W 044, 


w*=w*= 2we, 
in which 


Wr04 p= 2f704n(0)/(r4+7-), wWe=2p-(0)/7-. 
For the 34 decay modes we find 
W3r= 23, (0)/t-, 


and one should also note that, in contrast with the 
charged particle decay where the branching ratio of the 
alternative modes, 2r++-2~- and 27°+-7"*, is 4:1, the 
branching ratio of m++2a~+7° and 3n° is 2:3. Ac- 
cordingly, the visibility factor of the neutral 3m decay is 
%. From the presently available measurements of 
charged K-particle lifetimes and branching ratios 
[px04,=0.03, p.-=0.06, p3r=0.08] we estimate that 
2w,04,=0.05X 108 sec, 2w.=0.18X 10° sec, w3.=0.12 
X 108 sec. If the decay processes of a neutral K beam 
are observed in a small chamber, after a time of flight 
that is long compared with 7,* but short enough to 
maintain the numerical equality of the three long-lived 
components, the relative numbers of decays of various 
types will be proportional to the additively composed 
partial decay rates of the different species. Hence, on 
including the visibility factor of 34 decay, we should 
have N gipiv: Nepeye: Ngxov15: 36:5. Under such circum- 
stances, then, the most probable decay mode is r+e+», 
and 3 decay should be comparatively infrequent. These 
qualitative inferences appear to be in agreement with 
some recent measurements on long-lived neutral K 
particles.'6 

The various partial decay rates imply that the 


3r: w= Wry 


16 Lande, Booth, Impeduglia, Lederman, and Chinowsky, Phys. 
Rev. 103, 1901 (1956). 
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shortest of the three long lifetimes is that of K_*, 
1/7_*=2w,04,+ 2.+wWs2= (3X 10-8 sec)-, 
1/r_* = (4X 10- sec)“, 
1/71°= 2w,04, = (20 10-8 sec)—. 


= 2w 04 p+ 2, 


Of course, we have included here only processes having 
known counterparts for charged K particles, and other 
modes could be of importance; certainly the radiative 
decay into r+-+2~+7 will contribute to 1/74. Now we 
have conjectured that the disintegration Ky*—yt+ 7, 
proceeding through virtual uw pairs, is indirectly re- 
sponsible for the short lifetime of this particle. Hence 
the decay K_*—>7°+-u++u- should exist although, since 
its charged counterpart K_+—>1++-y*++u7 has not been 
identified, it is to be presumed that the partial decay 
rate of this process (w_'=Wet+2,) is <10® sec. Still 
more hypothetical is a coupling of neutral K particles 
with neutrino pairs. The disintegration of K_* into 2» 
at a rate comparable to the uv decays could significantly 
shorten the r_* lifetime without producing any corre- 
sponding observable decay events. The only evidence 
relating to such neutrino pair couplings of K,* and K_* 
stems from the absence of any charged particle decays 
identified as Kt—>r*+ 2p. 

Before discussing the various hyperon decay mecha- 
nisms, we must recognize that the gx coupling could 
contain two distinct kinds of interactions. In the first 
type, K, is coupled with A,, 24, and K_ with A_, 2_ 
while the second one is obtained by replacing a4, for 
example, with ys¥a— and Ya with ys~ay. Thus the 
intrinsic parity degree of freedom is inert in one form of 
interaction and enters dynamically in the other. Since 
the necessity for the dynamical intrinsic parity appears 
with the g,x coupling, we shall argue that in the absence 
of + couplings the intrinsic parity, like hyperonic and 
nucleonic charge, has no explicit dynamical significance. 
Accordingly we choose the first type of gx coupling, 
which can be characterized as producing K particles 
in s states relative to the Fermi-Dirac particles. If we 
now contrast A,>K,°+-n, K,-+ with A-e0K_°+n, 
K_-+ p, we see that in A, the gx coupling leads directly 
to the neutral K particle of positive parity involved in 
the decay mechanism, while with A_ the g,x coupling 
must also operate: K_°-K,°+7, K_- Rp 9- ; 
Hence the w mesons produced in the decay of A, arise 
from the g,w coupling and appear in p states, whereas 
with A_ decay the pions are generated by the g,x 
coupling and appear in s states. We naturally expect 
that it is the decay proceeding through the strong g,v 
coupling that possesses the shorter lifetime although the 
two lifetimes should not differ by more than an order of 
magnitude, which is consistent with the absence of A_ 
decays under the conditions employed in observing long- 
lived neutral K particles.'* Some confirmation of this 
interpretation follows from the similar discussion of the 
=+ decay mechanisms (24+0K,°+ p; Tt+oK_9+ p) 
where again the 7 mesons are produced by the g,n7 and 
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gxx couplings, respectively. Thus the quite short life- 
time observed for 2+ should be assigned to 24+. An 
elementary comparison of the decay rates for 2+ and 


A,° yields 
r(A)/7(8+)= (==), /( =) =, 


which is in reasonable accord with the presently ac- 
cepted lifetimes. 

Only in the hyperons A,° and 2,*+ does the decay 
depend primarily upon the operation of the g,7 coupling 
(of course, this and similar statements are made within 
the framework of an oversimplified approach to the 
strong interactions). For A_, 2+, and Y_~, the grx 
coupling is the dominant mechanism and the various 
lifetimes are related by 


t(A_)/r(Z_-) =4/3(px) 
+) /7(S_—)=2. 


If the lifetime observed for 2 ['r(2-)~4r(A) ]is identi- 
fied with that of 2, we should conclude that r(A_) 
~r(A,), in contrast with the apparent inference from 
associated production measurements that r(A_) >7(A,). 
It would also be implied that 2+ possessed a second 
lifetime ~7(A). With the approximations used here, the 
decay of Z_* is entirely into r°+ , while 24+ decays 
into r+-+-n and r+ p with a branching ratio of 2:1. The 
relations among the various > decays illustrate and are 
limiting situations of general triangular inequalities con- 
necting (we+n)', (2w,op)? and (wy-,)!. 

The decay of 2,- is more complicated than any yet 
considered since the K particle in 2,-K,-++n must 
alter its charge without changing its intrinsic parity. 
This could be accomplished by the intervention of two 
@ mesons: 24K 4+ + Kn +- Kn, 
where the last stage indicates the effect of the interaction 
between the K meson and the nucleon that is propa- 
gated through the x-meson field. An alternative sequence 
is 2,-—K,-+n—-K_-+n—-2-+K,°+n, and the two 
processes interfere. Indeed, in the related 2x decay of 
charged K particles the interference would be com- 
pletely destructive if electromagnetic effects were not 
significant. One might also view these transformations 
as the charge exchange scattering by the K particle of a 
x meson emitted from the neutron: 24-—K,-+n— 
Ky-+79+n-K,°+2-+n. The gx coupling provides a 
means for K-particle charge exchange interaction with 
nucleons: K, —+p-A,°, 54°>K,°4+n, which is the 
basis of another type of mechanism for 2,~ decay, 
ro K,-+n-K-+ ptr Kt nt . The branch- 
ing ratio of 2:1 stated for r++-n:2°+ p involves the as- 
sumption that 7r(24-)>>r(Z,+). If, however, 7(2D47) 
=7(2-)~4r(2,+), the triangular inequalities supply 
only the information that the branching ratio is to be 
found between the limits of 9 and 0.6. The hyperon =~ 
decays alternatively into A,°, accompanied by a 2 
meson in a p state, or into A_° and an s-state x~ meson. 


x/(pr)a~2.5, 
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The latter process is another example of + production 
through the g,x coupling, 2=—K_-—+A->K,°+2- 
+A_°, With 2 >K,°+2,-; K,-+A,°, 24°, however, a 
nucleon must be produced to supply the meson. The 
gx coupling leads to K,°+K,--+n, and, after the 
emission of x~ by the neutron, K,~ and p combine to 
form A,°. In view of the possible existence of two 
distinct A lifetimes, a study of the decay properties of 
the A particles observed in Z~ decay might be of value. 

We want to comment here on the neutral K particles 
produced in association with Z-, as in the reaction 
n+n—K°+K°+=Z-+. For a collision that is com- 
pletely specified, apart from the intrinsic parity of the 
K particles, the final state would be of the form 


A1| K,K,)+8,| KK.) 
= 3 (81+82) (| K4°K,°)+ | K-°K_°)) 
+2-4(6:—62) | K,°K_, 
where 
$|8:+82|?+3|8:—B2|?=1. 
This state can also be written as 
4 (81462) | Ky*K,*)+2-4(81+- 6) | K*K,*) 
+4(81—B2) | K,*K_°)+4 (81+ 82) | Ky*K,*) 
+43(8:+8:) | K-°K_°)+}(8:—B2) | K4*K-), 


in which the various two-particle states have been 
grouped in accordance with the number of K,* particles 


that are contained. On recalling the visibility factor of 
3 for the fast 6 decay mode, we see that the proba- 
bilities for the Z- particle to be accompanied by two # 
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decays, or by one @ decay, are given by 


pwo= 1/18X}|Bi+2|? 
pwo= 4/18X4$|B14+-B2|2+3X}|B1—Be|*. 


Hence, one should, at most, observe } as many 20+- 
decays as #®+~ decays. Thus far one event of each type 
has been reported.! 

Finally, we must emphasize that all these discussions 
of K particle and hyperon decays refer to isolated 
particles, whereas the experimental observation of a 
decay process usually requires that it occur in dense 
matter. Now the particles with dynamical intrinsic 
parity are sensitive to disturbance by external z fields, 
which produce an interconversion of the two parity 
types. If, in its passage through matter, the particle 
penetrates often enough into regions occupied by 7 
fields that parity conversions are produced at a rate 
considerably in excess of }|w,—w_|, the particle decay 
will not exhibit the two lifetimes 7, and 7r_ but rather 
the single lifetime 7, given by 


1 eee: | 
14(444), 


T Ta) Tae 


In effect, the particle will then maintain its parity 
symmetry, despite the tendency of the decay mecha- 
nisms to distinguish the two intrinsic parities. This 
comment will acquire major significance if an antici- 
pated multiple-lifetime decay is definitely not observed, 
under experimental circumstances for which such parity 
conversions are conceivable. 
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The use of wave functions which are not normalized in the sense of quadratic integrability introduces 
concepts which are difficult to incorporate into the statistical interpretation of quantum-mechanical theory. 
A study is made of other inner-product function spaces which can be defined on the basis of the asymptotic 
behavior of various classes of functions. Only the cases of plane waves, cylindrical waves, and spherical 
waves are considered in detail. The theory offers an alternative approach to the treatment of open systems 
which is closer to classical field theories than is that of von Neumann. 





1, INTRODUCTION 


T is a fundamental postulate of quantum-mechanical 
theory that the set of possible states of a physical 
system forms a complete Hilbert space in some sense. 
In von Neumann’s theory this sense is made precise by 
the assumption that every state is associated with a 
wave function which belongs to the Z2-function space.’ 
An important consequence is that in his theory state 
space is separable so that every orthonormal basis is 
countable. 

The practical difficulties, both of mathematical calcu- 
lation and of physical interpretation, which arise in the 
application of von Neumann’s theory to open systems 
(continuous energy states) have led in the physical 
literature to the use of other types of analysis based on 
ideas drawn from classical dynamics and classical field 
theories. These procedures make direct use of the 
unnormalized functions which arise naturally in the 
solution of the field equations, particularly through the 
method of separation of variables. They are usually 
justified in quantum-mechanical terms by reference to 
the concept of states as defined by the simultaneous 
eigenfunctions of a complete set of commuting Her- 
mitian operators (observables). It is in this sense, for 
example, that one speaks of plane waves as eigenfunc- 
tions of the energy and momentum operators of a 
free particle. 

States which are defined in this way fall outside the 
strict formulation of von Neumann’s theory since they 
depend on the use of wave functions which do not 
belong to the Z2-function space.? It is generally con- 
sidered that normalization by the delta-function 
technique is adequate to insure that only inessential 
modifications of the argument will suffice to bring a 
particular type of calculation within the scope of von 


1J. von Neumann, Mathematical Foundations of Quantum 
Mechanics (Princeton University Press, Princeton, 1955). The 
wave function for a set of identifiable particles is considered to be 
a function of the Cartesian coordinates of all of the particles. 

2 Methods of normalization of wave functions in the continuous 
spectrum have been developed by Weyl, Fues, and others. As 
applied in special problems these techniques, which involve the 
formation of wave packets, preserve the connection with von 
Neumann’s normalization. The difficulty in their application as a 
general method seems to be that no canonical set of wave packets 
has been developed as an orthonormal basis in Lz space. 


Neumann’s theory, though such an argument admit- 
tedly might be difficult to construct in detail. Von 
Neumann has expressed the opinion that the divergence 
in the procedures lies deeper than this,‘ and the writer 
shares his view. A further complication in practice is 
that a calculation may lead only to a single solution of 
the field equations, or to a narrow class of solutions, 
so that it is difficult to obtain a clear idea of its interpre- 
tation in terms of the statistical formulation of quantum 
mechanics. Or one may be led to a general equation, 
such as the Bethe-Salpeter equation, but have no 
specific criteria for choosing the solutions which can be 
expected to be of physical importance. 

The present paper represents an attempt to gain an 
insight into this situation, in the simplest possible 
circumstances, by a direct study of some of the function 
spaces which arise through the process of separation of 
variables. Different symmetry groups of the field 
equations give rise to different function spaces in this 
way. It is found possible to construct function spaces 
for the Schrédinger equation of a particle which are 
adapted to the use of plane waves, cylindrical waves, 
and spherical waves. A statistical formulation is estab- 
lished in each case by a standard argument. Only the 
elementary symmetry groups of geometrical origin are 
considered. 

The procedure followed is to define an inner product 
for each type of function space based on a mean-value 
operation adapted to the asymptotic behavior of the 
functions of the space. An orthonormal family of func- 
tions is obtained which is used as a basis for the con- 
struction of a linear manifold of states. The closure of 
this manifold defines a particular type of state space. 

A question of major interest for the statistical 
interpretation of these spaces arises in the attempt to 
express the basis functions in any one of the spaces in 
terms of those of any other. It is shown from general 
arguments that this can be done only in a limited sense. 
This situation is in striking contrast with von Neu- 


3 For a discussion of the scattering of a particle in an external 
force field along these lines see L. Eisenbud, J. Franklin Inst. 
261, 409 (1956). 

* J. von Neumann, reference 1, Chap. 1. 
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mann’s theory, in which the expansion theorems are of 
general validity.® 


2. ELEMENTARY PLANE WAVE STATES 
OF A PARTICLE 


In order to keep physical ideas dominant in the 
discussion, we work with the simplest case of sufficient 
mathematical scope, that of the Schrédinger equation 
for a free particle: 


i? ti) 

(—v+in—)v-o. (1) 
2mo ot 

We separate the time variable in the usual way and 

write for the total energy 


E=??k?/2mo=hw(k) 20. 

With the substitution 
V(r) =p (re iF, (3) 
the amplitude function satisfies the Helmholtz equation 
(V?-+k)y=0. (4) 


The novelty of the treatment which we propose to give 
this familiar equation stems from the requirements 
associated with the statistical interpretation of its 
solution. 

Plane wave solutions of Eq. (1) of the form 


V(r,1)= A exp[i(k-r—w(k)é) J, (5) 


are obtained by separation of the variables in Cartesian 
coordinates. This procedure takes advantage of the 
circumstance that Eq. (1) is form invariant under the 
group of translations on all of the variables. The Lie 
operators of this group are just the differential operators 


B=—ih grad, H=ihd/dt, (6) 


of the momentum and energy of the particle, within 
the multiplicative constant (i#). The plane wave (5) 
is an eigenfunction of this set of operators satisfying 
the eigenvalue equations 


BV=AkV, GV=ho(k)W. (7) 


All of this is familiar and is stated formally only to 
prepare the ground for the later discussion. 

We note, finally, that the manifold of plane-wave 
solutions is characterized by three continuous param- 
eters; these are taken conveniently as the Cartesian 
components of the wave-number vector, k. 


(2) 


SE. C. Titchmarsh, Eigenfunction Expansions (Oxford Uni- 
versity Press, New York, 1946); E. C. Titchmarsh, Proc. London 
Math. Soc. (3) 1, 1 (1951). 

* The existence of the translation group on the time variable. 
which implies the separability of this variable, is common to all 
of the cases considered in this paper and will not be mentioned 
separately in each instance. The discussion has primary reference 
to the space variables over which the normalization integrals are 
performed. 
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3. PLANE WAVE (P.W.) STATE SPACE 


The isolation of individual plane waves as elementary 
states of a particle can be justified in the sense of a 
statistical theory, without the use of delta-function 
normalization, by having recourse to the theory of 
almost-periodic functions.’ In this function space the 
inner product is defined by the relation (p.w.=plane 


wave) 
(fi, f2)p.w.=Mopw.{fi* fr}, (8) 


where the symbol M,.w. stands for the operation of 
formation of the mean value of the argument function 
according to the definition 


(9) 


Myw {f(t} = li ~ f sod 
ow {f(r)}= jim f(r r. 


The region of integration can be taken to be a sphere 
of radius R, or a cube of side R, with V as its volume, 
the limit being taken as Ro. Other shapes can be 
used so long as a true volume average is formed. 

The norm is defined in the usual way by means of 
the inner product as 


Now.(f)=C(ff)v.w.}. (10) 


The exponential plane-wave functions form an 
orthonormal set with this inner product since 


0 if kjk, 


. . tae 
if k;=k, 


(exp(tk;-1), exp(ikm-1))p.w.= 


It is noteworthy that the state k=0 can be included in 
this space even though the wave function is independent 
of the space variables. The linear space based on the 
inner product (8) is not separable since it contains the 
orthonormal family of exponential functions which 
depends on three continuous parameters. 

Our next step is to take the exponential functions as 
a basis and on them construct the plane-wave state space 
of the particle. If we take first finite sums of plane 
waves, we obtain functions of the type 


V(rt)=L C(k;) exp[i(kj-r—w(k;)4) ] 
=X $(k;,t) exp(ik;-r), 
o(k;,t)=C(k;) exp[ —iw(k;)t]. 
The following formulas hold for these functions: 
$(k;,t) = (exp(tk;-1),V)p.w., (14) 
Npw.(¥)=CE|C(ks) |? }#= Co | o(kst) |?) (15) 


The function space which is defined in this way can 
be extended to permit the use of infinite sums, subject . 
to the normalization condition ; 


(12) 
(13) 


with 


Np.w.(Y)=[20|6(k;,t) |? <o. (16) 


7H. Bohr, Almost Periodic Functions (Chelsea Publishing 
Company, New York, 1951). 
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The structural properties of the closure of this space 
have been studied in great detail in the theory of 
almost-periodic functions.’:* It is sufficient for present 
purposes to remark that, owing to the form of the 
normalization condition (16), the theory can be inter- 
preted formally as one in which the wave function is 
expanded in terms of plane waves (as an infinite 
discrete sum), the coefficients in the expansion deter- 
mining the occupation probabilities of the states. 


4. CYLINDRICAL WAVE (C.W.) STATE SPACE 


Equation (4) is separable also in cylindrical polar 
coordinates, as is well known. This results from the 
existence of the symmetry group consisting of the 
following geometrical operations: (a) translations along 
one preferred axis (taken as the z axis as usual), and 
(b) rotations about this axis. The separated form of 
the wave function in the usual notation is 


W(R,¢,2,t)~F (Rye™rettateiBtlh, 


with m=0, +1, +2, -:::. 
The radial function satisfies the equation 


(17) 


f.A.d. 
( (18) 


— 4-4 #-bs ) PO. 
dR? RdR R 


For the moment we consider only the nonsingular 
solutions of this equation with k®—k,?>0. These are 
the Bessel functions J»((k?—,”)'R), within a multi- 
plicative constant. 

If «and v are any real positive constants the following 
relation holds for these functions? : 


1 r? 0 if vw 
lim — | Jm(uR)J(vR)RdR= | 
ae gy 1/ru_ if 


(19) 


v=4. 


This result suggests the introduction of the following 
mean-value operation (c.w.= cylindrical wave) : 


1 a +b 29 
M..(fj=tnm — RdR if ds i) f(R,v,2)de. (20) 
c= 2ably  d5 4 


The integral is evaluated over the interior of a cylinder 
of radius a and length 28, with center at the origin and 
axis along the z direction, and is then divided by V/za, 
where V is the volume of the cylinder. The weighting 
factor in this case is comparable to the surface area of 
the region of integration rather than to its volume.!° 
With this mean-value operation we associate the inner 


8A. S. Besicovitch, Almost Periodic Functions (Dover Pubii- 
cations, New York, 1954). 

9G. N. Watson, Bessel Functions (Cambridge University Press, 
New York, 1948), second edition, p. 134, formulas (8) and (10). 

10 Although the parameters a and b are independent in the 
definition given in Eq. (20), there appears to be no difficulty 
involved in setting b=a and using a single limiting process. This 
facilitates comparison of the various mean-value operations used 
in this paper. 


product and norm 5 
(fi, fede.w.= Mew.{ fi* fo}, (21) 
New. (f)=Chfew.}*. (22) 


The restriction k’—k,’>0 allows us to interpret k, as 
the z-component of the wave-number vector, and we 
can write 


k,=k cosa, (O<a<n), (23) 


where @ is the angle between the wave-number vector 
k and the gz axis. 
Next we define the set of functions 


§(k,a,m) = ($k sina)*J,, (RR sina)e™*e'** co8¢, (24) 


in which the parameters are restricted by the conditions 
k>0, O0<a<x, m=0,+1,+2,---. (25) 


The function set defined in (24) forms an orthonormal 
family with the inner product (21). Starting with this 
basis set, we construct the cylindrical wave state space by 
arguments similar to those used for plane waves. First 
forming finite sums, we write wave functions of the 


form 
V(R,¢,2,t) at Es A (Rj01,m; t) J(Rj,au,m), (26) 


the indices (;,a1,m) being allowed to take any values 
in the ranges indicated in (25). The norm of a function 
of type (26), computed from the definition (22), is 


Now. (Y)=[22| A (hj,001,m ; t) |? }?. 


Finally, we take the closure of this space by the 
formal operation of permitting infinite sums subject to 
the normalization condition" 


New (VW) <o. 


(27) 


(28) 


Any nontrivial function which is obtainable in this way 
can be normalized to unity, in which case the expansion 
coefficients can be assigned the usual statistical inter- 
pretation in terms of occupation probabilities. 

The fact that the basis functions (24) can be ex- 
pressed in terms of plane waves will be of considerable 
importance in the ensuing discussion. The following 
representation is constructed readily from Hansen’s 
definition of the Bessel functions”: 


-m™ 29 


In(Rk sina)eimeeitk cosa — J cik-teimagg (29) 
2r 0 


If ais the angle between the wave number vector k 
and the z axis, and @ is the azimuthal angle of k around 
the z axis, measured from the x axis, as is the angle 9, 
in the usual way, then the right-hand side of Eq. (29) 
involves an integration over the plane waves of fixed 


The structural properties of the closure of this space have 
not been studied. 

2 FE, Jahnke and F. Emde, Tables of Functions (Dover Publi- 
cations, New York, 1945), fourth edition, p. 149. 
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values of k and a. We emphasize that this is an expan- 
sion by integration, rather than by discrete summation, 
over plane waves.'® 


It remains to say a few words concerning the omission of 
the remaining solutions of Eq. (18) in our construction of the 
c.w. state space. For k?—k,?>0 the Neumann functions 
Nal (#—k,2)*R] with m>1 have singularities at R=0 of too 
high order for use with the inner product (21). The functions 
Nol (#*—,*)tR] have a logarithmic singularity at R=0 which is 
acceptable in the sense of our inner product. They have been 
omitted partly to keep the discussion on as simple a plane as 
possible, since completeness of the function space in the usual 
sense is not our major problem, but also because the writer is 
not aware that they can be represented in terms of plane waves 
with real parameters. For k?—k,?=0, the elementary solutions 
of Eq. (18) are F=1 and F=In(R) for m=0, and F=R™ and 
F=R™ when m2 1. Only the first case is of interest, but it is a 
simple plane wave along the z axis and is not normalizable in the 
sense of the definition (22). It belongs properly to the p.w. state 
space. For k*—k,?<0, one obtains as elementary solutions of (18) 
the modified Bessel functions Im((k,2—?)*R) and Km((k.?— k)*R). 
The functions J,, are exponentially unbounded as R, while 
the functions K», have singularities at R=0 of too high order for 
m21. The function Ko could be used but since its logarithmic 
singularity is quadratically integrable all of the states so repre- 
sented have zero norm in the c.w. state space. 


5. SPHERICAL WAVE (S.W.) STATE SPACE 


The transition from the plane wave to the cylindrical 
wave state space involved a change from a set of 
functions characterized by three continuous parameters 
to one specified by two continuous and one discrete 
parameter. The solution of Eq. (4) in spherical polar 
coordinates carries one to a set characterized by one 
continuous and two discrete parameters. This step 
taken advantage of the existence of the 3-dimensional 
rotation group as a symmetry group of Eq. (4). 

We make use only of the nonsingular solutions of 
Eq. (4), for simplicity, in line with the discussion of 
Sec. 4. The separated form of the particular solutions is 


W(r,t)~jilkr) V"(0,e)e*2", (30) 
with E defined in Eq. (2). The spherical harmonics are 
subject to the orthonormalization condition 


ffreeorreee sinddédp=6™"57;. (31) 


The following relation holds for the 
functions 


spherical Bessel 


1 r* 0 k'xk 
lim - f julkr) julk'nyPdr= (32) 
aon a 0 


1/22 if =k. 


4 A theory of expansions in Bessel functions which is an exten- 
sion of the theory of almost-periodic functions has been developed 
by J. Delsarte, Acta Mathematica 69, 259 (1938). However, 
Delsarte makes use of the interval (— © <r<). If the variable 
is restricted to the range (0<r<~) the development given in 
the text for the c.w. space is the natural one. 
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These expressions suggest the following definition of 
the mean-value operation (s.w.= spherical wave) 


1 a 
Mw. =lim - r a) i ’ 
{f} lim J arf f 108 ¢) sindd@dy, (33) 


with the associated definitions of the inner product and 


norm 
(f1,f2)e.w.= Mow.{fi* fo}, (34) 
Now. (=O fo.w. (35) 


The mean-value operation (33) is an integration over 

the interior of a sphere of radius a, with center at the 

origin, followed by division by the factor (3V/4n)!, 

where V is the volume of the sphere. This weighting 

factor is a linear dimension of the region of integration. 
The family of functions" 


W (k,},m) =Vv2kji (kr) Y.™ (6, ¢); 
with the conditions 
k>0, J=0,1,2,--:, (37) 


forms an orthonormal set with the inner product (34). 
Once again we use this set as a basis for the construction 
of a function space, the spherical wave state space. 
Starting with finite sums, as before, we obtain wave 
functions of the form 


¥(r,0,¢,t)=L B(kjlm; t)W (kj,lm). (38) 
The norm of any function of this type, as defined in 


(35), is 
Now. (Y)=CE|B(kj,1,m; t) |? ]. (39) 


Again the form of this expression permits the interpre- 
tation of the expansion coefficients in a statistical sense. 
Finally, we proceed to the closure operation on this 
linear manifold with the normalization condition 
Nuw.(¥)<© to obtain the s.w. state space." 

The basis functions (36) can be built up from plane 
waves by integration over both direction angles of the 
wave-number vector, k, its magnitude being left as a 
free continuous parameter. The appropriate expansion 
formula is 


sit ik-rV.m + 
jue ¥(@,9) =—— f f e«-rY (a8) sinadadB, (40) 


(36) 


m=0, +1, +++, +1, 


If the integration over the angle @ is performed first 
in this expression the s.w. basis functions can be 
expressed in terms of those of the c.w. set by an inte- 
gration over the remaining angle. The formula is 


ju(kr) Py™(cos#) 


sjm—l wt 
=— f J m(Rk sina)e** °°**P,™(cosa) sinada. (41) 
2 “5 


4 The spherical Neumann functions mo(kr) could be used with 
the inner product (34) but have been omitted on grounds similar 
to those discussed in Sec. 4 for the c.w. state space. 
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6. L.-STATE SPACE 


The three state spaces which have been introduced 
in earlier sections are all nonseparable since each one 
contains an orthonormal family of functions character- 
ized by at least one continuous parameter. The reduc- 
tion process of integration over plane waves serves to 
eliminate the continuous parameters gradually and 
replace them by discrete parameters. This process 
reaches its climax if we extend the integration over the 
magnitude of the wave-number vector, writing the 
wave function in the integral form 


V(r,t)= f A (k) exp[i(k-r—w(k)t ]dk 


(42) 


= f ok.derdk 


With the necessary restrictions on the class of functions 
to be considered we obtain the starting point for the 
discussion of the L2-function space in the form of the 
Fourier transform. 

The mathematical justification for considering (42) 
as a means of representing functions in L2 space derives 
from the general form of Plancherel’s theorem according 
to which the Fourier transform can be extended to give 
a unitary mapping of the L2 space on itself.!® So long 
as the function V(r,¢) is in L2 (at time ¢, the time being 
merely a parameter for this discussion), one has the 
following condition for the norm: 


vucw)=| f lw (r,) rar] 
-| f ea). 


It is noteworthy that the reduction process by inte- 
gration holds good in the sense that the L-function 
space is separable. All continuous parameters have been 
removed from the characterization of a basis set. 

It is evident that one obtains in this way at most a 
reformulation of von Neumann’s theory framed in the 
more familiar context of Fourier transforms. However, 
despite the intuitive appeal of the concept of momentum 
space, it offers no advantages over von Neumann’s 
more flexible treatment if it is applied as a rigorous 
theory. The specific advantage of the plane wave 
analysis appears to arise primarily from its connection 
with the theory of almost-periodic functions. 


(43) 


7. ORDER RELATION OF THE STATE SPACES 


The nature of the reduction process engendered by 
integration over plane waves is expressed most clearly 


18S, Bochner and K. Chandrasekharan, Fourier Transforms 
(Princeton University Press, Princeton, 1949), Chap. 4. 
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by the following observation. Let the four function 
spaces which have been discussed be ordered in the 
following manner: 


p.w.>c.w.>s.w.> Lo. (44) 


A space A will be said to be of higher or lower rank 
than a space B according as A precedes or follows B 
in this order relation. Let f4 be any basis function for 
a space A, defined as in the appropriate earlier section. 
Direct examination shows that!® 


Na(fa)=0 _ if Bis of higher rank than A, 


=o if Bisoflowerrank than A. (45) 


This result is an immediate consequence of the ordering 
of the weighting factors which have been associated 
with the various mean-value operations. The weighting 
factor for the L2 space is unity. 

Since condition (45) holds for each of the basis 
vectors of a given space, it holds for all finite linear 
combinations. As a consequence we are faced with the 
situation that, in the sense of our definitions, the 
“expansion” of the basis functions of one space in terms 
of those of another has different characteristics de- 
pending on the relative ranks of the two spaces con- 
cerned. The expansion process, by integration, which 
arises in proceeding to spaces of lower rank has already 
been discussed, and presents no difficulties. The reverse 
process is not feasible if we hold to the definitions of 
this paper. Since this conclusion appears to be in 
contradiction to well-known results in the literature, 
we examine its meaning in greater detail. 

Consider, for example, the following formulas which 
express plane wave functions in terms of the c.w. and 
s.w. basis functions" : 


+00 
gik-r— . i" m(RR sina)e*™(¢—B) gizk cosa, 


m=—o 


(46) 


a) +l 
ekt= SS 4ni'LV"(a,8) |*ji(kr)Vi"(0,¢). (47) 


l=) m=—l 


The first of these expressions is easily constructed from 
the Jacobi-Anger expansion'® 


+00 
et cosd — > i™] »(z)em?, 


m=—o 


(48) 


while the second is obtainable by a rotation of axes 
from Bauer’s familiar formula 


io} 


eikr cost i!(21+-1) j,(kr) P:(cos6). 


l=0 


(49) 


16 It is convenient to make use of the simplification stated in 
footnote 10 for the comparison of the mean-value operation in 
the c.w. space with those of the p.w. and the s.w. spaces. 

17 Note that the expansion of Eq. (46) contains the state a=0 
which was omitted in the c.w. space. 

18 W. Magnus and F. Oberhettinger, Formeln und Sdize fiir die 
speziellen Funktionen (Springer-Verlag, Berlin, 1948), second 
edition, p. 27. 





1178 gE. L. 


These formulas have been derived under conditions 
which refer to pointwise convergence in bounded do- 
mains of the variables, however.” Our definitions, on 
the other hand, require convergence in the mean in the 
sense of our respective inner product spaces, over the 
infinite domain. Such expansions would be acceptable 
in the sense used in this paper if and only if the right- 
hand sides satisfied the condition that, when expressed 
in terms of the suitably normalized basis functions, 
the sums of the squared moduli of the coefficients 
converged. This condition does not hold for the expan- 
sions given, as is easily verified. 

It is to be emphasized that the question at issue here 
is not one of completeness of a function space in the 
usual sense. The inner product spaces which we have 
defined have a kind of disjointness based on their 
differing topological characteristics which is traceable, 
in the last analysis, to the distinction between expansion 
by discrete sums and expansion by integration. 

Our analysis does not lend support to the usual 
interpretation of the coefficients in the expansion (49) 
as representing the probabilities of different angular 
momentum states for a particle which is in a plane 
wave state. The argument from the physical point of 
view seems to be the following. Bauer’s formula (49) 
is usually justified in the quantum-mechanical literature 
by interpreting it as a representation of the flux of an 
indefinitely large number of particles spread uniformly 


over a plane wave “beam.” However, if one takes the 
primary statistical interpretation of the wave function 
to be that of a probability amplitude function in the 
space of the Cartesian coordinates of a finite set of 
particles, then the “many-particle” interpretation does 
not follow from this without further assumptions. In 


%G. N. Watson, reference 9, Sec. 4.82; J. Lense, Reihenent- 
wicklungen in der mathematischen Physik (W. de Gruyter and 
Company, Berlin, 1953), third edition, chap. 5, Secs. 17 and 22. 
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order to pass from the “coordinate-space’’ interpreta- 
tion to the “many-particle” interpretation of the wave 
function, one must first be able to define the concept 
of one-particle states in a unique manner. Since this 
latter notion is just the question under discussion in 
the present analysis, we are led to reject the “many- 
particle” interpretation. It would be desirable to estab- 
lish procedures for the analysis of the asymptotic form 
of the wave function in scattering problems which did 
not make essential use of Bauer’s formula in the sense 
of an asymptotic expansion. 


8. CONCLUSION 


The analysis of this paper indicates that it may be 
feasible to establish a treatment of open systems which 
is alternative to von Neumann’s theory, and which 
would have the advantage of bridging the gap with 
classical theories more completely than does his pro- 
cedure. On the other hand, the arguments of Sec. 7 
show that in order to develop a complete theory along 
these lines one must cope with the problem of resolving 
state space into subspaces in a more general sense than 
the usual concept of orthogonal spaces. The analogy 
with the problem of classification of orbits in classical 
dynamics is evident, though it is by no means clear 
how close the association of the two ideas can be made. 
Undoubtedly a unified theory must be made to depend 
on the properties of the symmetry groups of the system.” 
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Expectation operators and total operators are defined for a 
quantized field theory in a manner analogous to that in which 
expectation values and total values are defined in an unquantized 
field theory. From the usual anticommutation relations for the y 
field it is possible to determine the commutation relations between 
such operators. The quantized theory may then be developed in 
considerable detail without recourse to plane-wave expansions. 
Indeed, it is shown that at least one divergence of the standard 
method—the vacuum charge expectation value—arises from the 
use of such an expansion. 

By postulating the usual free-particle quantized Dirac Hamil- 


tonian, it is shown how to construct a state of the field which in 
the classical limit satisfies Maxwell’s equations, and another 
state which in this limit satisfies the Dirac equation for a neutrino. 
By introducing internal coordinates for the field which describe 
the mean square radius and other moments of the charge distri- 
bution about its center, it is possible to write the equation of 
motion for the quantized field in the form of a differential equa- 
tion which, if the internal motion is neglected, reduces to the 
Dirac equation for a state of charge e and to the Kemmer-Duffin 
equation for a state of charge 2e. 





INTRODUCTION 


N developing a quantum theory from a classical 
particle theory, one replaces the dynamical variables 
A by operators A°? and demands that the c numbers 
(A°®) derivable from these operators—their expectation 
values—should be in correspondence with the dynamical 
variables A of the classical theory. Similarly, in de- 
veloping a second-quantized theory one would expect to 
replace these c number expectation values themselves 
by operators (A°”)°? and demand that their expectation 
values ((A°”)°) should be in correspondence with the 
c numbers (A°) of the ordinary quantum theory. 
This suggests that it may be possible to develop the 
theory of second quantization in such a way that the 
expectation operators (A°)°? appearing in it play a role 
analogous to that played by the corresponding operators 
A°P in the similar unquantized field theory. Thus, for 
example, the c number coordinates x, in classical 
particle theory become independent variables of a 
differential equation in the Schrédinger representation 
of the classical field theory, the state vector y being a 
function of these variables. It is shown in this paper 
how the quantum theory of fields may be formulated so 
that the expectation values (x,) of the four coordinates 
in the classical field theory become independent vari- 
ables of a differential equation, the state vector @ being 
a function of these variables. 

One should not anticipate that these four expectation 
values would be sufficient to describe a quantized field 
consisting of many particles, and indeed it is shown 
that it is necessary to introduce the mean square dis- 
placement and higher moments of the charge distribu- 
tion about the center of charge in order to specify the 
field completely. These extra coordinates commute 
with the external total momentum operator and there- 
fore represent internal coordinates of the field. 

It is usual to develop the theory of quantized fields 
by expanding in terms of plane waves right from the 


*Now at the Ramo-Wooldridge Corporation, Los Angeles, 
California. 


start, although there is nothing to suggest such a 
procedure in the development of wave mechanics from 
particle mechanics. We show here how to partially de- 
velop the theory without using such an expansion and 
we prove that at least one divergence of quantum elec- 
trodynamics—the vacuum charge expectation value— 
really arises because of the plane-wave expansions used. 
If evaluated without recourse to a plane-wave expan- 
sion, this divergence disappears, provided that a reason- 
able assumption is made about the behavior of the field 
at great distances. 

In classical field theory we may associate a total value 
At and an expectation value (A) with an operator A 
thus: 


At=N(A)= f VtAyda, 


where N is the normalization integral 


N= f Y*ydx. 


In the quantized theory these numbers become opera- 
tors, and in Sec. I the commutation relations satisfied 
by such operators are obtained for a fermion field. In 
Sec. II these commutation relations are applied to the 
Dirac operators, and in Sec. III it is shown how to 
generate, from a solution of the quantized Dirac equa- 
tion for a free particle, states of the field which satisfy 
other equations of motion. In particular it is shown 
how to construct a state which is a vector state of zero 
total charge and mass and which formally satisfies 
Maxwell’s equations in the classical limit, and a state 
which is a spinor state of zero total charge and mass 
which satisfies the Dirac equation for a neutrino. 
Finally in Sec. IV the usual Hamiltonian for a free Dirac 
field is analyzed into a part describing the motion of the 
field as a whole and a part describing the internal 
motion of the field. This allows us to express the equa- 
tion of motion of the state vector as a differential equa- 
tion in which expectation values of the external and 
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internal coordinates appear as independent variables 
in a manner analogous to the Schrédinger representa- 
tion in ordinary quantum mechanics. If virtual positron 
creation and internal motion of the field are ignored, 
this equation reduces to the Dirac one-free-particle 
equation for a field of one electronic charge, and to the 
Kemmer-Duffin equation for a free field of charge 
2e and mass 2m. The internal motion adds to these 
equations extra terms, one of which, for the one- 
particle case, is formally similar to an electromagnetic 
interaction term. 


I. COMMUTATION RULES 


We suppose that a Dirac field operator (x) is de- 
fined at all points on a space-like surface o. Then, if 
A be any operator, we may associate with A two 
“total” operators A+, A~ which we define thus: 


Atsi f drAddes 
(1) 
A-mi f ya? doi, 
where T denotes transpose. We postulate the usual 
anticommutation rules for y, y: 


f (Wal), We vde) f(x’)do!=Sepf(2), 


(2) 
{Wa(x), ¥a(x’)} =0, 


{Ya(x), va(v’)}=0. 


In the case in which o becomes the time ‘= const, these 
relations become 


At= f v*Aydr, 


A-= f VAT Y*dr, 


{Va(x), Ve*(x’)}=Sap6(x—x’), 
{a(x), Va(x’)} =0, 
{¥a"(x), e*(x’)}=0. 


From the above we may derive commutation rules 
for total operators, and we consider first the case in 
which A and B are any two Dirac 4X4 matrices. We 
then have 


(2’) 


[A*, Bt]=[A, BF, 
[A-, B- j= (A, By, (3) 
[At, B-]=[A, B} =—-[A, B}. 


It is to be stressed that the square brackets [ ] denote 
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the commutator, the + and — signs referring to the 
definitions (1). Anticommutators will always be de- 
noted, as in (2), by the curly brackets { }. 

From (3) it follows that any A+ or A~ commutes with 
any (B++B-), and that for any matrix C which may 
be related to two matrices A, FE thus, 


C=[A, B], (4) 
we have 


C++C-=0. (5) 


We may also define two total momentum operators 


pit=—ih f V*awdr, 


px =th f VOw*dr, 


so that x,+, pi* satisfy relations of the form (3): 
[agt, pit] =ih[ox: }+= thd, It, 
Lum, p= iho = — itd, 
Cxgt, pr )=thb = —ihou |. 


(3’) 


Thus 
1+=—1-=N= fever (6) 


a result analogous to (5) but not derivable from it since 
there it was assumed that C was of the form (4), 
where A and B are Dirac 4X4 matrices. The unit 
matrix cannot be expressed in such a form. 

It is to be noted that in establishing the commuta- 
tion relations (3’) between the total momentum /,*+ 
of the field and the operator «;*+ which is shown later to 
be related to the position of the center of charge of the 
field, it is necessary to suppose that integrals of the form 


0 0 
—wv)dr, f—W)dr 
OX, OX, (7) 


0 0 
fewer, fe (xy*)dr 
OX, Ox, 


are zero, a sufficient condition for which would be that 
not only ¥*y but xa/*y vanished on the boundary of 
the region of integration. This condition is not satisfied 
for a plane wave, although it is valid if, for example, 


v= (a/V') exp(ik-x— ex”) 


for arbitrarily small real positive «. We shall therefore 
suppose that such surface integrals vanish; otherwise 
the position and momentum of the field would not have 
the commutation relations (3’). A consequence of this, 
however, is Eq. (6), which is at variance with the usual 
statement that 1++ 17 is divergent. 

Had we not supposed that integrals of the form (7) 
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vanished, we would have obtained, in addition to extra 
terms in (3’), 


F) 
i++1-= 5 tte +¥Y) lar, 
Xv; 


where summation on 7 is not implied—the result follows 
for any choice of i from 1 to 4. For y a plane wave, 
this proves nothing at all. 

Thus it would appear that at least one divergence of 
quantized field theory—the vacuum charge expectation 
value—is a consequence of the plane wave expansions 
used in the development of the theory. 

If we use the Heisenberg form for the current density 


Ji= (iec/2) Wr—Wri7¥), 
the total charge Q is given by 
Q= (e/2)(1*—1-) =eN. 


If e denotes the electron charge, we must therefore 
interpret 1*+=WN as the number of electrons minus the 
number of positrons and 1-=—WN as the number of 
positrons minus the number of electrons. 

We also have 


C (ax), pit] = 2ihd xxx = — 2ihd yxet, 
so that x,-= —x,* and similarly p,+=—p,~ and 
Laxt, pit ]=thNGx1. 
Further, if F(«,) commutes with y, y*, 
Lot, Ft ]=—th(d.F)*, 
Lou, Ft =—ih(0.F)-=ih(d,F)*, 


(3”) 


(8) 


provided again that the relevant surface integrals 
vanish. 

Since the 2,+ commute among themselves, we may 
take a representation in which they are diagonal. The 
total momentum p,+=P, of the field may then be 
represented thus': 


pit = P,= —ihN (d/dxx*), 


P,=—ih(d/8X,) = —ih(d/dx,)*, (9) 


where (0/0X;) is written for N(0/dx,*+). When the 
system is in an eigenstate of V belonging to the eigen- 
value n, we have nX;,=<x,* so that the first three com- 
ponents of X, are operators describing the expectation 
value of the position of the field. As X;, is defined, it 
represents the center of charge of the field rather than 
the center of mass. 

The definition (1) is also applicable to operators 


1 This representation is possible because the X; possess a con- 
tinuum of eigenvalues. If ®, is an eigenstate of X, belonging to the 
eigenvalue a, then ®,—(ie/h)p,*®, is, for sufficiently small e, an 
eigenstate of X;, belonging to the eigenvalue a+e. Thus X,, and 
similarly the other X;, possesses a continuum of eigenvalues. 
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which involve y, y and we have, for example, 


a(x) f (xv abalxWalx’)do 


=a(x)(1—NV) = —Nya(x), 
(10) 


Walx))-=3 f Vl Walx) (ye (a")) odor! 
= (1+NWa(x)=Va(x)N. 


(Wa (x) ) Te (Wa (x) yt =Wa (x) ? 


and if ®, be an eigenstate of N belonging to the eigen- 

value n, then ¥.(«)®, is an eigenstate of N belonging to 

the eigenvalue (n—1). Similarly ¥.(x)®, is an eigen- 

state of N belonging to the eigenvalue (w+1). Thus 

Wa(x) subtracts e from the total charge, and Y.(x) adds 

é, i.e., ¥(«) destroys an electron or creates a positron. 
If A be a 4X4 Dirac matrix, we may define 


Thus 
(10’) 


At+=j J (W(x)y:)sAtWe(x)doy=(N—1)A*. (11) 


Similarly A*+**, the total operator corresponding to 
A*, is given by 


At++= (N—2)A+=(N—2)(N—-1)At. (12) 


We shall require the following results for any two Dirac 
matrices A, B: 
(B+A)*+= (A Bt)*+= (AtB)*= (BAt)* 
= A+Bt—(AB)* 


= (N—1)A+Bt— (A+B+)*, (13) 


(14) 


and 
(NA)t= (N—1)At. 


One may also show, directly from (2), that 
[(A+Bt), C+]=(N—2)(AtLB, C}++[A, C}*B*) 
+ (ALB, C])*+ (LA, CJB)*. (15) 
From (11) and (14), it follows that 
(NA—At)t=0. 
Defining, by analogy with X;, an expectation operator 


(A) by 


we then have 


At=WN(A), 


N(N(A—(A)))=0, 


which is of the form of a well-known consequence of 
the unquantized theory where, however, N and (A) 
are c-numbers. 


Il. APPLICATION TO THE DIRAC OPERATORS 
If y; are the Dirac operators satisfying 
VVItVNi= 2655, 
it follows from (3) that 


vityit—yityit=2(yevs)t—2N6ij, 
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and from (13) that 
vityit— (vevs)*= (vevi*)*. 
It is convenient to write 
vit=NBi, (yevs)*=NBii, (Vevi*)t=Naig= Noi, 


so that 
N(8:8;—B;Bi) = 28:j— 26:5, 
N (8:8 ;+-B5B;) = 2655+ 2nij. 

Thus 

Bij= NBBj— 


Bis +B i= 2653, Nils 


and 


NB?—1 (not summed). 


Bu= 1, nui= 
Similarly, if we define 
Bise=(vevsve)*, nisk= Ori(vsve)*)*, 
we have 
N°B.B jx= Bint niin, 
N°B j8i=B just nigns 
N°B.n j= jin tang t+ (Ninja). 
Using (17), we then have 


N* (88:8; +8 8:Bx) = 2N? (Bibi; +8 Oi) 
+2N (N—2)B.6 jx+2(Nyenis)*. 


The’similarity of (17) to the original commutation rela- 
tions for the Dirac y; and of (20) to the commutation 
relations for the Kemmer-Duffin operators? is striking, 
and its significance is discussed in Sec. IV. In fact, for 
N=2, Eqs. (18) become identical with Eq. (46) of 
Kemmer’s paper, and if we neglect the last term of 
Eq. (20), that equation becomes identical with his 
Eq. (2). Similarly, for N=1, the last of Eqs. (17) 
becomes identical with the commutation rules for the 
Dirac operators provided that we again neglect the 
last term. 


(20) 


III. FREE DIRAC FIELD 


In terms of the notation introduced in Sec. I, the 
equation of motion for the state vector & of a quantized 
free Dirac field is 

KHO= (yipi—imc)*b=0. (21) 
Thus 1*=VNJ is a constant of the motion, and an eigen- 
state of N belonging to the eigenvalue m is also an 
eigenstate of 


H= (h/c) (yx0%)* (22) 


belonging to the eigenvalue —nm, as denoted by the 
upper index: 
NO," *=n®,", 


H,-"*=—nm®,-*. 
We call this eigenvalue of H the intrinsic mass of the 


2N. Kemmer, Proc. Roy. Soc. (London) A173, 91 (1939); 
R. Duffin, Phys. Rev. 54, 11i4 (1938). 
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state—its relation to the mass which governs the ex- 
ternal motion is discussed in Sec. IV. In essence the 
two masses are identical when internal motion of the 
field is neglected. 

From a state ®,-" we may generate states of the 
same charge but with different values of the intrinsic 
mass, although of course, such states are not solutions 
of (21). If y satisfies the free-particle unquantized 
Dirac equation, 


(yOu + x)y=0, 
it follows for example that 
(yit+ (t/me) pit), "=*,, 2 


is a simultaneous eigenstate of H and N, 
eigenvalues (2—m)m and n, respectively : 


H@,, ?-"= (2—n)m®,, 2, 


N®,, f= NP py, i *. 


(23) 
with the 


Similarly, 

(i/mc) p*®,- (23’) 
is a simultaneous eigenstate of H and N, with the eigen- 
values —nm and n, respectively. Indeed, the application 


of the operator y,;*+ to a solution of (21) yields a super- 
position of two states: 


yitb,” at Pn, ie 


=@,, ee 


—, =". 
Thus, if &o° is a scalar, it follows that 


ith =Do, F—Po, ;° (24) 


is a superposition of two vector states, one with an 
intrinsic mass 2m and the other with intrinsic mass zero, 
each state having zero total charge. Although inter- 
actions have not been introduced explicitly into the 
theory, it is difficult to interpret this as anything but a 
vector state of positronium, which exists part of the 
time as two particles and part of the time as a virtual 
electromagnetic field. 

If this interpretation were correct, it would be re- 
quired that the state $o,* should generate a real electro- 
magnetic field of zero mass and charge. It is easily 
verified that the state 


(25) 


mc 
Pa;= 7 (x;)+®,- ° 
h 


is not an eigenstate of H, but satisfies the equation 
(H+ nM)P 3 = m2" ~o,5 7 aad my i*®,-” 
It then follows that 


C (veps)* (vip) * +r m?e ]O a: 
oP 2mic?L (n—1),7-*— n®,;-" J. 


For a state of zero total charge, this becomes 


(vupe)* (vip) *Poi= — 2m?P7Hy?. 
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Using (9) and (13), we may write this 


rr) mc\? 
— —+R)u=2(~) Bo7, 
OX; OX; h 


where R is the operator 


(26) 


1 
et peput)*— (yipi(veps)*)*]. 


Thus R involves two electron-destruction or positron- 
creation operators to the right, and in the approxima- 
tion, discussed in the next section, in which we neglect 
such processes, we find that the state ®o,? generates the 
state ®o; in a manner analogous to the way in 
which a current distribution generates electromagnetic 
potentials. We also have, from (23), 


0 —h 1 
——p,?= | —R+-(v% pee (26’) 
ox h 


k mc 
so that, within the same approximation, p,’ satisfies a 


conservation law. Further, in this approximation, 


aa 
—,°=0. 
aX, OX, 


(26””) 


If we write 
J = tecy += hiec (yt —yi) Po, 
A,’ = (—ieh/mc)x*,°, 
C lx= (2ieh/mc)®,°, 
Eqs. (26), (26’), and (26’’) assume the form 


[ ]A,= (—4n/c) Ji, 


0 
J ;=0, 


CILx=9, 
A ‘= A i +0x/dX;, 


and [_] denotes the operator (0/0X;,)(0/0X,). The 
validity of the equations is not affected by the addition 
to x of a solution x’ of [ ]x’=0. 

The state 


(26’”) 


where 


fi= (0A ;/OXi- 0A ;/OX;) 
is generated from the state &)° by the application of the 
angular momentum operator: 
Sig= (2me/me) (pitajt— pirat) be. 


In a similar manner we may construct symmetrical (s) 
and antisymmetrical (a) tensor states from a scalar 
state ®,~" as follows: 

Pn, if "= — (me) (pipj)* Pn", 

aPn, ji "= C(vev3—8i3)+—i (me) (pirvi- pivi)* on” 


OF THE ELECTRON 1183 


with the same intrinsic mass as that of ,~", and 
By, P= [i (me) (yids t+ spit — 2 (me) (pip s)t on™, 
op, if? "= —1 (mc) (pivi- pivi)tOn, 


with an intrinsic mass which exceeds that of ,-" by 
an amount 2m. 
We may also introduce the operator 


Jijt=Lijt— pint j*, 
where 
Lj = (xipj—x5i)*, 
Tit=3 (veri Viv) t= (Bij 8) N. 


J;;+ is a generalized total angular momentum operator, 
the components J2;+, Js:+, Jiz* being expressible thus: 


J+=(L+4heo)*. 
It then follows that 
$asf *2 JS OS 


is also an eigenstate of H and N belonging to the same 
eigenvalues —n, n, respectively. Thus also 


+6, = aP n, ad Px. a, 
the tensor equivalent of Eq. (24). 
IV. EXTERNAL AND INTERNAL COORDINATES 


It is useful to write the Hamiltonian 3¢ of Eq. (21) 
thus: 
I= Ho+JIC’, 
where 


Ho=B,.Pi— iNme, 
KH’ = (yepe)t—BePr. 


P= prt 
(Pi= px) (28) 


The operator 3’ has been separated out in this way 
because it commutes with both the total momentum 
operator P;, and its conjugate position operator X;,. 
Thus 3’ describes the internal motion of the field. To 
neglect such motion is to replace the equation of motion 
(21) by the approximate equation 


(Bips* —inmc)®,-"=0. (28’) 


In this approximation the intrinsic mass, defined as the 
eigenvalue of H [Eq. (22)], becomes the mass which 
governs the external motion of the center of charge of 
the field, i.e., the experimentally observed mass. 

To consistently neglect the internal motion would 
require that we consider only those states for which 
Ko and KX’ commute. The condition for this is 


pit®, =0, 


which includes as a special case the conservation law 
(26’) for @o;?. 
Indeed, if ,—" is a simultaneous eigenstate of 3p 
and X’, 
Hyp "= —H'D, "= ianmed,-", 
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it follows that 
[putpit+n?(1+a)m'*c },"=0. 


The external motion is therefore governed by a mass 
-+-nm(1+<)!, reducing to the intrinsic mass of Sec. III 
if a=0. It may be shown that in the approximation 
discussed later of neglecting 7;; for the state n=1, 
then a is in fact zero. 

To represent the internal motion in a manner an- 
alogous to (9) for the external motion, we introduce 
the internal coordinate operators 


N°X <= N?-X3;= N (xixj)t—x*x;*. 

Then 

(Xij,Xx)=0, (X;;,Px)=0, (29) 
as required, i.e., the internal coordinates X;; commute 
with the operators X;, P; which describe the motion 
of the field as a whole. For a given V0, the X,; repre- 
sent the second moments of the charge distribution with 
respect to its center. 

For the Hamiltonian (21), one has 


(Xi,5C)=thBr, (Xi3,5C)=thG;;, 


where 


(Xi5,5Co) = 0, 


Gis=N (xeystxyyi)*—N (xi*8j+2;*B8;). (30) 


Even although they involve the external position opera- 
tors explicitly, the G;; commute with the total momenta 


(Gi;,P.) =0. (31) 
The G;,; also satisfy 
(Gij,X x) =0= (Gi;,Xn). 
We consider here only the one internal coordinate 


operator p= Xxx, which is invariant according to the 
definition (1) but which becomes, for definition (1’), 

p=(r)—(rY, 
since the terms which explicitly involve the time cancel 
out. Thus p is an operator describing the mean square 
radius of the field distribution about the point (r), the 
center of charge. 

If we define 
vt: (r- p)t, 

it follows that 

(o,p) = — 2thp. (32) 
Thus, if ® is an eigenstate of p belonging to the eigen- 
value po, it follows that, for a sufficiently small number e, 


ie 
(1-5) 
2h 


is an eigenstate of p belonging to the eigenvalue po(1+-e). 
Thus, since p is a Hermitean operator, its eigenvalues 
are real and continuous. 
The operator p satisfies the commutation relations 
(p,Xx) _ 0, (p,Px) si 0, (p,5Co) ait 0, 
(p,5) = 2ihNL (axyn)t— xat Bx] = ihG rx = ihG. 
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Hence we may take a representation in which the X; 
and p are simultaneously diagonal. Thus, in the same 
way that we may write 


K=KotK’, 


r) 
KHo= —ihp,——iNme, 
OX, 
we may also write 
a! om HitKR”, 
where 
KHi=—ihG(d/dp). 


It then follows that 3” commutes with X; and p, and 
in its turn it may be expressed in terms of further 
internal coordinates of the field representing second 
and higher moments of the charge distribution about its 
center. Thus Eq. (21) may be written 


0 
| — ina, —— inne 
ax 


k 


Ce) 
+2ihN (B.x,*— Gan)" +50 . fo. (34) 
ip 


The state vector ® is to be regarded as a function of the 
independent variables X;, p, etc. 

We first consider Eq. (34) for the case in which © is a 
function of only the external coordinates X,. This is 
equivalent to neglecting the internal motion and the 
dependence of @ on p, and we have 


a 
( — ihe —— ime Jo<-r(X) =0, 28”) 
ax 


k 


where the §; satisfy (17) or (20) or more complicated 
relations derivable from (20) in the same way that (20) 
was derived from (17). Thus, for V=1, Eq. (28”) is 
identical with the one-particle Dirac equation if we 
may neglect 7; in (17); and for N=2, Eq. (28”) is 
identical with the Kemmer-Duffin equation if we may 
neglect the (Wyxni;)* in Eq. (20). But 


ni f V(r (eyW(e) W(x)dindtx’, (35) 


and 


(Nyenis)t= f v* (x)yz 


XV (2\yd* (27d (0) (0) 
XV (x) Paxdx'Bx’”, 


the former involving two electron-destruction operators 
to the right and the latter involving three such opera- 
tors to the right. In general, these may also be positron- 
creation operators and the states V=1, 2 may involve 
arbitrarily many positrons and this many electrons 
plus NV. In the approximation in which we neglect 
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positron creation, however, the state V=1 consists of 
one electron and no positrons and the application of 
the operator 7;; to it gives zero. Similarly, the state 
N=2 consists of two electrons and no positrons and the 
application of the operator (Nyxm:j)* to it gives zero. 
We therefore obtain, if we neglect the possibility of the 
creation of virtual positrons, 


0 
(4:—+«) a =0 (xk=mc/h) 
OX; 


(V=1) (36) 
with 
BiBitBiBie=25n, 4 


0 
(2:—+2) 4-0 
OX, (N=2) (37) 


BiBBj+B8BB.=Bbis+B Pix, 


with 


the latter describing a particle of mass 2m and spin 0 
or 1, ie., two electrons with their internal motion 
neglected. 

We also notice that, for a particular eigenstate ne of 
the total charge, we may define a set of operators 
T',=n'8,. Equation (28’) then becomes 


0 
[r+ 0k foe A (38) 


Ak 
In the approximation in which 7; , is neglected, the 


IT’, then satisfy 
TL 4+-T Pe= 262. (39) 


There exists then a state of the field of zero charge 
(n=0) described by the equation 


0 
l'.—,o= 0, 
OX; 


(40) 


with the I’; satisfying Eq. (39). This has the same struc- 
ture as the Dirac equation for a neutrino. 

Finally we return to Eq. (34) and apply it to a state 
of the field in which the total charge is that of the 
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electron (V=1). Instead of neglecting the internal 
motion completely, we consider that part of it which is 
described by the dependence of ® upon p, neglecting the 
term 3C” which depends on other moments of the charge 
distribution. Thus, 


r) r) 0 
[e(———201t—) +a +2(err0)*—]onp)=0, (a1) 
OX, Op Op 


With the notation of (27), we also have 


xb = (imc/eh)A 7, 
with 
A:=A e +dx/AX:, 


and &)°(X,) a scalar solution of 
o°=0. 


If we neglect the last term of (41), a solution exists 
of the form 
b=y(X;) exp(aphy’), 


where, if the constant a is chosen as 
a=re"/me, 


the external wave function ¥(X;,) satisfies the equation 


od te 
[2(——=4.") +«-cx0)=0, 
OX; he 
where A,” differs from the A; of Eq. (26) by a di- 
vergence. For the state N=—1, which describes a 
positron, the signs of the terms in A,” and x are re- 
versed. 

Although it is difficult to believe that the free- 
electron theory should be related in any way to the 
equations of electromagnetism or neutrinos or of the 
motion of an electron in an electromagnetic field, and 
although in this preliminary study many questions 
remain unanswered, one is forced to the conclusion 
that hidden in the Dirac quantized theory of the free 
electron are many aspects which the usual development 
of the theory fails to reveal. 
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The solution of the quantum dynamical equation ihdT/dt= HT, for the time-displacement operator T, 
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INTRODUCTION 


HERE are very few cases in which the exact 
solutions of the quantum-mechanical equations 
of motion are known. For a certain class, however, it is 
possible to obtain explicit solutions, or rather to express 
the quantum-mechanical solutions in terms of the 
classical ones. This class consists of systems whose 
Hamiltonians are polynomials of the second degree in 
canonically conjugate dynamical variables (i.e., “oscil- 
lator-like”). As these systems play a rather important 
role in quantum theory, it seems worth while to present 
briefly an exact treatment of their dynamics. 

In order to study the variation with time of the 
state or, of the dynamical variables, of a system, it is 
convenient to introduce the unitary time-displacement 
operator T, which satisfies! 


ihdT /dt= HT, T(0)=1. (1) 


The solution of Heisenberg’s equation of motion for a 
given dynamical variable »(,g) is then expressed by 


04(p,q) = Ttv(p,q) T=0(p1,91). (2) 


The solution of Schrédinger’s equation of motion for 
the state | /), when the initial state |0) at ‘=0 is known, 
is given by 


|}=T|0). (3) 


In this paper we first present (without proof) an 
explicit expression for the operator 7, for the case in 
which the Hamiltonian has the following form: 


H=$A ssh pst asp +4B isqiqstbigit3Cis(pigst+ gis) 
=}p-A-pt+a-p+}q-B-q+b-q 
+3(p-C-q+q-C7-p). (4) 


The upper limit of the summation, say m, is unspecified. 
The m-dimensional vectors a,b and tensors (dyadics) 
A=A"[(A’) ,;=Aj,;], B=B’, C are arbitrary functions 
of the time. Their components are c-numbers. The 
dynamical variables p and q have commutators 


[Pmn] =—thdmn. 


* The main results in this paper were presented at the Meetings 
of the Norwegian Physical Society held in Bergen 1953 and in 
Oslo 1955. A more extensive paper with proofs and applications 
will be published elsewhere. 

1P, A, M. Dirac, The Principles of Quantum Mechanics 
(Clarendon Press, Oxford, 1947), third edition, p, 110. 


By means of this T operator, the explicit form of the 
moving operators p; and q; will be given. The time- 
dependent state function in coordinate space is then 
expressed by an integral operation on the initial state 
function, and the corresponding kernel is given. Finally 
the formulas are applied to a typical case, viz., a 3-di- 
mensional harmonic oscillator in a time-dependent 
homogeneous magnetic field and the corresponding 
(induced) circular electric field. In order to cover a 
greater variety of special cases, we add an extra 
homogeneous time-dependent field. 


MATHEMATICAL PROCEDURE 


Our method consists mainly in using unitary trans- 
formations, i.e. (St=S) 
Eer=exp(iS/h)E exp(—iS/h) 

= E+ (i/h)LS,E]+3 (4/hYLS,[S,ET]+---, 
of the following kinds?: 
S= f(p), Ger= q+ f/dp, 
S=g(q), qtr=4q, 
S=}(p-T-q+q-T?-p), 
qter= e. q, 


Ptr= Pp, 
Ptr= p—0g/dq, 


Per=p-e*-p 


where I’? (and e") are tensors. In addition, we utilize 
a formula, which we present without derivation?: 


ih(8/di) exp|—}ih(p-T-q+q-T7-p)] 
=}(p-C-q+q-C?-p) exp|—}ih“(p-T-q+q-T7-p)], 
where 
(8/at)e"=C-eF. 


The “deformation” tensor e™ can be factorized into 
a rotation part e® and a dilatation part e4: 


e=e*-e4, ST=-—, AT=A, 
where 
eb=[(eF)T eH, eb el-[(el)T eH, 
If we introduce the principal axes of A as coordinate 


? They can be proved directly by series expansion. 
* A special form of this unitary operator has also been used by 
J. Plebanski, Phys. Rev. 101, 1825 (1956). 
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EXACT QUANTUM DYNAMICAL SOLUTIONS 


axes, the dilatation tensor has the component matrix 
A’ 
e 0 


[eJ=]0 eA” 


The transformation e4-q thus consists of multiplying 
each component of q along the principal axes of e4 
by the corresponding eigenvalue of e4. 

The rotation tensor e® may, in the 3-dimensional 
case, be expressed in the following way: 


b=¢geXI, e?=ee+(I—ee) cosp+eXI sing. 


(I=unit tensor, e=unit vector). In an orthogonal 
coordinate system 1, 2, e;=e, the rotation tensor e* 
has the component matrix 


cosd 
[e®]=| sing cosd 0}. 
0 rg 
The tensor exp(¢XI) thus brings about a rotation 
by an angle ¢ about the axis ¢. This corresponds to 
S=}(p-®-r+4-67-p)=¢-(rXp). 
In passing, we note that if* 
(T; [r; Tr? ]j=0, 
it can be shown that 
S=}(0-17), A=}(C+T7) +4071), 
r=6+A+}3[4; A]. 
TIME-DISPLACEMENT OPERATOR 
The solution of Eqs. (1) and (4) can be given in the 
following form: 
T=exp[—ih(3q-8-q+6-q+<)] 
Xexpl—ih-} (p-T'-q+q-T?-p) ] 
Xexpl[—ih(}p-@-pta-p)], (5) 
where the tensors @= @7, ®=@",T, the vectors a, 8 
and the scalar o are functions of time given by 


—sind 0 


d@/di+@-C+C’-®—@:A:8=B, @&(0)=0, 
e'=@, de/di=(C—A-&)-e, T(0)=0, e(0)=I, 


t 


Q= f €-71.A-(e7)-Md1, 
0 


6 
g=(e7)". f eC? -(b—@-a)di, 6) 


«= f €-!-(a—A-6)dt, 


= f (}G-A-G—a-G)d. 


4(A; BJ=A-B—B-A. 
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It is possible to give other explicit forms of T, for 
example 


T=T, exp[—ihr(t)Ho], 


where Ho is some time-independent part of H. This 
form is clearly convenient when the initial state is an 
eigenstate of Hp. 


DYNAMICAL VARIABLES 


From (2) and (5) we obtain the following expressions 
for the moving (Heisenberg) coordinates and momenta: 


q:= T'qT=C-q+C-@-p+C-a, 
p= TtpT= ((C7)"—@-C-@)-p—B-C-q (7) 
—(6+@8-C-a). 


These operator functions q,; and p; are formally the 
same as the classical solutions, say q(t) and p(t), of 
Hamilton’s equations 


dq(t) oH 
—=—_=A-p(i) + C-a(i) +a, 
dt dpi?) 
dp(t) oH 
= ———=—B-q(t)—C?- p(t)—b. 
dt 0q(t) 


The initial operators q and p correspond to the classical 
constants of integration q(0) and p(0). The agreement 
is of course a general property of the Heisenberg 
operators in a classical-like system, apart from the 
symmetrized form of operator products. Because, 
however, q; and p; are /inear functions of the operators 
q and p, the expectation values (q,) and (p;) will also 
agree with the classical solutions. Different states just 
imply different values of the initial constants (q)= q(0) 
and (p)= p(0). 

As an application of (7) we shall find the connection 
between the movement of the “center” and the varia- 
tion of the “width” of an arbitrary wave packet in 
coordinate space.*:* This connection is demonstrated 
by comparing (q:) with the mean square deviation in 
position 


(q?)—(ae)?=(q- D?- q)—(q)- D?-(q) 
+(p-@- D?- @- p)—(p)- @- D’- @-(p) 
+(q° D?- @- p)-+(p- @- D’-q) 
—(q)- D?- @-(p)—(p)- @~D?-(q). 


Here we have introduced the dilatation tensor D=e4 
= (@7-@)!. We notice that the variation with time of 
the width is closely connected with the homogeneous 


solution 
{(qz)nom)=e*- D-(q)+-e*- D- @-(p) 


for the movement of the wave packet (i.e., independent 
of a and b). 


5T. R. Senitzky, Phys. Rev. 95, 1115 (1954). 
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STATE FUNCTION 
The coordinate representation of (3) is 
¥(4,t)=T(q, —thd/dq, ty (4,0). 
This differential operation on the initial state ¥(q,0) 


can be expressed by an integral operation in the n-di- 
mensional q space: 


¥(4q,)= f d,q'K (q’,a,t)¥(q’,0). 
We obtain the kernel 
K(q’,a,!) =((h)" exp(X Tx) det@ T* 
Xexpl—ih(3q-B-q+8-q+) | 
XexpLih 5 (q’+a—C-q) 
*@- (q'+a—C-q)]. 
EXAMPLE 
As a typical example we choose the Hamiltonian 
H = (1/2m){p— (e/c)A}?+-3ma?r—F-r, 
where 
A=3H()kxXr, F=F(2). 
The classical equation of motion is, accordingly 
dr e \dH e\dr 
m—= — mut — (= —Xr+ (<)- H+F. 
dt? 2c/ dt cid 
By writing 
H=(1/2m)(p.2+p,'+.’) 
+} m{ (we? +o%) (22+9") to's") 
+e(xpy— ype) — (Fax t+Fy+F 2), 


w=—eH(t)/2mce, 


where 


we see that 
i100 we +o 0 
rA}=— 0 1 0], [(BJ=m| 0 awie+e* 
a 00 1 0 0 


0 
[C]=}1 
0 


—1 0 
0 O|, a=0, b=—F. 
0 0 


MARIUS KOLSRUD 


From Eqs. (6) we get the following expressions (the 
tensors are given by the matrices of their components) : 


ss" 0 0 
[@]=—m| 0 & O 
0 0 bed 
@5/d?+(we+u*)5=0, 6(0)=1, 5(0)=0, 

(T]=(#]+L4] 

0 -1 —0) {ln 0 0 ; 
=gl/1 0 of+/0 Ins 0], o= f ud, 
0 0 oF lo o 


, 5o=Coswol, 


Indo 
cosp —sind 0) 
[e]=[e*]-[e4]=|sing cosp O0|- 


0 0 1 


6 0 0 

0 6 O|, 
0 0 & 
(notice that [@; A]=0, or [T; T'7]=0), 


cot 


; eo 0 0 
0 s 0 {dt 
bo? 


0 0 


Cus es tanwol, 
mwd9 


t 
ga —esiet. f e~*-e4- Fat, 
0 


B.=— 


COSwol 


t 
f coswol’ F,(t’)dt’, 
0 


t 
“ f [a)—@(?)}-e*) 280) -F(¢ar, 
0 


1 


t 
a,= f sinwo(t—t’)F,(t’)dt’, 
0 


Mw COSWol 


1 t 
c=— B*dt. 
2m J 
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Bound Electron Pairs in a Degenerate 
Fermi Gas* 


LEon N. Cooper 
Physics Department, University of Illinois, Urbana, Illinois 
(Received September 21, 1956) 


T has been proposed that a metal would display 

superconducting properties at low temperatures if 
the one-electron energy spectrum had a volume-inde- 
pendent energy gap of order A~kT., between the 
ground state and the first excited state.» We should 
like to point out how, primarily as a result of the 
exclusion principle, such a situation could arise. 

Consider a pair of electrons which interact above a 
quiescent Fermi sphere with an interaction of the kind 
that might be expected due to the phonon and the 
screened Coulomb fields. If there is a net attraction 
between the electrons, it turns out that they can form 
a bound state, though their total energy is larger than 
zero. The properties of a noninteracting system of such 
bound pairs are very suggestive of those which could 
produce a superconducting state. To what extent the 
actual many-body system can be represented by such 
noninteracting pairs will be discussed in a forthcoming 
paper. 

Because of the similarity of the superconducting 
transition in a wide variety of complicated and differing 
metals, it is plausible to assume that the details of metal 
structure do not affect the qualitative features of the 
superconducting state. Thus, we neglect band and 
crystal structure and replace the periodic ion potential 
by a box of volume V. The electrons in this box are 
free except for further interactions between them which 
may arise due to Coulomb repulsions or to the lattice 
vibrations. 

In the presence of interaction between the electrons, 
we can imagine that under suitable circumstances there 
will exist a wave number go below which the free states 
are unaffected by the interaction due to the large energy 
denominators required for excitation. They provide a 
floor (so to speak) for the possible transitions of elec- 
trons with wave number k;> qo. One can then consider 
the eigenstates of a pair of electrons with kj, k2> qo. 

For a complete set of states of the two-electron system 
we take plane-wave product functions, g(ki,k2; 1,r2) 
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= (1/V) exp[i(ki-rit+ky-r2)] which satisfy periodic 
boundary conditions in a box of volume V, and where 
r; and rz are the coordinates of electron one and elec- 
tron two. (One can use antisymmetric functions and 
obtain essentially the same results, but alternatively 
we can choose the electrons of opposite spin.) Defining 
relative and center-of-mass coordinates, R=4(r;+ 1-2), 
r= (r2—r,), K= (k, +k.) and k=4(k.—k,), and letting 
Ex+e= (h?/m)(4K?+k?), the Schrédinger equation 
can be written 


(Ext+ea—E)at>d x dy (k| H,| k’) 
x6(K— 


W(R,r)= (1//V)e™ *x(1,K), 
x(1,K) =) (ax/+/ Ve, 


1 
(k|Z1,|k’)= (— f ine e+) , 
V 0 phonons 


We have assumed translational invariance in the metal. 
The summation over k’ is limited by the exclusion 
principle to values of k, and kz larger than go, and by 
the delta function, which guarantees the conservation 
of the total momentum of the pair in a single scattering. 
The K dependence enters through the latter restriction. 

Bardeen and Pines* and Frohlich* have derived 
approximate formulas for the matrix element (k| H,|k’); 
it is thought that the matrix elements for which the 
two elections are confined to a thin energy shell near 
the Fermi surface, e:~exer, are the principal ones 
involved in producing the superconducting state.?~“ 
With this in mind we shall approximate the expressions 
for (k| H,|k’) derived by the above authors by 


(k|H,|k’)=—|F| if ko<k, k’< hm 


=0 otherwise, 


K’)/5(0)=0 (1) 


where 
(2) 


and 


(3) 


where F is a constant and (h?/m) (km?— ko?)—~2hw™0.2 
ev. Although it is not necessary to limit oneself so 
strongly, the degree of uncertainty about the precise 
form of (k|H,|k’) makes it worthwhile to explore the 
consequences of reasonable but simple expressions. 
With these matrix elements, the eigenvalue equation 


becomes 
em N N(K, ede e)de 
~|F| bg: (4) 
—e— hy 


where V(K,e) is the density of two-electron states of 
total momentum K, and of energy e= (h?/m)k?. To a 
very good approximation NV (K,e)~N (K,¢o). The result- 
ing spectrum has one eigenvalue smaller than ¢9+ &x, 
while the rest lie in the continuum. The lowest eigen- 
value is Ey= 0+ 6x—A, where A is the binding energy 
of the pair 


A= (€m—€0)/(e"*—1), (S) 
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where B= N(K,e)|F|. The binding energy, A, is inde- 
pendent of the volume of the box, but is strongly 
dependent on the parameter £. 

Following a method of Bardeen,’ by which the 
coupling constant for the electron-electron interaction, 
which is due to phonon exchange, is related to the high- 
temperature resistivity which is due to phonon absorp- 
tion, one gets B-~pnX10-*, where p is the high-tem- 
perature resistivity in esu and m is the number of 
valence electrons per unit volume. The binding energy 
displays a sharp change of behavior in the region B~1 
and it is just this region which separates, in almost 
every case, the superconducting from the nonsuper- 
conducting metals.® (Also it is just in this region where 
the attractive interaction between electrons, due to 
the phonon field, becomes about equal to the screened 
Coulomb repulsive interaction.) 

The ground-state wave function, 


e**-*N(K,e(k)) /de 
—_—————_[{ — }dk, (6 
Ex+e(k)—E ( ) ©) 


xo("K) = (const) f 


represents a true bound state which for large values of r 
decreases at least as rapidly as const/r?. The average 
extension of the pair, [(r*)« |}, is of the order of 10‘ cm 
for A~kT,. The existence of such a bound state with 
nonexponential dependence for large r is due to the 
exclusion of the states k<ko from the unperturbed 
spectrum, and the concomitant degeneracy of the lowest 
energy states of the unperturbed system. One would 
get no such state if the potential between the electrons 
were always repulsive. All of the excited states x,>0(r,K) 
are very nearly plane waves. 

The pair described by xo(r) may be thought to have 
some Bose properties (to the extent that the binding 
energy of the pair is larger than the energy of interaction 
between pairs). However, since V(K,e) is strongly de- 
pendent on the total momentum of the pair, K, the 
binding energy A is a very sensitive function of K, 
being a maximum where K=O and going very rapidly 
to zero where K~~k,,— ko. Thus the elementary excita- 
tions of the pair might correspond to the splitting of 
the pair rather than to increasing the kinetic energy of 
the pair. 

In either case the density of excited states (dN /dE) 
would be greatly reduced from the free-particle density 
and the elementary excitations would be removed from 
the ground state by what amounted to a small 
energy gap. 

If the many-body system could be considered (at 
least to a lowest approximation) a collection of pairs 
of this kind above a Fermi sea, we would have (whether 
or not the pairs had significant Bose properties) a model 
similar to that proposed by Bardeen which would 
display many of the equilibrium properties of the 
superconducting state. 

The author wishes to express his appreciation to 
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Professor John Bardeen for his helpful instruction in 
many illuminating discussions. 

* This work = ee in part by the Office of Ordnance 
Research, U. S. A 

oe Bardeen, Phys Rev. 97, 1724 (1955). 

See also, for further references and a general review, J. 
Bardeen, Theory of Superconductivity Handbuch der Physik 
(Springer-Verlag, Berlin, to be published), Vol. 15, p. 274. 

3]. Bardeen and D. Pines, Phys. Rev. 99, 1140 ‘[988). 

4H. Fréhlich, Proc. Roy. Soc. eenaen A215, 291 (1952). 

5 John Bardeen, Phys. Rev. 80, 567 (1950). 

*It has also been suggested that superconducting properties 
would result if electrons could combine in even groupings so that 
the resulting aggregates would obey Bose statistics. V. L. Ginz- 
burg, Uspekhi Fiz. Nauk 48, 25 (1952); M. R. Schafroth, Phys. 
Rev. 100, 463 (1955). 


Magnetic Resonance in Manganese 
Fluoride 


B. BLEANEY* 


Clarendon Laboratory, Oxford, England 
(Received September 24, 1956) 


UCLEAR magnetic resonance of the fluorine 
nuclei in MnF; has recently been observed by 
Shulman and Jaccarino,! who found a much greater 
“paramagnetic shift” of the resonance field than would 
be expected from simple magnetic dipole fields of the 
manganese ions. Electronic paramagnetic resonance of 
Mn?** ions present as impurities in the isomorphous 
crystal ZnF; has previously been observed by Tinkham,? 
who made detailed measurements of the fluorine hyper- 
fine structure which results from overlap of the mag- 
netic electrons onto the fluorine ions. The purpose of 
this note is to point out that the shift of the nuclear 
resonance can be estimated from Tinkham’s data, and 
that good agreement with the measured value is found. 
With an obvious extension of Tinkham’s nomen- 
clature, the Hamiltonian for the system can be 
written as 


= —gvByH-I+ Dw 1-A%-S*, (1) 


where I is the spin operator for a fluorine nucleus, A” is 
the hyperfine structure constant for interaction between 
this nucleus and the Nth manganese ion whose spin 
operator is $*¥. Owing to the rapid change of spin 
orientation for the manganese ions, we must take a 
weighted mean of the different values of the projection 
M of S* on the direction of the applied field. This 
mean is 


M=>u M exp(—Wx/kT)/Xm exp(—Wav/kT), 


which cannot be evaluated from first principles in a 
substance such as MnF», where strong internal fields 
are acting. However, we may relate it to the measured 
susceptibility, since, per mole, 


x=NgeM/H. 


Hence we have, for the quantum of energy required to 
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reverse the fluorine spin, 
hv= gwBvH —-MZA*% 
= gvBwH — (xH/NgB) 2A 
= gvbvH(1—a), 


a= (x/N gBgnBw)ZA% 
= 669x2A%, 
if A is in units of cm. 
Each A is an anisotropic tensor quantity, whose 


value for a direction (/,m,n) with respect to its principal 
axes is given by 


At=2A2+m2Ap+nAZ. 


(2) 


(3) 


Thus in an arbitrary plane the shift, if small, should 
vary with cos*#, where @ is the angle between the 
external magnetic field and one of the directions of 
maximum shift in this plane, as shown in Fig. 2 of 
reference 1. Each fluorine is bonded to three nearest 
Mn” ions, and if bonding to other ions is neglected, 
it can be shown that the extreme values of 2A% in the 
ab-plane are (2A,'+A,") and (2A,'+A,!) respec- 
tively (the nomenclature is that of reference 2). In 
Tinkham’s experiments A, could not be determined 
owing to lack of resolution, but the values for the other 
directions are 


Aj =16.540.7, 


A, =14.64+1.2 
<107* cm=', 
A =18.2+0.2, 


A#t=12.5+0.2 


and he estimates that A,’ is nearly equal to 4A,/, 
while A," is nearly 30% larger than A,"'. This gives a 
mean value in the ab-plane of SAN=A,!+A,'+}3A." 
+4A,"= (49.544) 10~ cm—!. With the susceptibility 
data of de Haas, Schultz, and Koolhaas,’ this gives at 
77°K the value a=0.077+0.006, in close agreement 
with the observed value 0.0776 (with demagnetizing 
correction). The exact agreement is fortuitous, since 
Tinkham’s estimates give too small an anisotropy for 
the shift in the ab-plane. A more delicate test would be 
obtained from a measurement along the c-axis (z-axis) 
where Tinkham’s results are more precise [2A,'+A," 
= (48.9+0.6)X10~ cm=!; giving a=0.0759+0,001 at 
77°K). 

Shulman and Jaccarino report that the fluorine reso- 
nance disappears in the antiferromagnetic state. If the 
manganese ions are then in their states Mz=+5/2, 
there will be a large field at the fluorine nucleus parallel 
to the c-axis even in the absence of an external field. 
Since the two type I manganese ions to which the 
fluorine is bonded belong to one sublattice, while the 
type II manganese belongs to the other sublattice, the 
resonance should occur at Av= (5/2)(2A,'—A,"), or at 
a frequency of 179+2 Mc/sec. With an oscillatory field 
normal to the c-axis, it may be possible to detect this 
resonance at low temperatures, but A” is sensitive to 
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small changes in the bond distances and the frequency 
may be slightly different from that computed above by 
using Tinkham’s data on Mn?* ions in ZnF>. 


* At present: Visiting Professor, Department of Physics, 
Columbia University, New York, New York. 

1R. G. Shulman and V. Jaccarino, Phys. Rev. 103, 1126 (1956). 

2M. Tinkham, Proc. Roy. Soc. (London) A236, 535 and 549 
(1956). 

3 de Haas, Schultz, and Koolhaas, Physica 7, 57 (1940). 


Thiourea, a New Ferroelectric 


ALLEN L. SoLomon* 


RCA Laboratories, Princeton, New Jersey 
(Received September 19, 1956) 


HIOUREA is orthorhombic at room temperature.! 

When evaporated silver electrodes are applied to 
(010) faces of thin, clear plates, hysteresis loops are 
observed below —104.8°C and a pronounced dielectric 
constant anomaly is found in this neighborhood. 
Immediately above this temperature, double loops 
similar to those described for BaTiO;? are observed. 
The spontaneous polarization is approximately 3.1 
microcoulombs/cm? and the coercive field is less than 
1000 volts/cm at 60 cycles and —110°C. 

Clear crystals have been obtained by the slow 
evaporation of a saturated solution of thiourea (Dis- 
tillation Products Industries) in methanol. By slow 
growth with stirring in a bath held around 30°C, thin 
tablets were grown with (010) faces which were elec- 
troded following an alcohol wash. Some solutions yielded 
small, clear hexagonal-based prisms which could be 
cleaved perpendicular to the ferroelectric direction into 
thin plates. 

The author wishes to acknowledge the help of Dr. 
George J. Goldsmith who carried out the electrical 
measurements and Dr. John G. White whose x-ray 
data established the ferroelectric direction. 

* Present address: Chemistry Laboratory, Sylvania Electric 
Products, Inc., Flushing, New York. 


R. W. G. Wyckoff and R. B. Corey, Z. Krist. 81, 386 (1932). 
2 W. J. Merz, Phys. Rev. 91, 513 (1953). 


Simulation of Solar Prominence 
in the Laboratory* 


Winston H. Bostick 
University of California Radiation Laboratory, 
Livermore, California 
(Received September 19, 1956) 


T is possible to locate a source! of plasma in the pole 
piece of a horseshoe (permanent) magnet, as shown 

in Fig. 1, and project the plasma outward along the 
lines of magnetic force. If only one plasma source is 
employed and the magnet and the vacuum tank “float” 
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Fic. 1. Diagram showing experimental arrangement whereby 
plasma sources can effectively be imbedded in the pole pieces of 
a horseshoe magnet by employing two horseshoe magnets. The 
diagram shows the method of discharging the capacitor whereby 
a potential difference is produced between sources, causing current 
to flow in arches which follow the field lines. 


electrically with respect to the pulser for the plasma 
source, the plasma projected by the source produces the 
amorphous unspectacular blob of light seen in Fig. 2(a). 
This situation occurs whether there is a vacuum (~10~ 
mm of Hg) or whether the pressure is several microns. 
The fact that the plasma seems somewhat oblivious to 
the lines of force and crosses them easily is now! fairly 


well documented and understood. 


However, if the electrical arrangement is such that. 


the potential difference (drop across R) is produced 
between the source at the north pole and the source at 
the south pole of Fig. 1, so that a current of several 
hundred amperes will flow (in a partially ionized gas 
at several microns pressure) between the two sources, 
the light produced comes from a group of filaments or 
streamers which follow the field lines [see Fig. 2(b) ]. 
The light is more intense at the poles where the field 
is almost 2000 gauss. The same type of streamers form 
when one source is employed (e.g., at the north pole) 
and the magnet is grounded so that current flows in an 
arch from the source to the south pole [see Fig. 2(c)]. 
If only one source is employed and if the magnet floats 
and the vacuum tank is grounded, the streamers pro- 
ceed toward the vacuum tank as shown in Fig. 2(d). 

Although the pictures shown are time-exposure pho- 
tographs, they nevertheless show unmistakably the 
tendency for the current to flow in filaments that 
separate as the magnetic field diverges; the pictures 
also suggest that these same filaments are acting like 
“plasma guides” and that the plasma projected by the 
source is following these filaments. This latter point 
must be examined with short-time exposure pictures 
taken, e.g., with a Kerr cell. 

The tendency for filament formation can perhaps be 
understood in terms of the diagram of Fig. 3 where it 
can be seen that, if the plasma pressure is neglected, 


Fi. 2. Time exposure pictures taken of single firings of plasma 
sources with the geometry shown in Fig. 1. (a) One source firing 
at the NV pole; magnet and vacuum tank are floating so that no 
appreciable current can flow to them. The pressure is 7X 10-5 mm, 
but the appearance is also approximately the same if the pressure 
is several yu. (b) Two plasma sources firing with the electrical 
connections as shown in Fig. 1; sources are located approximately 
at positions A and C in Fig. 1. The pressure is about 30 pu, and 
current apparently flows between the sources through the gas 
along the field lines in the arches shown. (c) One plasma source 
firing (located at position B in Fig. 1) and magnet grounded so 
current flows through the gas (~10 yu pressure) along the field 
lines to the opposite pole of magnet. (d) One source firing, at 
position B, Fig. 1; the magnet is floating and vacuum tank is 
grounded so that current flows through the gas (~10 u pressure) 
to the vacuum tank along the field lines. It is suggested that the 
bright streamers represent not only regions where current is 
flowing but also regions into which the plasma ejected by the 
sources is confined. 


a balance between the / pressure and the /, pressure 
is obtained when 4g=h,, where /g=i,/5R, where i, is 
given in amperes. For a given current flowing along h,, 
presumably the 4, lines and the plasma will be gathered 
in until by a pinching action 4s=h,, whereupon the 
filament or tube will have an equilibrium radius. 

Now if ¢,=2R*h, is the flux in the tube at position 1, 
Fig. 3, and 7, is the current in the tube at position 1, 
we can write down the conditions that must remain 
invariant along the tube if the plasma is considered to 
be a good conductor: 


¢:=2R*h,= const, (1) 
i,= const’, (2) 
ha=he=i,/5R. (3) 
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(a) (b) 


Fic. 3. (a) Magnetic field configuration before any discharge 
occurs. (b) Postulated magnetic field and current configurations 
after 7, currents have gathered both plasma and A, field lines into 
discrete tubes or filaments. 


Thus, from (1) and (2) 
¢./iz= const” 
and from (1) and (3) 
¢,/izR=const’”’, 


Therefore for a given ¢, and 7, there can be one and 
only one equilibrium value of R. If the field 4, diverges 
so that the radius R “tries to swell up” the tube of flux, 
it is to be expected that the current will break up into n 
tubes where ¢,=n@,’, and i,=mi,’, each tube having a 
radius R’ equal to R. 

While this experiment and its analysis are both 
preliminary and very crude, they nevertheless indicate 
the tremendous potential value of such experiments in 
the laboratory. The experiment demonstrates the basic 
requirements for streamer formation and suggests an 
appropriate magnetic field configuration for a plasma 
guide. The experiment therefore not only educes evi- 
dence which supports the Alfvén? theory of sunspots, 
but also strongly suggests that a magnetohydrodynamic 
whirl ring has the more general current and magnetic 
field configuration shown in Fig. 4(b) rather than that 


(a) 


Fic. 4. Current and field configurations for magnetohydro- 
dynamic whirl rings, (a) as postulated by Alfvén and Walén, 
(b) as suggested by laboratory experiments. 
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proposed by Alfvén and Walén [shown in Fig. 4(a) ]. 
The current and field configuration of Fig. 4(b) upon 
intersection with the sun’s surface will then be expected 
to produce not only two sunspots with their magnetic 
fields but also a current which flows between the sun- 
spots along these field lines in the sun’s atmosphere. 
The current and magnetic-field conditions on the pho- 
tosphere and in the chromosphere in the region of the 
sunspots will then be geometrically similar to those in 
the laboratory experiment where streamers are pro- 
duced. 

The author is indebted to Orrin Twite who executed 
the experimental setup and to Harold Furth with whom 
he had discussions concerning the mechanism of the 
streamer formation. 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1W. H. Bostick, Phys. Rev. 104, 292 (1956); also Bull. Am. 
Phys. Soc. Ser. II, 1, 166 (1956). 


7H. Alfvén, Cosmical Electrodynamics (Oxford University 
Press, New York, 1950), p. 88. 


Antineutrons Produced from Antiprotons 
in Charge-Exchange Collisions* 


Bruce Cork, GLEN R. LAMBERTSON, ORESTE Piccion1,t 
AND WrtuiAM A. WENZEL 
Radiation Laboratory, University of California, 
Berkeley, California 
(Received October 3, 1956) 


HE principle of invariance under charge conju- 
gation gained strong support when it was found 
that the Bevatron produces antiprotons.'~* Another 
prediction of the same theory which could be tested 
experimentally was the existence of the antineutron. 
Additional interest arises from the fact that charge con- 
jugation has somewhat less obvious consequences when 
applied to neutral particles than it has when applied to 
particles with electric charge. 

The purpose of this experiment was to detect the 
annihilation of antineutrons produced by charge ex- 
change from antiprotons. Because the yield of anti- 
neutrons was expected to be low, a relatively large 
flux of antiprotons was required. Protons of 6.2-Bev 
energy bombarded an internal beryllium target of the 
Bevatron (Fig. 1). With a system of two deflecting 
magnets and five magnetic lenses a beam of 1.4-Bev/c 
negative particles was obtained. Six scintillation 
counters connected in coincidence distinguished anti- 
protons from negative mesons by time of flight. In 
Figs. 1 and 2, F is the last counter of this system, 
which counted 300 to 600 antiprotons per hour. Anti- 
protons interacting in the thick converter, X (Fig. 2), 
sometimes produce antineutrons which pass through 
the scintillators S$; and S_ without detection and finally 
interact in the lead glass Cerenkov Counter C, pro- 
ducing there a pulse of light so large as to indicate the 
annihilation of a nucleon and an antinucleon. 
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Fic. 1, Antiproton-selecting system. Q, through Q; are focusing quadrupoles. A; and A: are analyzing magnets. 
A through F are 4-by-4-by-}-inch scintillators. 


The Cerenkov Counter C is a piece of lead glass, 
13 by 13 by 14 in., density=4.8, index of refraction 
=1.8, viewed by 16 RCA 6655 photomultipliers. This 
instrument is similar to the one used in a previous 
experiment on antiprotons.? A 1-in. lead plate is 
placed between S, and S: to convert high-energy 
gamma rays which could otherwise be confused with 
the antineutrons. Ordinary neutrons and neutral mesons 
(heavier than pions) can be detected by the Cerenkov 
counter but their average light pulse is much smaller 
than that from the annihilation of an antineutron. 
However, a relatively small background of these neutral 
secondaries would distort the apparent spectrum of 
antineutrons. 

To discriminate against these neutral secondaries, 


the charge-exchange converter, X, was made of a 
scintillating toluene-terpheny] solution, viewed by four 
photomultipliers connected in parallel. In this way 
neutral particles producing pulses in the Cerenkov 
counter (“neutral events”) could be separated accord- 
ing to whether they originated in an annihilation, indi- 
cated by a large pulse in X, or in the less violent 
process expected to accompany the charge-exchange 
production of an antineutron. A quantitative criterion 
for this separation is derived from a comparison between 
the pulse-height spectra in X, shown in Fig. 3. The 
dashed curve, obtained in a separate experiment, is the 
spectrum produced by antiprotons passing through but 
not interacting in X. The sharp peak in the spectrum 
provides the calibration of X; the ionization loss for 
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Fic. 2. Antineutron-detecting system. X is the charge-exchange 
scintillator; S; and S; are scintillation counters; C is a lead-glass 
erenkov counter (later a large scintillator). 


transmitted antiprotons is readily computed to be 
50 Mev. The smooth solid curve of Fig. 3, obtained 
with the geometry of Fig. 2, represents all antiproton 
interactions in X from which no pulse was observed in 
S; and S:, whether or not a pulse in C occurred. For 
those events in which a neutral particle produced a 
pulse in C, the histogram of Fig. 3 gives the pulse-height 
distribution. 

The difference between the solid curve and the 
histogram is remarkable in that it shows that the rare 
interactions that produce neutral particles detected by 
the Cerenkov counter release much less energy in X 
than the other unselected interactions. In fact, the 
peak of the histogram is at a smaller pulse height than 
that which corresponds to the ionization loss of a non- 
interacting antiproton (50 Mev). This is what we should 
expect if the neutral particles were antineutrons, for in 
this case no nucleonic annihilation could take place in X. 
Conversely, production of other energetic neutrals 
should exhibit the characteristic large pulse of an 
annihilation event in X. The histogram suggests, there- 
fore, that the apparatus detects a small background of 
events of this latter type. The pulse height of 100 Mev 
in Fig. 3 has been selected to separate this background 
from antineutron events. Figure 4 shows the separate 
pulse-height distributions in the Cerenkov counter for 
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Fic. 3. Pulse-height spectrum in charge-exchange scintillator 
for 74 neutral events in lead glass. Histogram is for all neutral 
events. The smooth solid curve is for calibrating antiprotons for 
which no pulse occurred in S; or Sz. Smooth dashed curve is for 
noninteracting antiprotons. Smooth curves are each normalized 
toyhistogram. 
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Fic. 4. Pulse-height spectrum in lead glass counter for neutral 
events. The solid histogram is for 54 antineutron events (energy 
loss in charge-exchange scintillator less than 100 Mev). Dashed 
histogram is for 20 other neutral events. Smooth solid curve is 
for antiprotons and is normalized to the solid histogram. 


the events which produced in X a pulse less than 
100 Mev (solid histogram), and for the events which 
produced a pulse larger than 100 Mev (dashed histo- 
gram). The great difference between the two histograms 
with respect to both average pulse height and shape 
confirms the interpretation by which the neutral events 
are divided into antineutrons and background. 

The energy scale in Fig. 4 is obtained by relating 
the pulse height produced by + mesons going through 
the glass to the computed ionization energy loss of 
240 Mev. This calibration was repeated every day. 

The standard for annihilation pulses is provided by 
the smooth curve of Fig. 4, which is the pulse-height 
distribution for antiprotons entering the lead glass 
when S;, S:, and the lead plate are removed. Com- 
parison of the solid histogram with this antiproton 
curve justifies our interpretation that the solid histo- 
gram is produced by antineutrons. 

For comparison with the annihilation spectra of 
Fig. 4, Fig. 5 shows the spectra obtained with 750-Mev 
positive protons (solid curve) and with 600-Mev nega- 
tive pions incident on the glass Counter C. These 
spectra indicate that large pulses are rarely produced 
by particles of such energies. From this it is apparent 
that even high-energy neutrons could not produce a 
spectrum like the solid histogram of Fig. 4. 
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Fic. 5. Pulse-height spectrum in lead glass counter for mesons 
(dashed curve) and for positive protons (solid curve). The curves 
are normalized, 
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Fic. 6. Pulse-height spectrum of antiprotons in large scintilla- 
tion counter. The dashed curve is for all incident antiprotons. 
The solid curve has had noninteracting antiprotons removed and 
includes a correction to permit comparison with antineutrons. 


To determine the number of y rays incident on Sy, 
the lead between S, and S. was removed. The number 
of neutral events per incident antiproton increased by 
a factor of 7. From the known probability that a single 
high-energy ray would be transmitted through 1 in. 
of lead without converting (3% for a y-ray energy of 
300 Mev), this observed increase shows that our neutral 
events contain at most 20% of y-ray background before 
selection on the basis of pulse height in X. 

The lead glass Counter C is very sensitive to y rays 
and insensitive to ionization losses by slow particles. 
The desirability of comparing the spectra of anti- 
neutrons and antiprotons obtained with an entirely 
different type of detector led us to repeat the experiment 
with Counter C replaced by a liquid scintillator. This 
scintillator, 28 in. thick and 5 ft* in volume, was large 
enough to detect a substantial part of the energy of an 
annihilation event. For this experiment the thickness 
of the lead converter between S; and S, was increased 
to 1.5 in. As before, the antineutron detector was 
calibrated with antiprotons. The pulse-height distribu- 
tion of antiprotons in the large scintillator is given by 
Fig. 6. The noninteracting antiprotons produce the 
sharp peak. 

The solid smooth curve in Fig. 7 is the solid curve of 
Fig. 6, obtained by correcting the pulse height by 70 
Mev toward lower energy because antiprotons ionize 
before interacting in the scintillator. Sixty neutral 
events were obtained (Fig. 7) after selection with the 


TO THE EDITOR 





40 


—? 
ee ee es ee ee ee ee ee ee 


[65] EXCHANGER PULSE > 100 Mev 


[60] EXCHANGER PULSE < 100 Mev 


cM 
°o 
cc 


NUMBER OF EVENTS 
°o 


ANTIPROTONS 
(CORRECTED) 


— 

tt 

4 6 8 U 
PULSE HEIGHT (BEV) 


Fic. 7. Pulse-height spectrum in large scintillation counter for 
neutral events. Solid histogram is for 60 antineutrons (energy 
loss in charge-exchange scintillator less than 100 Mev). Dashed 
histogram is for 65 other neutral events. The smooth solid curve 
is the corrected antiproton curve from Fig. 6. 











same criterion as before on the pulse height in X. Again 
the selected neutral spectrum and the antiproton spec- 
trum are in agreement, although not so strikingly as 
with the lead glass. The sixty selected events apparently 
include some contamination. This interpretation is con- 
firmed by the shape of the spectrum in X for all neutral 
events (Fig. 8). There are now many more neutral 
secondaries from inelastic collisions of antiprotons than 
there were in the experiment with the lead glass, and 
the separation between antineutrons and background is 
therefore not so good. The larger number of neutral 
secondaries is probably to be attributed to the greater 
sensitivity of the scintillator to neutrons. 

The lead glass and the scintillator are of nearly equal 
efficiency in detecting the antineutrons. The observed 
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Fic. 8. Pulse-height spectrum in charge-exchange scintillator 
for 125 neutral events in large scintillator. The smooth curves 
are the same as in Fig. 3, each normalized to histogram. 
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yield from about 20 g/cm? of toluene is 0.0030+-0.0005 
antineutrons per antiproton with the lead glass, and 
0.0028+0.0005 with the liquid scintillator. With the 
assumption that the interaction cross section for anti- 
neutrons is the same as for antiprotons, the inefficiency 
of the detector due to attenuation in S,, S2, and the 
lead converter, and to transmission of the detector can 
be calculated, and is found to be about 50%. From the 
observed antineutron yield the mean free path for 
charge exchange of the type detected is about 2300 
g/cm? of toluene (C;Hs); or, in other words, the ex- 
change cross section is about 2% of the annihilation 
cross section for this material. This corresponds to a 
cross section of approximately 8 millibarns in carbon 
for this process. 

The generous support of many groups, including the 
Bevatron operating group under Dr. Edward J. Lofgren, 
is greatly appreciated. 

We thank Professor David Frisch of Massachusetts 
Institute of Technology for the loan of the lead glass 
used in the Cerenkov counter. 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t On leave of absence from Brookhaven National Laboratory, 
Upton, New York. 
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Magnetic Moment of the Proton 
in Bohr Magnetons* 


PETER FRANKENT AND SIDNEY LIEBES, JR. 


Department of Physics, Stanford University, Stanford, California 
(Received September 18, 1956) 


HIS note is a brief report on a recent measurement 

of the magnetic moment of the proton in units of 

the Bohr magneton. The nuclear magnetic resonance 
frequency, w)=2upoinH/h, of protons in mineral oil 
and the cyclotron frequency, w.=eH/mc, of free low- 
energy electrons are measured in the same magnetic 
field H. The ratio of these two frequencies yields the 
proton moment in Bohr magnetons, Wp/We= Mp(oit)/ Ho, UN- 
corrected for environmental shifts due to the mineral oil. 
In the previously reported measurements of the 
proton moment by the electron-cyclotron method,}.? 
one of the important limitations on accuracy was 
imposed by shifts in the electron-cyclotron frequency 
arising from the presence of nonvanishing radial electro- 
static fields. These fields can be produced by space 
charge, externally applied trapping voltages, or stray 
charges accumulating on the boundaries of the system 
in which the resonance is studied. The present experi- 
ment is specifically designed to correct for these shifts 
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in a fashion that does not require a quantitative knowl- 
edge of the electrostatic field distribution. 

We make three assumptions which are subjected to 
experimental verification: (1) The electron orbit radii 
are small compared to distances in which the electro- 
static field varies appreciably. (2) The frequency shift 
caused by the electrostatic field is small. (3) The 
electrostatic field is independent of magnetic field in a 
chosen range of magnetic field variation. 

When assumptions (1) and (2) obtain, it follows that 
the fractional shift of the observed cyclotron frequency 
we , relative to the unshifted frequency w,, is, in Gaussian 


units, 
tt! —cy cle OE, me? 
rhe Eee 
We 11H 02 J J2eH? 
wherein E,= (1/2) fi2*E,d@ represents the average 
radial electric field at the orbit, », the magnitude of 
the component of the electron velocity perpendicular 
to the direction of the magnetic field, and p the space 
charge density. The electric field derivative is evaluated 
at the orbit center and the direction of H is chosen 
parallel to the z-axis. We take e>0. 
The experimentally observed quantity w,’/w, can be 
related to yo/ppoi:) by the expression 


We —s fo OE, me? 

aes Bh IE 

Wp Epil) Oz 0 2eH? 
The absence of any orbit or velocity parameters in (2) 
suggests the measurement of w,’/w, as a function of 
magnetic field. If assumption (3) is satisfied in the 
range of variation of H, one should observe a linear 


dependence of w,’/w, with respect to 1/H*. A linear 
extrapolation to (1/H?)=0 determines po/upoi. 


(1) 


(2) 





657.480 














(FRANKEN ond LIEBES 


657.400, : 1.0 * 
17H" ( KILOGAUSS™~ ) 


Fic. 1. w,’/w,, for a spherical sample of mineral oil, is plotted 
versus 1/H? for each run. The straight lines represent least-squares 
fits to the data of each run. The vertical dashed lines indicate the 
interval of magnetic field variation in which the data were taken. 
The heavy horizontal arrow at 657.476 indicates the terminal 
value of w,’/w, for zero-energy electrons that should have been 
obtained in order to yield the theoretical value for the magnetic 
moment of the free electron. 
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We have studied w,’/w, as a function of 1/H? for 
magnetic fields ranging from 750 to 1700 gauss. For 
each run, from three to thirteen points were taken in 
this interval. Deviations from a least-squares straight 
line fit to the data of each run were less than three 
parts per million for over half of all points taken. These 
deviations were primarily due to random errors in 
tuning the electron microwave cavity at the individual 
points. We have found, by analysis of all data without 
rejection, that any systematic deviations from a straight 
line are less than one part in one million. 

The free electrons were produced by photoelectric 
emission from a film of a few molecular layers of 
potassium deposited upon the inner surface of a highly 
evacuated spherical bulb of Pyrex ~} cm in diameter. 
The resonance was observed by the use of typical micro- 
wave techniques. The electron line widths in these 
measurements varied from one part in 2000 to one part 
in 35000. The electrostatic fields, and hence the 
frequency shifts and line widths, were a function of 
the intensity and distribution of the light over the 
surface of the bulb; the lighting conditions were varied 
from run to run. 

Figure 1 summarizes all the data taken. Several 
different electron bulbs, light sources, and cavities were 
used. The lines represent least-squares fits to the data 
of each run. 

The average of extrapolated intercepts for all these 
runs, without rejection of any data, is We/top= 657.462 
+0.006. The limit of error includes 95% of the runs, 
and is believed to represent a maximum error.’ 

A relativistic correction necessitated by the finite 
velocities of the electrons is taken to be 0.001+0.001, 
where the error is again to be regarded as a maximum. 
Addition of this correction yields 


o/Hpoit) = 657.463+0.007 (3) 


for a spherical sample of mineral oil, where no magnetic 
corrections have been applied. This result is to be 
compared with that of Gardner and Purcell :! 


Ho/ poi) = 657.475+0.008. (4) 


Applying a diamagnetic correction factor** of (2.94 
+0.10)X10-* to the field at the proton, we obtain for 
the final corrected value of the magnetic moment of 
the free proton in units of the Bohr magneton: 


Hp/mo= (657.444+0.007)-! 


= (1.521042+0,000016) x 10-*. (S) 


The present result (3), uncorrected for the spherical 
sample of mineral oil, when combined with the data’ 
available for the magnetic moment of the free electron, 


He/Mp(oit) = 658.2293+0.0010, (6) 


also referred to a spherical sample of mineral oil, yields 
for the magnetic moment of the free electron in Bohr 
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magnetons: 


ue/wo= 1.001165+0.000011 
= 1+ (a/2r)+ (0.7+2.0) (a?/x?). (7) 


This is to be compared with the current theoretical 
estimate!!; 


e/mo= 1.0011454 
= 1+ (a/2r)— 2.973 (a?/x?). (8) 


A detailed report on this experiment is in preparation. 


* This research was supported by Research Corporation and the 
Office of Naval Research. 
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Angular Distribution of Nuclear 
Reaction Products 


G. R. SATCHLER* 


Clarendon Laboratory, Oxford, England 
(Received September 21, 1956) 


N an earlier paper,! the author applied the continuum 
theory of nuclear reactions?:* to predict the angular 
distribution of y rays following inelastic neutron scat- 
tering. Unfortunately the formulas presented there 
contain an error and a numerical misprint. We wish 
now to give the corrected formulas, and to generalize 
them within the S-matrix formalism to include inter- 
ference between two or more compound nucleus levels. 
Applications of the incorrect formula to two recent 
experiments have been published*-*; we find that cor- 
rection of the errors leads to considerably better 
agreement between experiment and theory. 

Let a target nucleus of spin J» capture particles with 
total angular momentum j; to form a compound nucleus 
with spin J;. This re-emits particles with total angular 
momentum 2, leaving an excited nucleus with spin J». 
Consider now the angular distribution (relative to the 
incident beam) of radiation with total angular mo- 
mentum js, from the decay of J; to the final nucleus J3. 
We denote the corresponding orbital angular momentum 
for the particles by /. When the “particles” are photons, 
j is the multipole order, and (—)!' must be regarded as 
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indicating the parity (i.e., magnetic or electric character) 
of the y ray. 

For incident particles of spin s;, the differential 
cross section is 


do(0) x? ED ole 
dio A(2Jo+1)(25+1) (cost), 





where A, contains a factor for each stage of the process. 
¢ Summing over jay jr, hy, Ly’, jr js; js’ ls, 1s’, Ji, and re 
we have 


A =DLB(jhj/l’Io : JJ) Bi (jalsjs'ls’I 3; JoJ2) 
XL GI JT oF 2)S (S13 fale; jails) 
XS* (Si! 5 fale; jx'l')y (jals)y* (js'ls’). 
The S’s are elements of the scattering matrix for the 
transitions indicated, and so the total] cross section is 


wh?A 9 
o= 
(2Jo+ 1) (251+ 1) 





Ao=L (2/1 +1)|S]’, 


and the relative intensity of observed radiation with 
jas is \y(jsls)|?. The B, coefficients have been given 
explicitly in an earlier publication®; with v+/+/’ even 
only, 


B,(jljVI ; Js’) 
=[(2j+1)(27’+1) (2I1+1) (21 +1) ](— 2-79 
XC(jj'v; s—s)W (77 TiJ 1; vJ) 
=(2J:+1)!4,(j7JJi:) if Ii=Jy, 
Bo= (2J+1)%(j7)6(J iJ 1), 


where s=1 for photons, s=} for spin } particles, and 
s=0 for alpha particles. The C’s are Clebsch-Gordan 
coefficients, and the W’s are Racah coefficients. The a, 
are extensively tabulated: a,=y,7 for spin 3, a,=F, ® 
for photons. 

The J, describes the unobserved outgoing radiation, 
depending only on the total angular momentum 7 it 
carries away, and the nuclear spins, but not the nature 
of the radiation.' No interference terms appear between 
different j. 


1G JI!) =[ (201 +1) (21 +1) ](—) ie 
XW (SiJi'ToJ 2; vj), 
To=[(2I1+1)/(2I2+1) 5 (JJ 1)5( Jade’). 


Should the observed radiation be preceded by other 
unobserved transitions, an additional factor J, for each 
has to be included in A,. 

The triple correlation between two reaction products 
relative to the incident beam is a similar generalization 
of the formula given in reference 1. 

The continuum theory treatment of the scattering 
amplitudes S consists of two steps. First we make the 
statistical assumption that a sufficient number of com- 
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pound nuclear states are involved for all interference 
terms from states of different spin and parity, and from 
different incoming and outgoing partial waves, effec- 
tively to average to zero. 


(S (S15 Jala; July) S* (Sy 5 ja'le’; jx’) mw 
=S(Ji; gales jal) S* (Si; jo!le; ji‘) 
K5(T iS 1')6 (dihy’)5 (Lole’). 


Then to obtain the magnitude of these average transi- 
tion amplitudes § we assume they depend only on the 
penetrability or transmission coefficients T;(Z), of the 
partial waves, at energy E. These may be calculated 
either on the basis of a “black’’ nucleus,’ or the “cloudy 
crystal ball” model. The S matrix elements then 
become 


S(I13 jales fils) S* (S13 fe'le; jr’) 
T(E) TR(E2)/d' np T(E), 


independent of 7; and jz. The denominator, omitted in 
reference 1, is summed only over channels j,/, E by 
which that particular compound state could decay. To 
this extent, the transition amplitudes are still dependent 
on the J;, parity, and energy of the compound nuclear 
state. Introduced into the expression for the total cross 
section, this leads immediately to the result of Hauser 
and Feshbach.? Inclusion of spin-orbit coupling® in the 
calculation of the 7; would make the S elements 
depend on j; and j2 also, but this dependence is expected 
to be weak. 

Of particular interest is the angular distribution of 
y rays following inelastic neutron scattering. If one 
uses the continuum theory, this reduces to 


W (0)=> (2S: +1) (jij' Jo dF (jsjs' IJ 2) 
XI(joI iJ oJ 2)P» (cos) (js) (js’) 
XTH(Ey)Te(E2)/X' nn T(E), 


where, as before, the primed sum in the denominator is 
only over those channels open to the particular com- 
pound state. The experiments have been done with 
even-even target nuclei, for which Jo=0, exciting the 
first excited state with J,;=2, and observing the ensuing 
E2 y ray, so that j3=2, J3=0. If one considers only 
S, p, and d waves, the angular distribution is 


TiTY TiT/ 
w= jn 
Tot2T) T:4+T/ 1T14+2TY 
TT)! 
+ 
T2+To'+2T?! 


P.(cos@) 








[5+2.714P2(cosd) 


—1.715P4(cos6)] 
TT? 


4+————_[10+0.714P2(cos#) 
To+ Ty'+ 2 Ty 


+0.857P,(cos6) ]. 
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T; is evaluated at the energy of the incident neutrons, 
Tj at that of the inelastic neutrons, these being the 
only channels open at reasonably low energies. 

The corresponding expression in reference 1, apart 
from omission of the penetrability denominators, con- 
tains a numerical error: the constant in the first square 
bracket above appears as 2, not 5. Using the 7; calcu- 
lated on the optical model for medium-weight nuclei‘ 
and for energies of 1 to 2 Mev, we find that correction 
of this numerical error leads to anisotropies roughly 
half those previously predicted. This removes most of 
the discrepancy between theory and experiment. 


THE EDITOR 


Omission of the penetrability denominators appears to 
have little effect. 


* Now at the Department of Physics, University of Michigan, 
Ann Arbor, Michigan. 
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